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Preface

Hydrodynamics, magnetohydrodynamics, kinetic theory and plasma
physics are becoming increasingly important tools for astrophysics
research. Many graduate schools in astrophysics around the world
nowadays offer courses to train graduate students in these areas. This
was not the case even a few years ago—say around 1980—when it
was rare for an astrophysics graduate school to teach these subjects,
and the students who needed the knowledge of these subjects for their
research were supposed to pick up the tricks of the trade on their
own. With increasing applications of these subjects to astrophysics—
especially to understand many phenomena discovered in the radio,
X-ray or infrared wavelengths—the need is felt to impart a systematic
training in these areas to all graduate students in astrophysics.

When I joined the faculty of the Astronomy Programme in Banga-
lore in 1987, I argued that a course covering these subjects should be
introduced. My colleague and friend, Rajaram Nityananda, shared my
enthusiasm for it, and we together managed to convince the syllabus
committee of the need for it. From then onwards, this course has
been taught regularly in our graduate programme, the responsibility
of teaching it falling on my shoulders on several occasions. When 1
taught this course for the first time in 1988, I had to work very hard
preparing lectures from different sources. I was lucky to have taken
such a course myself as a graduate student in Chicago in 1981—taught
by E. N. Parker—although it was somewhat unusual at that time for
astronomy departments in the U.S.A. to offer such courses. The lecture
notes which I had taken in that course and preserved carefully were
a great help in preparing my course. I had to tell the students to use
at least half-a-dozen basic books (such as Landau and Lifshitz’s Fluid
Mechanics, Chandrasekhar’s Hydrodynamic and Hydromagnetic Stabil-
ity, Cowling’s Magnetohydrodynamics, Huang’s Statistical Mechanics,

xiii
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Chen’s Plasma Physics) for different parts of the course. Ever since
that time, I have been thinking of writing a comprehensive textbook
based on my course. While I was trying to get some time off to write
my book, the first textbook on the subject by Shu (1992) appeared.
When 1 first saw the book, my heart sank. I thought that the book
I had been contemplating had been written, and there would now be
no point in my writing a book. However, on looking at Shu’s book
more closely, I realized that my point of view has been sufficiently
different and there should be scope for more textbooks with different
perspectives on such an important subject.

While writing such a textbook for astrophysics graduate students,
two alternative approaches are possible. One is to take some astro-
physical topics as central themes, and then develop fluid mechanics
and plasma physics primarily as tools to be used. The other ap-
proach is to present fluid mechanics and plasma physics as logically
coherent subjects, with some astrophysical examples to illustrate the
applications of basic principles. I have followed the second approach,
whereas the approach followed in Shu’s book is closer to the first
option. Fluid mechanics and plasma physics are venerable subjects
with beautiful structures, and I personally believe that it is important
for astrophysics students to appreciate the beauty of these structures
rather than regarding these subjects only as tools for solving problems.
Astrophysicists often have to deal with situations where it may not
be obvious whether macroscopic continuum models work. Hence 1
have developed both the microscopic (particles) and the macroscopic
(continuum) theories, establishing the connection between them.

I have attempted to present a unified discussion of neutral fluids
and plasmas. One could think of writing a textbook in which theories
of neutral fluids and plasmas are developed simultaneously. In such
an approach, similar topics in fluid mechanics and plasma physics
would be discussed together. I have followed the other approach of
developing the theory of neutral fluids in Part 1 and the theory of
plasmas in Part 2. Within each part, first I begin from microscopic
theories and then develop the macroscopic continuum models from
thereon. The main reason for presenting neutral fluids and plasmas
separately is that the mathematical theory of neutral fluids is relatively
simpler and I have tried to give a reasonably full account of it.
On the other hand, the mathematical theory of plasmas is much
more involved and it has often been necessary to leave some gaps
in the arguments. Especially, the connection between microscopic and
macroscopic theories of plasmas is an immensely complex subject
which is still not on a rigorous and firm footing. I felt that readers
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would be in a better position to appreciate the complexities and
subtleties of plasma physics if they already have a knowledge of
the corresponding topics in the theory of neutral fluids. Throughout
the book, however, I have emphasized both the similarities and the
differences between the theories of neutral fluids and plasmas. The
reader will find occasional discussions of stellar dynamics as well,
pointing out how the techniques of stellar dynamics compare with the
techniques used in the studies of neutral fluids and plasmas. A full
treatment of stellar dynamics, however, is beyond the scope of this
book.

Nowadays, it is often regarded as a great virtue of a textbook if its
chapters are completely independent of each other. A reader should be
able to read any chapter without reading any other chapter! I admit
to committing the grievous sin of writing a book like an interwoven
tapestry with connecting threads running from almost everywhere to
everywhere. I know that only a foolish author of a technical book in
this busy age would expect a reader to read his book from the first
page to the last page. Once a reader develops some familiarity with
this book, I do believe that it will be possible for him/her to find
his/her way through the book to topics of personal interest without
reading everything preceding it. I should, however, point out that I
have taken particular pains to show as to how the various topics
discussed in the book are connected to each other. These connections
will be best appreciated by a reader who reads through major blocks
of the text in the sequence in which they are presented. This book
contains about 30% more material than what I can comfortably cover
in a semester of fourteen weeks, lecturing three hours a week. So the
instructor of a one-semester course should have ample opportunity of
planning a suitably tailored course based on this textbook.

In a book of this size, it is not possible to start from the basics
and cover the research frontiers properly. So I have tried mainly to
emphasize the basics, although I hope to have avoided giving the
impression that this is a closed classical subject in which everything
has already been established for posterity. The reader should at least
be able to form an imperfect impression of the research frontiers.
In keeping with this philosophy of emphasizing the basics, instead
of giving references to the most recent publications surveying the
research frontiers, I have mainly given references to important classic
papers in which new concepts emerged for the first time or new
discoveries were reported for the first time. While urging the readers
to go through Faraday’s original papers, Maxwell (1891, Vol. I, p.
xi) wrote: “It is of great advantage to the student of any subject to
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read the original memoirs on that subject, for science is always most
completely assimilated when it is in the nascent state.” I hope that my
book would encourage the student to read the important landmark
works in this field. While giving references in my publications, I, as a
principle, try to look up the original materials. In the case of a few
references of historical value, however, I had to rely on other authors
who quoted these references, as they were not available in the libraries
to which I had access.

This book is primarily meant for astrophysics graduate students. I
do, however, hope that it will also be of interest to students of fluid
mechanics and plasma physics as one of the rare textbooks treating
neutral fluids and plasmas from a unified point of view, developing
both the microscopic and macroscopic theories. Several years ago, I
was attending a workshop on turbulence in Boulder. The workshop
featured speakers on both fluid turbulence and plasma turbulence.
The communication gap between fluid dynamicists and plasma physi-
cists was very apparent, and it became particularly embarrassing when
many fluid dynamicists were found absconding during the plasma tur-
bulence sessions. A distinguished plasma physicist made some scathing
remarks about the undesirability of the situation and suggested that
somebody ought to write an elementary textbook stressing the unity
of neutral fluids and plasmas, to help students develop a good attitude
from the beginning. I leave it for others to judge if my book fits the
bill. To make sure that the book is accessible to non-astrophysicists,
astronomical jargon has been kept to a minimum and even the as-
trophysics examples discussed in the book should be understandable
without any previous formal training in astrophysics.

Any comments or suggestions on this book may be sent to my
e-mail address: arnab@physics.iisc.ernet.in

Arnab Rai Choudhuri
Bangalore
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.1 Fluids and plasmas in the astrophysical context

When a beginning student takes a brief look at an elementary textbook
on fluid mechanics and at an elementary textbook on plasma physics,
he or she probably forms the impression that these two subjects are
very different from each other. Let us begin with some comments why
we have decided to treat these two subjects together in this volume
and why astrophysics students should learn about them.

We know that all substances are ultimately made up of atoms
and molecules. Ordinary fluids like air or water are made up of
molecules which are electrically neutral. By heating a gas to very high
temperatures or by passing an electric discharge through it, we can
break up a large number of molecules into positively charged ions and
negatively charged electrons. Such a collection of ions and electrons is
called a plasma, provided it satisfies certain conditions which we shall
discuss later. Hence a plasma is nothing but a special kind of fluid in
which the constituent particles are electrically charged.

When we watch a river flow, we normally do not think of interacting
water molecules. Rather we perceive the river water as a continuous
substance flowing smoothly as a result of the macroscopic forces act-
ing on it. Engineers and meteorologists almost always deal with fluid
flows which can be adequately studied by modelling the fluid as a con-
tinuum governed by a set of macroscopic equations. Usually most of
the elementary fluid mechanics textbooks deal with these macroscopic
equations without ever bothering about the molecular constitution of
fluids. On the other hand, very often results of laboratory plasma
experiments can be understood best in terms of forces acting on indi-
vidual plasma particles and their motions. Hence elementary plasma
physics textbooks often start from the dynamics of plasma particles.
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Because of these very different approaches, elementary textbooks often
hide the underlying unity in the sciences of fluids and plasmas.

It is intuitively obvious to us that fluids like water and air can be
treated as macroscopic continuum systems. But astrophysicists often
deal with systems like the solar wind or the interstellar medium having
few particles per cm® but extending over vast regions of space. It is
not at once obvious if continuum fluid equations are applicable to
such systems. Hence it is useful for astrophysicists to have some
understanding of the microscopic basis of the continuum equations to
know when they are applicable and when they break down. We shall
try to understand in this book why and under what circumstances
collections of particles can be modelled as continua. Since we shall
develop both the particle and continuum aspects of the theory, it
is useful to approach fluids and plasmas from a unified point of
view, which is often obscured in elementary textbooks by stressing the
continuum aspects of neutral fluids and particle aspects of plasmas.

Most objects in the astrophysical Universe are made up of ionized
material which can be regarded as plasma. Hence it is no wonder that
astrophysicists have to learn about plasmas to understand how the
Universe works. Often, however, the ordinary fluid dynamics equa-
tions are adequate if electromagnetic interactions are not important
in a problem. We have seen that a plasma is a special kind of fluid
in which the constituent particles are charged. Hence the special char-
acter of plasmas becomes apparent only in circumstances in which
electromagnetic interactions play important roles. When electromag-
netic interactions are unimportant, plasmas behave very much like
neutral fluids which obey simpler equations. Stellar structure and os-
cillations are examples of important astrophysical problems for which
ordinary fluid equations are almost adequate, even though stars are
made up of plasma. If the star has a strong magnetic field, it may be
necessary to apply very small plasma corrections. One of the current
research topics in the study of solar oscillations is to understand the
very small effect of magnetic fields on these oscillations.

Since neutral fluid equations in a sense can be thought to constitute
a special case of plasma equations in which the electromagnetic terms
are set to zero, there may be some logical appeal in first developing
the full plasma equations in complete glory and then considering the
neutral fluids as a special case. For pedagogical reasons, however,
we have decided to present things in the opposite order. The first
half of the book is devoted to neutral fluids, which obey simpler
equations than plasmas. Then, in the second half, we develop the
theory of plasmas, which are governed by more complicated and
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more general equations. Within each half, we begin from microscopic
or particle considerations and then develop the continuum models.
It will be seen that the microscopic theory of neutral fluids is not
exactly of the nature of a special case of the microscopic theory of
plasmas with electromagnetic forces set to zero. The particles in a
neutral fluid interact only when they collide, whereas the particles
in a plasma interact through long-range electromagnetic interactions.
This difference in the nature of interactions introduces some subtle
differences in the microscopic theories.

Although we shall be considering astrophysical applications as ex-
amples throughout the text, we want to emphasize that what we
present in this book is nothing but standard fluid mechanics and
standard plasma physics. Astrophysical problems often necessitate the
application of the basic theory to situations very different from any
terrestrial situation, but the basic physics does not change. Although
the material is presented in this book in a way which would be most
suitable for somebody embarking on a career of astrophysics research,
a careful reader of this book should be in a position to appreciate
laboratory problems in fluid mechanics and plasma physics equally
well.

1.2 Characteristics of dynamical theories

We would like to develop dynamical theories of fluids and plasmas.
By dynamical theory we mean a physical theory with which the time
evolution of a system can be studied. Classical mechanics, classical
electrodynamics and quantum mechanics are some of the familiar
examples of dynamical theories in physics. The structures of all these
dynamical theories have certain common characteristics, which we
would expect the dynamical theories of fluids and plasmas also to
have. Let us begin by noting down these common characteristics.
First of all, we must have a way of describing the state of our
system at one instant of time. For a mechanical system, this is done
by specifying all the generalized position and momentum coordinates.
The state of an electromagnetic field is given by E(x) and B(x) at all
points at an instant of time. For a quantum system, the state is pre-
scribed by the wave function p(x). In other words, the state is always
prescribed by .giving the numerical values of a set of variables. The
second requirement for a dynamical theory is that we should have a
set of equations which tells us how these variables change with time.
Once such a set of equations is given, if we know the values of all the
variables prescribing the state of the system at one instant of time,



1 Introduction

we shall be able to calculate the values of all these variables at some
future time. In other words, it is possible to calculate some future
final state of the system from the initial state. In classical mechanics,
Hamilton’s equations give the time derivatives of position and mo-
mentum coordinates. Maxwell’s equations contain the terms JE/dt,
0B/0t and hence provide the dynamical theory for the electromagnetic
field. For a quantum system, time-dependent Schrodinger’s equation
tells us how p(x) changes with time.

The mathematical theories for fluids and plasmas also should have
similar structures with these two characteristics:

1 There should be a way to prescribe the state of the system with a
set of variables.

2 There should be a set of equations giving the time derivatives of
these variables.

We may begin by asking the question how the state of a fluid or a
plasma can be prescribed at an instant of time. As we have already
seen, there are different levels of looking at fluids and plasmas. At
a certain level, they can be regarded as collections of particles. On
another level, they can be treated as continua. We expect different
dynamical theories at different levels having the two general charac-
teristics listed above. The dynamical theories at different levels should
also have some correspondence amongst them. In the next section,
§1.3, we give a brief outline of the different levels at which we wish to
look at fluids and plasmas, and the different dynamical theories that
we wish to develop at these different levels. Section 1.3 should serve
as a kind of guide map for this book.

Let us end this section by commenting that these two requirements
for dynamical theories can be given geometrical representations by
introducing a phase space. A phase space is an imaginary space hav-
ing many dimensions such that each of the variables necessary to
prescribe the state of the system corresponds to one dimension. Since
continuous functions like p(x) have to be specified at all the spatial
points within a certain volume (i.e. at an infinite number of points),
the corresponding phase space must have infinite dimensions, each
dimension corresponding to the value of y at one point. It is easy to
see that a state of the system corresponds to one point in the phase
space. Since the dynamical equations tell us how the state changes
with time, they make this point in phase space move with time and
trace out a trajectory.
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Table 1.1 Different levels of theory for neutral fluids and plasmas

Neutral fluids

Level Description of state ~ Dynamical equations
0: N quantum particles P(X1,...,XN) Schrédinger’s eqn.
1: N classical particles (X152, XN, U1,...,0N) Newton’s laws

2: Distribution function f(x,u,1) Boltzmann eqn.

3: Continuum model p(x), T(x), v(x) Hydrodynamic eqns.

Plasmas (Levels 0 and 1 same as above)

Level Description of state ~ Dynamical equations
2: Distribution function fx,u,t) Vlasov eqn.

2} Two-fluid model See Chapter 11

3: One-fluid model p(x), T(x), v(x), B(x) MHD eqns.

1.3 Different levels of theory

Since fluids and plasmas are collections of particles, let us consider a
collection of N particles and look at the different levels at which one
may wish to develop dynamical theories for this system. These different
levels are summarized in Table 1.1. At a very fundamental level, all
microscopic particles obey quantum mechanics. Let us call it Level 0.
The state of the system at this level is given by the N-particle wave
function, which evolves in time according to Schridinger’s equation.
In this book, however, we shall not discuss this level at all. At the
next higher Level 1, the system can be modelled as a collection of N
classical particles. Can we always pass on from Level 0 to Level 1?
No, one often encounters collections of particles which are inherently
quantum and a classical description is not adequate. The electron gas
within a metal is an example of such a system from everyday life and
the material inside a white dwarf star is an astrophysical example.
Since we are not going to discuss Level O in this book, the dynamics
of quantum gases remains outside the scope of this book.

Under what circumstances is a description at Level 1 possible for
our system of N particles? Basically the wave packets for the different
particles have to be widely separated so that quantum interference is
not important. If p is the typical momentum of the particles, then the
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de Broglie wavelength is

p=la 2

p "~ JmesT

where m is the mass of the particle, xg the Boltzmann constant and
T the temperature (see, for example, Schiff 1968, p. 3; Mathews and
Venkatesan 1976, §1.13). Since this is also a measure of the sizes of
wave packets of individual particles, we have to compare this with the
typical inter-particle distance, which is n~1/3 if n is the particle number
density per unit volume. Hence the condition for the non-overlapping
of wave packets is

hn!/3

JmrsT
When this condition is satisfied, an individual wave packet evolves
according to Schrodinger’s equation in an isolated fashion and can
be shown to move like a classical particle. This result is known as
Ehrenfest’s theorem and is derived from Schrddinger’s equation in
any textbook on quantum mechanics (see, for example, Schiff 1968,
pp- 28-30; Mathews and Venkatesan 1976, §2.7). Hence (1.1) gives the
condition that Level 1 can be derived from Level 0. We then have at
Level 1 a system of N classical particles of which the state is prescribed
by the position and velocity coordinates (xi,...,Xy,Uuy,...,uy). The
time evolution of this system can be studied by Newton’s laws of
motion or by Hamilton’s equations.

If N is large, then it is not realistic to solve the equations of motion
for all the position and velocity coordinates. Hence, in the next higher
Level 2, one introduces the distribution function f(x,u,t) giving the
particle number density in the six-dimensional (x,u) space at time ¢ (x
is the position coordinate of a particle and u is its velocity coordinate).
A dynamical theory at this level requires an equation which tells us
how f(x,u,t) changes in time. The time derivative of f(x,u,t) for a
neutral fluid is given by the Boltzmann equation. The corresponding
equation for plasmas is called the Vlasov equation. We shall see that
this equation superficially resembles the Boltzmann equation, but has
some subtle differences.

At the final Level 3, we model the systems as continua. Let us first
consider how the state of a neutral fluid in the continuum model can be
prescribed. We know that a single-component gas in thermodynamic
equilibrium can be described by two thermodynamic variables. A
moving fluid is not in thermodynamic equilibrium as a whole. But if
we consider a small element of fluid and go to the frame in which
it is at rest, then we can regard that element to be in approximate

<1 (1.1)
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thermodynamic equilibrium in that frame. This idea and the exact
meaning of the adjective approximate will be made clearer in Chapter 3,
where we derive Level 3 from Level 2. Hence the state of that element
of fluid can be prescribed by two thermodynamic variables and the
velocity of that element with respect to some frame, say the laboratory
frame of reference. Since we have to specify the state of each and every
element of the fluid in this fashion, the state of the whole fluid is given
by prescribing the two thermodynamic variables and the velocity at
all points of the fluid. Taking density and temperature as examples of
two thermodynamic variables, the specification of p(x), T(x) and v(x)
at all points of the fluid at an instant of time gives the state of the
fluid at that time. The usual macroscopic hydrodynamic equations tell
us how all these variables vary in time and hence constitute a complete
dynamical theory for neutral fluids at Level 3.

Since plasmas can have magnetic fields embedded in them, we
have to take B(x) as an additional variable when considering the
Level 3 for plasmas. We know that one takes the electric field E =0
inside conductors when solving electrostatics problems. Since plasmas
are good conductors of electricity, electric fields in the local rest
frames inside plasmas are also quickly shorted by currents and it is
not necessary to take the electric field as an extra variable in the
continuum model at Level 3. A state of the plasma at this level can
be given by prescribing p(x), T(x), v(x) and B(x) at all points. We
shall later derive a set of equations called the magnetohydrodynamic
or MHD equations giving the time evolutions of these variables. They
are more complicated than the ordinary fluid dynamics equations. But
is it always justified to ignore the electric field? It turns out that one
can have electric fields in plasmas over short distances existing for
short times. To handle such situations, we introduce an intermediate
Level 2% for plasmas. At this intermediate level, we regard plasmas as
mixtures of two fluids having opposite electrical charges. The details
of this two-fluid model will be discussed in Chapter 11. When we
consider slow motions of plasmas under mechanical and magnetic
stresses, MHD equations are adequate. Again the exact meaning of
slow will be made clear later. Many astrophysical problems can be
handled with MHD equations. Propagation of electromagnetic waves
in plasmas, however, is a problem for which it is necessary to deal
with the more complex two-fluid model at Level 2%.

We have seen that the condition (1.1) has to be satisfied in order to
pass from Level O to Level 1. Similarly some other conditions have to
be met to derive Level 2 from Level 1 or Level 3 from Level 2. These
conditions will be discussed in the appropriate places of the book. If
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a system of N particles satisfies these conditions, then it is possible to
introduce the distribution function f(x,u,t) or to model the system as
a continuum.

Much of this book is devoted to studying the dynamics of neutral
fluids and plasmas at Levels 2 and 3 (with the additional Level 2%
for plasmas). To begin with, however, we need to understand how we
can develop Level 2 from Level 1. For a proper appreciation of this
subject, it is important to know some general results pertaining to
phase spaces of dynamical systems. In view of the generality of these
results, we have decided to discuss them in the next two sections of
this introductory chapter and end the chapter with them.

We now end this section with a comment on predictability. It would
seem that a dynamical theory satisfying the structural requirements
described in §1.2 would be completely predictable. In other words,
knowing the present state of the system, one would always be able
to predict the future completely. Fluids and plasmas, however, can
often have turbulence—a state of random and chaotic motions which
appear unpredictable. Developing a proper theory of turbulence has
remained one of the unsolved grand problems of physics for over a
century. We shall discuss in Chapter 8 the question of how turbulence
can arise in systems apparently governed by predictable equations.
Even if a dynamical theory is predictable in principle, we shall see that
there can be a loss of predictability in practice.

1.4 Ensembles in phase space. Liouville’s theorem

Let us consider a dynamical system of which a state can be prescribed
by the generalized position and momentum coordinates (gs, ps;s =
1,...,n) and which evolves according to Hamilton’s equations:

. oH

Ds = —5‘3’ (1.2)
. oH

qs = 5_ps’ (1.3)

where the Hamiltonian H(gs, ps,t) can be a function of all the co-
ordinates and time (see, for example, Goldstein 1980, Chapter §;
Raychaudhuri 1983, Chapters 8-9). If you do not have a deep under-
standing of Hamiltonian theory, you need not panic. We shall make use
of Hamiltonian theory only rarely in this book and an acquaintance
with the above two equations will suffice.

Considering Hamiltonian systems may seem somewhat restrictive,
because not all dynamical theories can be put in the Hamiltonian form.
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Readers familiar with the subject would know that it is not possible
to make a Hamiltonian formulation of a dissipative system. However,
dissipation in macroscopic systems usually means that the energy of
some ordered macroscopic motion is being transferred into random
molecular motions. When we look at a system at the microscopic level
(say our Level 1) and include the molecular motions within the fold of
the dynamical theory, usually a Hamiltonian formulation is possible.
Our system at Level 1, a collection of N classical particles, certainly
allows a Hamiltonian treatment.

For the statistical treatment of a system, it is often useful to intro-
duce the concept of an ensemble. An ensemble means a set of many
replicas of the same system, which are identical in all other respects
apart from being in different states at an instant of time. Hence each
member of the ensemble can be represented by a point in the phase
space at an instant of time and their evolutions correspond to different
trajectories in the phase space. If the ensemble points are distributed
sufficiently densely and smoothly in the phase space, then it is mean-
ingful to talk about the density of ensemble points at a location in the
phase space. Let us denote this density by pens(qs, Ps, t).

We now wish to prove Liouville’s theorem, which is one of the
fundamental theorems of statistical mechanics. Let us first state the
theorem. Then we shall proceed to prove it. Let us consider one
member of the ensemble and its trajectory (gs(t), ps(¢)) in the phase
space. We keep measuring the density pens(qs(2), ps(¢), t) as a function of
time varying as a parameter along this trajectory. Liouville’s theorem
states that the time derivative of this density as we move along the
trajectory is zero, i.e.

Dpens

box o, (14)

where D/Dt denotes the time derivative along the trajectory. If (g, ps)
and (qs + d4gs, ps + Ops) denote the states of the system at times ¢ and
t + ot on this trajectory, then

Dpens = lim Pens(qs + 045, Ps + OPs, t + 6t) — Pens(gs, Ps, t)

Dt 510 ot (15)

Expansion in a Taylor series to linear terms in small quantities gives

pcns(qs + 5‘1s, ps+ 5ps’t + 5t) = pens(qs’ Ds, t)

OPens OPens OPens
+¥5¢1s s +2s:5ps ops + ot ot
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Substituting the above expression in (1.5), we have

D pens 0 Pens 0 Pens 0 Pens
b = + Z + Z . (1.6)

To establish Liouville’s theorem, we now have to show that the R.H.S.
of (1.6) is equal to zero.

As a next step, we derive another general result—the equation of
continuity—which applies to any system that conserves mass. It can
be applied to ordinary fluids in ordinary space or to ensemble point
distributions in phase space (where the total number of ensemble
points is conserved in time). If p be the density of the system in some
space, then the mass [ pdV within a volume can change only due to
the mass flux across the surface bounding that volume, i.e.

0
0t/pdV —/pv-ds.

Here [ pv-ds is the outward mass flux through the bounding surface,
the negative sign implying that an outward mass flux reduces the
mass within the bounded volume. Transforming the surface integral
to volume integral by Gauss’s theorem, we get

ap
/ [E +V~(pv)] dv =0.

Since this must be true for any arbitrary volume, we must have

op
at
which is the equation of continuity.

We shall have many occasions of applying the equation of continuity
to continuum models of fluids and plasmas in ordinary space in the
later chapters. Now we apply it to the ensemble point distribution in
phase space by taking p = pens and v = (g, ps). Putting these in (1.7),
we have

+V-(pv) = (1.7)

OPens 0 R 0 Ly
ot + -_>-s E;(pens%) + Es b‘p—s(pensps) =0,
ie.

3Pens+z apens_'_z 6pen5+ ensZ(%"'%) =0. (1.8)

0qs  0ps

Using Hamilton’s equations (1.2) and (1.3), we find that

o4  op, 0 (0H o (0H\ _
g Top,  7q <0ps) 6s(5qs>_0' (19)
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From (1.8) and (1.9), it follows that the R.H.S. of (1.6) is zero. This
completes the proof of Liouville’s theorem.

We now point out an important corollary of Liouville’s theorem.
Suppose the ensemble points initially inside the phase space volume
element d"q,d"p; after some time fill the volume element d"qd"p,. If
Pens and p. . are the corresponding densities, then it follows from the
conservation of ensemble points that

Pens d'qs d'ps = poys d'g; AP, (1.10)

Since Liouville’s theorem implies

’
Pens = Penss

we see at once from (1.10) that
d"gq;d'ps = d"q§ d'?);, (1.11)

which is one of the important direct consequences of Liouville’s theo-
rem,

1.5 Collisionless Boltzmann equation

We again focus our attention on the system of N classical particles.
We assume all the particles to be similar. This is an assumption which
will be used throughout Chapters 2 and 3. This assumption helps us
to keep the equations simpler, while conveying most of the important
physics. It is straightforward to generalize our theoretical analysis to
systems containing two or more types of particles. When discussing
the kinetic theory of plasmas in later chapters, we shall see an example
of this. The plasma will be regarded as made up of three types of
particles: electrons, ions and neutral atoms.

A state of our system of N classical particles is prescribed by 6N
position and velocity coordinates. We would refer to the correspond-
ing 6N-dimensional phase space as the I'-space. We know that a state
of the system is represented by a point in this I'-space. Let us also
introduce a six-dimensional space with the six dimensions correspond-
ing to the position and velocity (x,u) of a particle. We call this the
u-space. Each of our N particles would be represented by a point in
this y-space at an instant of time. Hence we would require N points in
the p-space to represent a state of our system of N particles. We thus
see that there is a correspondence between the representations in the
I'-space and the u-space. The state of the system represented by one
point in the I'-space gets mapped into a configuration of N points in
the p-space. The time evolution of the system gives rise to a trajectory
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in the I'-space. This trajectory gets mapped to N trajectories of the N
points in the u-space.

Let us now properly introduce the distribution function f(x,u,t) in
the p-space. If 6N be the number of points in a small volume dV of
the u-space, then f(x,u,t) is defined as

. ON

fxut)= ‘”1/13%)+ SV (1.12)
where the limit of 6V has to be taken in a special way. We have to
make it small compared to the overall spatial extension of the points
in the u-space, but still keep it large enough to have a sufficiently
large number of points inside this volume. This special character of
the limit is indicated by writing 6V — 0% in (1.12) rather than just
6V — 0. It is possible to introduce the distribution function f(x,u, )
for a system only if this special limit exists, and then only we can pass
from Level 1 to Level 2 in our Table 1.1.

In §1.4, we introduced a density of ensemble points in the phase
space, which would be the I'-space in the present context. We are
now introducing the distribution function f(x,u,¢) which is a density
of points in the u-space. Just as we proved Liouville’s theorem for
the ensemble point density in the phase space (i.e. the I'-space), is it
possible to derive a similar result for f(x,u,¢) in u-space? We used
Hamilton’s equations to prove Liouville’s theorem. Hence an exactly
similar proof of a similar result for f(x,u,t) in the y-space can be given
only if the trajectories of the points in the p-space can be obtained
from a Hamiltonian H(x,u,t) such that

2 = —VH, (113)
x =V,H, (1.14)
where V, is the gradient in the velocity space given by
., 0 . 0 , 0
Vu —ex% +ey—67y° +ezga;'. (115)

Note that the Hamiltonian in the I'-space, from which Liouville’s
theorem is obtained, can be a function of 6N + 1 variables (6N
coordinates plus time). On the other hand, the Hamiltonian appearing
in (1.13) and (1.14) can be a function of seven scalar variables only
(the components of x and u plus time ).

If the N particles do not interact with each other and move under
the influence of some external potential ¢(x) alone, then one can
introduce a Hamiltonian

H(x,u,t) = Ju” + $(x) (1.16)
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appropriate for the y-space. Substitution of (1.16) in (1.13) and (1.14)
would give the equations of motion. However, we get into problems
when we want to incorporate the mutual interactions amongst the
particles themselves. Consider a particle with coordinates (x, u) in-
teracting with a nearby particle (x,w’), i.e. x and x’ are close. This
interaction can usually be described by a potential of the form ¢(x,x’)
and hence incorporating it in the Hamiltonian for the I'-space (which
can be a function of 6N + 1 variables) would not be difficult. But it
cannot be written in the form ¢(x) and so cannot be incorporated in
the Hamiltonian for the u-space which appears in (1.13) and (1.14).

We conclude that a Hamiltonian formulation of the dynamics of N
particles is always possible in the I'-space, but the same is possible in
the u-space only if the mutual interactions amongst the particles can
be neglected. If the mutual interactions are negligible, then we call the
system collisionless. Only for a collisionless system, the dynamics in
the p-space is Hamiltonian and we can establish

Df

D= 0 (1.17)
in exactly the same way in which we proved Liouville’s theorem in §1.4.
The total derivative D/Dt in (1.17) means the time derivative along
the trajectory of a point in the u-space. Just as the total derivative in
the I'-space could be put in the form (1.6), the total derivative in the
u-space can similarly be put in the form

Df 3 |\ or. .

E = E +Xx-Vf+a-Vf. (1.18)
For collisionless systems, we then have from (1.17) and (1.18)

%+X-Vf+il-V.,f=O. (1.19)

This is the famous collisionless Boltzmann equation. Another way of
writing this equation is
of . of . of

—_— +xla_Xi ul—. =0’ (120)

where we have used the summation convention that the index i re-
peated twice in a term implies summation over the coordinate axes x,
¥, z. Throughout this book, we shall use this summation convention
only for summation over the coordinate axes and the Roman letters
i, j, k, 1, ...will be used for the index which is repeated twice. Any
other kind of summation (i.e. summation not over the coordinate
axes x, y, z) will be indicated explicitly with a summation sign. See
Appendix A.3 for further discussion of the summation convention.
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When the mutual interactions amongst the particles cannot be
neglected, (1.19) has to be suitably modified. Treating inter-particle
interactions for a neutral gas is relatively easy, because the particles
can be assumed to interact only when they collide, i.e. when they are
physically very close. For a plasma, however, the long-range nature of
electromagnetic interactions implies that many particles will be inter-
acting with each other even when they are not physically very close.
We shall discuss the methods of handling inter-particle interactions
both for neutral gases and plasmas in the appropriate places in later
chapters.
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Neutral fluids

The analytical results obtained by means of this so-called “classical
hydrodynamics” usually do not agree at all with the practical phenomena ...
Hydrodynamics thus has little significance for the engineer because of the
great mathematical knowledge required for it and the negligible possibility of
applying its results. Therefore the engineers—such as Bernoulli, Hagen,
Wiessbach, Darcy, Bazin, and Boussinesq—put their trust in a mass of
empirical data collectively known as the “science of hydraulics”, a branch of
knowledge which grew more and more unlike hydrodynamics.

While the methods of classical hydrodynamics were of a specifically analytical
character, those of hydraulics were mostly synthetic ... In classical
hydrodyngmics everything was sacrificed to logical construction; hydraulics on
the other hand treated each problem as a separate case and lacked an
underlying theory by which the various problems could be correlated.
Theoretical hydrodynamics seemed to lose all contact with reality; simplifying
assumptions were made which were not permissible even as approximations.
Hydraulics disintegrated into a collection of unrelated problems; each individual
problem was solved by assuming a formula containing some undetermined
coefficients and then determining those so as to fit the facts as well as possible.
Hydraulics seemed to become more and more a science of coefficients.

— L. Prandtl and O. G. Tietjens (1934a)

At an early stage in the development of the theory of turbulence the idea arose
that turbulent motion consists of eddies of more or less definite range of sizes.
This conception combined with the already existing ideas of the Kinetic Theory
of Gases led Prandtl and me independently to introduce the length 1 which is
often called a “Mischungsweg” and is analogous to the “mean free path” of
the Kinetic Theory. The length 1 could only be defined in relation to the
definite but quite erroneous conception that lumps of air behave like molecules
of a gas, preserving their identity till some definite point in their path, when



they mix with their surroundings and attain the same velocity and other
properties as the mean value of the corresponding property in the
neighbourhood. Such a conception must evidently be regarded as a very rough
representation of the state of affairs ...

The difficulty of defining a “Mischungsweg” or scale of turbulence, without
recourse to some definite hypothetical physical process which bears no relation
to reality, ... led me, some years ago, to introduce the idea that the scale of
turbulence and its statistical properties in general can be given an exact
interpretation by considering the correlation between the velocities at various
points of the field at one instant of time or between the velocity of a particle at
one instant of time and that of the same particle at some definite time, £, later.

— G. L Taylor (1935)
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2.1 Collisions in a dilute neutral gas

We have already derived the collisionless Boltzmann equation in Chap-
ter 1. This is the equation satisfied by the distribution function f(x,u,t)
if we neglect the interactions amongst the particles. We now discuss
how this equation has to be modified for a dilute neutral gas when
collisions are taken into account.

The adjective dilute used above means that the total volume of the
gas particles is negligible compared to the volume available to the gas,
ie.

na® <1, 21

where n is the number density of the particles and a the radius of a
particle. Since the particles in a neutral gas do not have long-range
interactions like the particles in a plasma, these particles are assumed
to interact only when they collide, i.e. when the separation between
two particles is not much larger than 2a. The term collision normally
means the interaction between two such nearby particles. A particle
moves freely in a straight line between two collisions. The average
distance travelled by a particle between two collisions is known as
the mean free path—a very important concept introduced by Clausius
(1858). Exercise 2.2 asks the reader to show that the mean free path
is given by

PR 22)

2nma?’
It should be straightforward to prove this after reading §2.2. One
consequence of (2.1) and (2.2) is that 1 > a. In other words, diluteness
implies that the mean free path is much larger than the particle size

19
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Figure 2.1 The
typical trajectory of a
particle in a dilute
neutral gas.

so that a typical particle trajectory appears as shown in Figure 2.1
and the particles move freely most of the time, a collision being
of the nature of an instantaneous event. One can sometimes have
situations where three or more particles come very close together and
simultaneously interact with each other. If, however, the gas is dilute,
then the probability of such multi-particle collisions is much smaller
than the probability of binary collisions and it is sufficient to consider
binary collisions only.

It is clear from (1.17) that the value of the distribution function
f(x,u,t) does not change as we move along the trajectory of a particle,
provided collisions are neglected. Collisions, however, can produce
changes in f(x,u,t) due to two reasons:

1 Some particles originally having velocity u may have other velocities
after collisions. This causes a decrease in f(x,u,t).

2 Some particles originally having other velocities may have the ve-
locity u after collisions, thereby causing an increase in f(x,u,¢).

We thus conclude that (1.17) has to be modified to the form
%{ dxdu=— Cout + Cin, (23)

where Coy and Ci, are the rates at which particles leave and enter the
elementary volume d*x d’u of the u-space due to collisions. These rates
are explicitly calculated in §2.2.

We now summarize some important characteristics of binary colli-
sions which will be useful for future discussions. Suppose two particles
with initial velocities u and w; acquire velocities w' and w| after a
collision. Since all the particles are assumed similar (i.e. have the same
mass m), the conservation laws of momentum and energy imply

utu =u +uj, 24
Hul® + dug|* = ') + $ju) (2.5)

One would like to calculate the final velocities w' and u from the
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initial velocities. Since w' and w| have six scalar components, we need
six scalar equations to solve them. Four of them are provided by
(2.4) and (2.5). A fifth condition comes from the fact that collisions
are coplanar if the force of interaction between the two particles is
always radial, i.e. w will have to lie in the plane of u and u;, forcing
u; also to lie in the same plane by virtue of (2.4). We still need a
sixth condition. This last condition should come from the nature of
interaction between the particles. This is to be anticipated, as we do
not expect the outcome of a collision to be independent of the nature
of interaction and completely calculable from conservation laws. If
the impact parameter of the collision is given, one can calculate the
deflection produced by the collision from the interaction potential.
This gives a sixth condition to determine the outcome of the collision.
Textbooks of classical mechanics discuss methods of calculating such
deflections from the interaction potential. Similar calculations can also
be done by using quantum mechanics, where we can only predict the
probability of deflection in a certain direction. We are interested here in
a statistical treatment so that it is enough for us to know the probability
of deflection in different directions. This can be handled by introducing
the concept of a differential scattering cross-section discussed below.
We shall not concern ourselves here with the question of calculating
this cross-section from the interaction potential. We only discuss how
the dynamics of our system can be studied when the scattering cross-
section is given.

For the definition of the differential scattering cross-section in the
context of classical mechanics, let us consider a beam of particles of
number density n; and velocity u; colliding with another beam of
particles of number density n and velocity u. A particle in the second
beam experiences a flux I = Ju—wuy|n; of particles from the first beam.
We consider the number of collisions dn; per unit volume per unit
time which deflect particles from the second beam into a solid angle
dQ. This number must be proportional to the number density n of
particles in the second beam, proportional to the flux I these particles
are exposed to and proportional to the solid angle dQ. Hence we write

on. = o(u,uy|u’,u}) - n- ju—wng - dQ, (2.6)

where the constant of proportionality o(u,u;|u’,u}) is the differential
scattering cross-section. The conservation laws (2.4) and (2.5) along
with the condition that we want the particles from the second beam
to go into the solid angle dQ would completely determine the final
velocities w and uj. That is why we have written the differential
scattering cross-section as an explicit function of these final velocities.
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We can consider the reverse collision in which particles with initial
velocities w’ and uj acquire final velocities u and u; after the collision.
If molecular processes are assumed to be reversible, then we expect
the reverse cross-section to equal the direct cross-section, i.e.

o(v,uiju,uy) = o(u,ugw,uy). 2.7

It should be noted that this condition of reversibility (2.7) is by no
means self-evident. For a discussion of the subtleties associated with
this reversibility condition, see Huang (1987, §3.2).

2.2 The collision integral

We now evaluate the term Coy appearing in (2.3). Let us consider the
stream of particles having the tips of their velocity vectors within d
and the stream of particles having the tips of their velocity vectors
within d%;. The first particles make up a beam with number density
n = f(x,u,t)du and velocity u, whereas the second particles constitute
a beam with number density n = f(x,u,, t)d%u; and velocity u;. Substi-
tuting for n and n; in (2.6), the collision rate between these two beams
of particles is

dne = o, wi|w, u)lu — w|f(x,w,0)f (%, u, 1) dQdu d'uy, (2.8)

Since C,, must be equal to the number of collisions per unit time
within the volume d*xd%, it is easy to see that it is obtained by
multiplying én. by d°x and then integrating over all Q and u;. Hence

Cou = d d'u / duy / Ao (u, wy o', w)u—wy [ (x, 0, ) (x, g, ). (29)

To evaluate C;,, we consider the reverse collisions between particles
with velocities in d%’ and particles with velocities in d%) such that
their velocities after collisions lie within d% and d%; respectively. In
analogy with (2.8), the number of such collisions per unit volume per
unit time is

onl, = o (0, uju, w0 — uj|f(x, W, 0)f(x,u],t)dQd% d%,.  (2.10)
It is easy to see from (2.4) and (2.5) that
lu—uy| = |u —ui}. 2.11)

Let us consider the phase space of two colliding particles. If the inter-
action between the two particles can be described by a Hamiltonian,
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then (1.11) holds for volumes in this two-particle phase space, which
implies in the present context

duduy = d &), (2.12)
Using (2.7), (2.11) and (2.12), the expression (2.10) for dn, becomes
on, = o(u,ug|v,u))u—uf(x,w, )f (x,u), ) dQdudu;.  (2.13)

The term C;, is obtained by multiplying n., by d° and then integrating
over Q and uy, ie.

in = d3x d3u / d3u1 /dQ G'(ll, u I“/a “ll)lu —u |f(x’ “,9 t)f(X, ulb t)'

(2.14)
Putting (2.9) and (2.14) in (2.3), we finally have
of F
E + llVf + ;.Vuf
= [#n [aan-wo@ari-f0. @19

where we have substituted

f=fxu1),
fi=rfx 1),
=1k,
f1=1xu,0),

and

F=nma

incorporates any force field (such as gravity) the particles may be
subjected to. One does not include the inter-particle forces in F (at
least in the case of neutral gases without long-range inter-particle
forces), since their effects are already taken into account within the
collision term on the R.H.S. of (2.15). We have also written the
differential scattering cross-section as a function of the scattering angle
Q between u and o, since the differential scattering cross-section for a
simple spherically symmetric interaction potential assumed here can be
a function of the scattering angle alone (due to spherical symmetry).
The full Boltzmann equation (2.15) with the collision integral for
binary collisions is a nonlinear integro-differential equation for the
distribution function f(x,u,t)(Boltzmann 1872).
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2.3 The Maxwellian distribution

We know that a uniform classical gas left to itself relaxes to a
Maxwellian distribution (Maxwell 1860). Hence we expect the
Maxwellian distribution to come out as an equilibrium solution of
the full Boltzmann equation (2.15). This will be demonstrated now.

Let us consider a uniform gas such that the effect of any external
force field is negligible, i.e. F = 0. This does not literally mean that we
have to take the gas to faraway space where gravitational fields are
unimportant. If the gas is considered within a volume such that the
differences in gravitational potential within that volume are negligible
compared to the typical kinetic energies of the gas particles, then F
can be neglected (because the motions of gas particles within that
volume are not influenced much by gravity). In any case, a gas can be
assumed uniform only within such limited volumes. A gas occupying
a large volume in a gravitational field is always stratified and hence is
not uniform.

For such a uniform gas in equilibrium, it is easy to see that the
L.H.S. of (2.15) vanishes. Hence the R.H.S. should also be zero, which
happens when

ffi=ffi (2.16)

Since the distribution function for a uniform gas in equilibrium de-
pends on the particle velocity alone, we need not explicitly indicate
the dependences on x and ¢ so that the logarithm of (2.16) would give

log f(u) + log f(w) = log f(u) + log f(u}), (2.17)

where m and w; are the velocities of two particles before a binary
collision, and w’ and u} are the velocities after the collision. If y(u) is
a quantity which is conserved during a binary collision, then we must
also have

2() + x(uy) = x(0') + y(u}). (2.18)

Comparing (2.17) and (2.18), we conclude that the most general ex-
pression for the distribution function must be of the form

log f(w) = Co+ Y, Crxr(u), (2.19)

where y,(n)-s should include all the independently conserved quanti-
ties and C,-s are constants. If conservations of energy and the three
components of momenta are all the independent conservation laws
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(angular momentum conservation follows from linear momentum con-
servation), then we must have

log f(u) = Co + Cl“2 + Coxux + C2yuy + Cou;.

One can rewrite this equation in a slightly different form

log f(u) = —B(u —u)* +log 4, (2.20)
where A, B and uq are constants. From (2.20) we finally get
f(u) = Ae~BE-—w)’, (2.21)

If n is the particle number density per unit volume, then it easily
follows from

n= / d’u f (n)
that
3/2
A= <g) n. (2.22)

To evaluate A and to perform many calculations described below, it
is necessary to work out definite integrals of the type [ e dx. See
Appendix B for a discussion of such integrals.

The expression (2.21) would have the form of the Maxwellian dis-
tribution if we had wy = 0. It is easy to see that the average velocity
of the particles is given by

(u) = % / duneBO—w) g / duu+u)e ™ =u, (223)

i.e. a non-zero wy implies an average streaming motion of the particles
with respect to the frame of reference. If we go to a frame moving with
velocity ug, then particles in that frame will have the usual Maxwellian
distribution. If the particles in our system are the molecules in a gas,
and if the temperature T and the Boltzmann constant kg are defined
in the usual way, then the constant B should be

m

B= 2KBT
so that the full expression of the distribution function is
3/2 2
- m _ m(u—uo)*
f@=n ( 2chT) exp [ 3enT ] . (2.24)

This distribution function is the equilibrium solution of the Boltzmann
equation. If we start from a different initial distribution function, we
expect it to evolve according to the Boltzmann equation and eventu-
ally relax to the equilibrium (ie. Maxwellian) distribution, although
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we have not yet demonstrated that explicitly. The relaxation to the
Maxwellian distribution is clearly an irreversible process, and we need
to figure out how irreversibility arises if we want to understand the
relaxation process. This is done through the celebrated H theorem of
Boltzmann (1872).

2.4 Boltzmann’s H theorem

Although microscopic processes at the molecular level are usually re-
versible, we know that most macroscopic processes are not reversible.
This is the essence of the second law of thermodynamics. For exam-
ple, when the distribution function of a gas relaxes to the Maxwellian
distribution as a result of collisions, it is clearly an irreversible pro-
cess. The reverse process of a Maxwellian distribution changing to
a different distribution is extremely improbable. While deriving the
Boltzmann equation, we have explicitly assumed the reversibility of
microscopic processes in the form of the relation (2.7). Still the evolu-
tion of a distribution function according to the Boltzmann equation
usually turns out to be irreversible. Hence the Boltzmann equation
must hold the key to understanding how irreversibility at the macro-
scopic levels arises out of reversible microscopic processes. This is a
profound subject, and a full discussion of it is beyond the scope of
this book. We limit our discussion merely to the proof of the famous
H theorem of Boltzmann (1872), which gives a tantalizing hint at the
origins of macroscopic irreversibility. We shall not need this theorem
for any further discussions in this book. We present it more for cul-
tural reasons. Anybody learning about the Boltzmann equation should
know what the H theorem is.

Let us construct the quantity H from the distribution function of a
gas in the following way

H= / duflogf. (2.25)

Since we are integrating over the velocity space, H is a quantity per
unit volume. The H theorem states the following: if the distribution
function f appearing in the definition (2.25) of H evolves according
to the Boltzmann equation, then H for a uniform gas in the absence
of external forces can never increase with time, i.e.

dH

= <O (2.26)

We now prove this theorem.
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Differentiating (2.25) with respect to time, we have
dH [ ., of
I —/du at(1+logf).

For a uniform gas with F = 0, substitution from the Boltzmann
equation (2.15) gives

dd—Ij =/d3u/d3u1/an(Q)Iu——mI(f'fi —ffd+logf). (227)

Since integrations have been carried out over both u and u;, we could
interchange them within the integral. Let us replace the integral in
(2.27) by half the original integral plus half the integral with u and u;
interchanged. This gives

dH 1 3 3 >

T =3 [ @ [ [ aac@u-wigri - 1R +logrs

(2.28)

Since reverse collisions with velocity changes {w’,u}} — {u,u;} have
the same cross-section as the direct collisions {u,u;} — {u',u}}, we
must have an equation symmetrical to (2.28):

M =3 v [ [dao@u —uigs— 1o +ioss' i

(2.29)
Keeping (2.11) and (2.12) in mind, we add (2.29) to (2.28) and divide
by 2. This gives

dH 1[5 [ 3 1er I
== 4/du/du1/dﬂa(ﬂ)lu w|(f'f1 — ff1)log (f,ﬁ)-
(2.30)
For two real quantities « and 8, one can easily show that

(B — )log (%) <0

The H theorem (2.26) readily follows from (2.30) by virtue of this
inequality.

It is easy to see that H for a gas with the equilibrium (ie.
Maxwellian) distribution function does not change. Hence, if we begin
with a uniform gas having a non-equilibrium distribution function
initially, H keeps decreasing until the gas relaxes to the equilibrium
distribution when H attains a minimum value. Just as the entropy
of an isolated system keeps increasing until it attains a maximum
value, H keeps on decreasing to reach a minimum value. Although we
began by assuming the reversibility of molecular interactions, we have
eventually ended up with the quantity H of which the evolution is not
symmetric in + ¢ and —¢. The arrow of time has been picked up.
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It should be noted that the H theorem is not the same thing as
the principle of increase of entropy (which is one of the statements
of the second law of thermodynamics). We have defined H only for
a uniform gas, whereas the entropy can be defined for complicated
systems. On the other hand, the usual thermodynamic definition of
entropy is only for systems in thermodynamic equilibrium. Here we are
considering the H function for gases not in thermodynamic equilibrium
(i.e. having distribution functions different from the Maxwellian). Only
in the special case of a dilute gas in thermodynamic equilibrium where
H and the entropy can both be defined, there exists a simple relation
between the two. The reader is asked to obtain it in Exercise 2.3.

We end the discussion of the H theorem by pointing out a profound
paradox associated with it. Suppose, at one instant of time, we reverse
the velocities of all the molecules in a gas. Then the gas molecules
will retrace their previous paths. If the H function was previously
decreasing, we now expect it to increase after the velocities have been
reversed. Hence there exist distribution functions which evolve in such
a way that the H function increases with time! We shall not discuss
the resolution of this paradox here. The reader is encouraged to look
up Chapman and Cowling (1970, §4.21) for a discussion of this and
other related paradoxes.

2.5 The conservation equation

Let us consider a quantity y(x, w) which is conserved in binary collisions
so that an equation like (2.18) holds. We can write it more compactly
as

1tu=x+x (2.31)

where y and y; are values of this quantity which two particles have
before a collision, whereas y’ and x} are the corresponding values after
the collision. The average value of x per unit volume is expected to
satisfy an equation which we now derive from the Boltzmann equation.
This equation will be presented in this section merely as a formal result.
We shall, however, see in the next chapter that this formal-looking
equation plays a key role in deriving the hydrodynamic equations.

Let us multiply both sides of the Boltzmann equation (2.15) by x
and integrate over du. The R.H.S. is

RHS. = / du / d*uy / dQo @ —w|(f'f; — ffox.  (232)

Since this involves integrations over u and u;, we can play the same
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tricks by which we got (2.30) from (2.27) in §2.4, i.e.

RHS. =1 / i / duy / dQo(@)u—w(f'f; — ff)0+x — 1 — 200

(2.33)
which is zero by virtue of (2.31). We thus have
af of  Fiof
3 P =
/d <6t +u uis N + - 6u,) 0. (2.34)

We can manipulate the terms of (2.34) to put it in the following form:

6t/d3qu+ /d3uxu,f /d3uu,f /d3 —(fo)

—/d3 afo—-—/d3 —f 0. (2.35)

It is easy to show that the term
0
3 —_(vF:
/du o (xFif)

in the above equation is zero. This term is of the nature of a volume
integral of a divergence in the velocity space, and hence can be con-
verted, by Gauss’s theorem, into a surface integral of yF;f integrated
over a surface at infinity. For a well-behaved system, we expect f — 0
at infinity in the velocity space. Hence this surface integral vanishes.

Let Q be any quantity associated with each particle. The average
value of Q is defined by

1
0= / du0f, (2.36)

n=/d3uf

is the number density per unit volume. It follows that

/ 4 0f = n(Q)

is the total amount of the quantity Q per unit volume. Using the
definition (2.36), the non-zero terms in (2.35) can be put in the form

a%(n()()) + aixi(nwx)) - ”< gf > m <F gli>

oF;
-z < . > =0. (2.37)

This equation tells us how the volume density n(y) of any quantity x

where
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conserved in binary collisions evolves in time. This equation will turn
out to be of central importance in the next chapter.

Exercises

2.1

22

23

Consider particles obeying the Maxwellian distribution (2.24)
with ug = 0. Show that the average speed of the particles is

given by
_ SKBT
W=\

and the root mean square speed is given by

3KBT
Urms = w .
m

Show that the number of collisions taking place per unit
volume per unit time in a dilute gas is given by

Neati = / du / duy / dQ (@)l — uy |f (W) ().

Now consider the molecules to be hard spheres of radius a
so that the total scattering cross-section is na®. Evaluate the
above integral for such molecules to obtain

1/2
Neon = 4n’a’ mesT /
e m '

[Hint: first transform from u and u; to the relative velocity
U = u— u; and the centre-of-mass velocity uy, = (u +
u;)/2. Show that the Jacobian o(u,u;)/d(ue,uem) is equal
to 1 and then work out the transformed integral, which is
straightforward.]

Finally show that the mean free path for such hard-sphere
molecules is given by

L1
2nna?’

For a gas obeying the Maxwellian distribution, show that the
function H is equal to

3 m 3
Evaluate the entropy per unit volume S of an ideal monatomic
gas from the usual thermodynamic definition and verify that

S = —kgH + constant.
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3.1 The moment equations

We have seen in the previous chapter that the evolution of a system of
particles can be described by the.Boltzmann equation, if binary col-
lisions are the only interactions between the particles. We now want
to find out when it becomes possible to model this system of particles
as a continuum governed by macroscopic equations. The conservation
equation (2.37) plays a key role in establishing a connection between
the microscopic model based on the Boltzmann equation and the more
macroscopic models. The symbol y in (2.37) stands for any quantity
conserved in binary collisions. In deriving (2.37), we began with the
conserved quantity y associated with each particle, i.e. ¥ was initially
taken as a quantity at the microscopic level. We eventually ended up
with an equation for n{x), which is the amount of y per unit volume
and is obviously a macroscopic quantity. Hence equation (2.37) pro-
vides the golden gateway for a passage from the world of microphysics
to the world of macrophysics. Since mass, momentum and energy are
conserved in the binary collisions between particles, we now substitute
these quantities for x in (2.37) and obtain a set of macroscopic equa-
tions. It may be noted that the translational kinetic energy is conserved
in binary collisions only for monatomic gas particles. For more com-
plex gas molecules, it is possible for the translational kinetic energy to
be transformed into other forms like rotational energy. Hence some
of the results obtained from the conservation of translational kinetic
energy will be valid for monatomic gases only.

Putting y = m in (2.37) and considering F to be independent of
velocity, we have

%(nm) + a%j("’"("i)) =0, (3.1)

31
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where we have not put the averaging sign {...) around m, because we
are assuming all the particles to have the same mass m. Writing

p=mn (3.2)
for the density and
v = (u) (3.3)

for the average flow velocity of the particles, (3.1) takes up the usual
form of the continuity equation:

op
Fr —(pv,) (34)

which is the same as (1.7) derived by different arguments.
We next substitute y = mu; in (2.37), which gives

(nm(u,)) + 9 (nm(u,u,)) —nF;=0. (3.5)

Noting that u — v is the velomty of a particle with respect to the
average flow, we define a tensor P;; in terms of u — v in the following
way:

Py = nm{(u; — vi)(u; — v;)). (3:6)
It is easy to see that

(i — vi)(uj — v;)) = (wi;) + vvj — (u;)v; — v;{u;)
= (uiuj) —vivj
on using (3.3) for the averages of u; and u;. Hence
P;j = nm{uu;) — nmov;. 3.7

Using (3.7), we modify (3.5) to

0 0 _ ani pP
2 (o0) + a—xi(pv,v,) - T ~Fj. (3.8)

Finally, if the gas is monatomic and the translational kinetic energy
is conserved in binary collisions, then we can substitute y = %mlu —v?
in (2.37). A few steps of straightforward algebra lead to

0 dq;
a(pe) + (pev,) + + Pl]Al] =0, (3.9)

where
= I{lu—v% (3.10)

is the internal energy per unit mass,

q = 3o{@—v)u—vp) (3.11)
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is the energy flux, and

_ 1 6vi avj
r=3 (5 3). (¢12)
The derivation of (3.9) is being left as an exercise.

We now simplify (3.8) and (3.9) a little. The L.H.S. of (3.8) can be
expanded to

ap ovj 0 0vj
LHS. = v]at +pa +v,a (pv,)+pv,a .
It is easy to see that the first and the third terms jointly vanish by
virtue of the equation of continuity (3.4). Keeping the remaining terms

on the L.H.S., (3.8) can now be put in the form

61;, 60, 6Pﬁ p
(6’t + '6x,) i + mFJ. (3.13)
We can play a similar trick with (3.9) by noting that

()+a(ev)_a+ae+ea(v)+va
pe PEU) = € 0r TPt T Cox, P T PG

Again the first and the third terms on the R.H.S. vanish together due
to the equation of continuity so that (3.9) becomes

Oe Oe 0g;
(6t + '6xi> + = e + P;jA;j = 0. (3.14)

Readers familiar with the hydrodynamic equations will note that
(3.4), (3.13) and (3.14) have some resemblances to those equations,
although these are still not the hydrodynamic equations. Counting the
three components of (3.13), we have five equations here. On the other
hand, the number of variables is fourteen: p, three components of v;,
€, six components of the symmetric tensor P;j, three components of g;.
Hence, if some initial values of these variables are given, the equations
(3.4), (3.13) and (3.14) are not adequate to calculate the future values
of all these variables. In other words, these equations do not constitute
a dynamical theory. If we have a system of particles evolving according
to the Boltzmann equation, then the only thing we can say is that these
fourteen variables defined for this system must satisfy (3.4), (3.13) and
(3.14). We can get a dynamical theory out of these equations only
if we are able to relate some of these variables in such a way that
the number of independent variables becomes equal to the number of
independent equations. We shall see in §3.3 and §3.4 how this can be
done for a dilute gas, if certain conditions are satisfied. The equations
(3.4), (3.13) and (3.14) are often called the moment equations of the
Boltzmann equation, because they are obtained by multiplying the
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Boltzmann equation by 0, 1 and 2 powers of the velocity and then
integrating over the velocity space.

3.2 An excursion into stellar dynamics. Oort limit

Just as we have introduced the distribution function f(x,u,t) for a
system of molecules, one can introduce a distribution function similarly
for a group of stars in a cluster or inside a galaxy. Will the Boltzmann
equation (2.15) hold for the distribution function of the stars? The
general answer is ‘no’. Stars interact with each other through gravity,
which is a long-range force, and hence the Boltzmann collision integral
based on binary collisions is usually not very appropriate for a stellar
system. There are, however, stellar systems in which collisions do not
play an important role. The readers are referred to any book on
stellar dynamics (such as Binney and Tremaine 1987) for a detailed
discussion of collisional relaxation in a stellar system. A brief treatment
of the subject can be found in §17.1.1. The rule of thumb is that
a larger stellar system has longer collisional relaxation time. One
cannot neglect collisions for a globular cluster (containing about 10°
stars typically). For a galaxy with 10! stars, however, the collisional
relaxation time turns out to be much larger than the age of the
Universe, and collisions can be neglected for such systems. Figures 3.1
and 3.2 show photographs of a spiral galaxy and a globular cluster,
respectively.

For stellar systems in which collisions can be neglected, the col-
lisionless Boltzmann equation (1.19) should hold. Since the moment
equations (3.4), (3.8) and (3.9) would follow from the collisionless
Boltzmann equation, they also must hold for such stellar systems.
Jeans (1922) was the first scientist to appreciate this fact. He wrote
down these moment equations in cylindrical coordinates in a way
suitable for application to the stars in our Galaxy. Hence the moment
equations in cylindrical coordinates are often referred to as Jeans
equations in the astrophysical literature (see Exercise 3.3). We again
refer the interested reader to Binney and Tremaine (1987) for a de-
tailed discussion of the subject. To give a flavour of stellar dynamics,
we shall consider just one famous example of the application of the
moment equations to stars in our neighbourhood. The moment equa-
tions may appear formal at first sight. We want to convince the reader
that these are actually equations which can be applied to the analysis
of observational data, leading to far-reaching conclusions.

Oort (1932) used equation (3.5) to find out the average matter
density near the solar neighbourhood of our Galaxy. Even if there is
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Figure 3.1 A spiral
galaxy: a stellar
system in which
collisions are
unimportant.
Photographed at
Kavalur Observatory,
India. Courtesy:
Indian Institute of
Astrophysics.

Figure 3.2 A
globular cluster of
stars: a stellar system
in which collisions
have been important.
Photographed at
Kavalur Observatory,
India. Courtesy:
Indian Institute of
Astrophysics.

some matter in the solar neighbourhood which does not emit light and
is not detected in direct observations, it will produce a gravitational
field and hence will affect the motions of visible stars. Therefore, by
analyzing the motions of visible stars, it is possible to estimate the total
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amount of matter in the solar neighbourhood. Let us take the z axis
perpendicular to the plane of the Galaxy in the solar neighbourhood.
We now make two assumptions:

1 The distribution of stars is in a steady state in a statistical sense so

that
0
—=0
ot
for any averaged quantity.
2 The variation of any quantity along the x or the y direction lying
in the galactic plane is much smaller compared to the variation in

the z direction. So we can put
0 0

a = 5 =
With these two reasonable assumptions, the z component of (3.5)
becomes

L ) =g (.15

where we have introduced the gravitational field g by writing F = mg.
Oort (1932) used the statistics of K giant stars to obtain the gravita-
tional field at different heights from the galactic plane. K giants are
very bright stars which can be observed to sufficiently large distances
from the galactic plane and for which sufficiently good data existed
in Qort’s time about their number density and line-of-sight velocity
at different heights from the galactic plane. Once g, is obtained as a
function of z, one can calculate the matter density producing this gravi-
tational field from the Poisson equation for gravity V.g = — 4nGpmatter,
which here becomes
dg;

72— = —4 ﬂGpmaner. (316)

When the total matter density in the solar neighbourhood is esti-
mated in this fashion, it turns out to be around

Pmater = 10 X 10"24g cm™>.

On the other hand, if we calculate the density by estimating the
amount of matter in the visible stars, then we find

Pstar = 4 x 107%g cm™3,

Thus there must be unseen matter present in the solar neighbourhood
in addition to the visible stars. This was a very important conclusion
in 1932 when not much was known about the interstellar matter. This
analysis also provides an upper limit for the amount of interstellar
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matter, since its density cannot exceed (pmatter — Pstar). This is known
as the Oort limit.

Let us end this section with some comments on mass determination
in astronomy. From the light coming out of a system like a galaxy,
we can estimate the number and the nature of the stars in the system,
thus giving us a clue to the mass of the system. On the other hand, we
can make a dynamical estimate of mass from the observed motions
in the system by methods similar to what we have just discussed.
Very often the dynamically estimated mass turns out to be larger
than the mass estimated from light. In the case of Oort’s analysis, the
discrepancy was of the order of unity. In larger systems like clusters
of galaxies, this discrepancy can be much larger. This means that our
Universe contains a large amount of unseen matter, which produces
gravitational fields, but emits no light. We still know precious little
about the nature and distribution of this dark matter. This is the
celebrated dark matter problem of modern astrophysics.

3.3 Zero-order approximation

We now return to the question of constructing a dynamical theory
out of the equations (3.4), (3.13) and (3.14). This should be possible
for a system of particles when the system behaves like a continuous
fluid. To clarify what we may mean by fluidlike behaviour, let us
consider a motion of my hand through the air. The air molecules hit
by my hand gain a forward momentum and, when they collide with
the molecules in front, a stress is conveyed to the forward layer of
air molecules which have not yet come into contact with my hand.
If, however, an astronaut sent to interstellar space were to move his
hand in the interstellar medium (with about 1 particle per cm?), then
the situation will be very different. Since collisions between molecules
are infrequent there (by our standards!), the molecules hit by the
hand will move forward and pass like projectiles through the other
molecules in the interstellar medium which will remain unaffected.
We tend to think of the first example of the response of air to my
hand as fluidlike behaviour, whereas the second example presents a
situation very different from our usual intuitive notion of a fluid. Hence
collisions between molecules play an important role in establishing a
fluidlike behaviour.

We have seen in §2.3 that collisions tend to set up a Maxwellian
velocity distribution. Now we are suggesting that collisions play an
important role in establishing fluidlike behaviour. Is there then any
connection between a Maxwellian distribution at the microscopic level
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and a fluidlike behaviour at the macroscopic level? We shall see
that the answer to this important question is ‘yes’. If collisions are
important enough in a system of particles to produce local Maxwellian
distributions within different parts of the system, then we would expect
the system to display fluidlike behaviour. We now demonstrate that
it is indeed possible to obtain a dynamical theory out of the moment
equations for such a system.

Let us assume that the distribution function at each point within a
system of particles is given by

m 3/2 m{u — v(x,t)}?
I T(X, t)] exp [_ s T (%, 1)

which is the same as (2.24) with the number density n, the temperature
T and the mean flow velocity v taken as functions of space and time
as we expect in a real fluid. We now have to use (3.17) to calculate
some of the quantities appearing in the moment equations.

We begin by calculating P;; from (3.6). Keeping in mind that the
averaging is defined through (2.36), we have

3/2 2
- m SU UL, exp [ — Y
Pijj=mn (anBT> /d UUU; exp ( 2KBT) , (3.18)

where

O, u,1) = n(x, 1) [ ] , (3.17)

U=u-—v

Since the integration is over the whole of velocity space, the integral
vanishes when the integrand is odd. This is the case when i and j are
unequal. Hence we have

P;j = pdyj, (3.19)
where p can easily be shown from (3.18) to be
p=nkgT. (3.20)

It will be made clear in the next chapter that p corresponds to pressure
defined in the usual way. One sees at once that the definition (3.11)
for the energy flux gives rise to an odd integrand and hence

q=0. (3.21)
Using (3.17), we find from (3.10) that
ez tBT (3.22)
2 m

It should be noted that this is the expression for internal energy for
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monatomic gases only. It further follows from (3.12) that
1 o v\ _ o
PijAij = Epé,, (6x,~ 6x,~> =pV-v (3.23)

Substituting for P;; from (3.19) in (3.13) and writing the equation in
the vectorial form, we have

ov 1 F

Fn +(v-Vv= —;Vp+ o (3.24)
Using (3.21) and (3.23), it follows from (3.14) that

p<%+v~Ve>+pV-v=0. (3.25)

We note that (3.24) and (3.25) along with the continuity equation
in the vector form

%ﬁt’_ V- (pv) =0 (3.26)

make up a system of five independent scalar equations, because (3.24)
has three scalar components. Apart from the three components of
v, the other variables appearing in these equations are p, p and ¢
(i.e. altogether six scalar variables). The external force F has to be
prescribed and is not a dynamical variable. We see from (3.2), (3.20)
and (3.22) that p, p and € can be expressed in terms of only two
variables n and T. Hence only two out of these three variables are
independent, making the number of independent scalar variables in
our equations to be equal to five. Thus the number of independent
variables finally equals the number of independent equations, which
means that we have ended up with a dynamical theory of macroscopic
nature.

Although we have got a dynamical theory in terms of a set of
macroscopic variables, some characteristics of real fluids are still lack-
ing from our equations. For example, q = 0 implies that there is no
transport of energy from one part of the system to another part in
the form of a flow of heat (ie. the internal kinetic energy of the
molecules). The tensor P;; is found to be diagonal. We shall see later
that a diagonal P;; implies the absence of viscosity, which allows for
the transport of momentum from one layer of the fluid to the other
layers so that relative motions inside the fluid are damped out. In
other words, we have got equations for a fluid which does not exhibit
transport phenomena and hence does not behave like a real fluid.

What has gone wrong in our derivation? We had assumed local
Maxwellian distributions at all points in the form of (3.17) without
rigorous justification. Transport phenomena become very important
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in a fluid when there are strong gradients of temperature or velocity.
This is exactly the situation which requires corrections to the local
Maxwellian assumption. Let us consider a point P within a fluid
with a strong temperature gradient such that the fluid on one side
of P is much hotter than the fluid on the other side. Then molecules
from the hotter side will stream in the neighbourhood of P with
a velocity distribution corresponding to a higher temperature. Simi-
larly molecules streaming in from the colder side will have a velocity
distribution for a lower temperature. As a result of these molecular
motions from different sides with different properties, the distribution
function in the neighbourhood of P must have some departure from
the Maxwellian distribution. It is necessary to handle this departure
from the Maxwellian distribution in a systematic fashion in order to
develop a theory for transport phenomena. This is done in §3.4.

3.4 Transport phenomena

Since we have to consider departures from the Maxwellian distribution
in order to handle transport phenomena, let us write the distribution
function as

f(x,u,t) = fOx,u,t) + g(x,u,1), (3.27)

where fO(x,u,1) is the Maxwellian distribution given by (3.17) and
the remaining part g(x,u,t) corresponds to the departure from the
Mazxwellian which we assume to be small. Substituting (3.27) in the
Boltzmann equation, we find that the collision integral (i.e. the R.H.S.
of (2.15)) is given by

RHS.~ [ [ d0la-wlo@( g+ 1 — 0%~ 17%),
(3.28)
where we have neglected the quadratic terms in the small quantity
g. An order-of-magnitude estimate of the collision integral can be
obtained from one of the terms, say the last term, which gives

- / Puy / 40 fu — ur o (@QF Ox, ug, Dg(x, 0, 8) & —g(X, , 1) - NOvorTie,

where oy is the total collision cross-section and %) is the average
relative velocity between the particles. We note that noy, is approx-
imately the inverse of the mean free path A (given by (2.2) if the
particles are taken to be rigid spheres) and ngfiye is the inverse of
the collision time z. Hence we can approximate the collision integral
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in the Boltzmann equation by —(g/7) so that (2.15) becomes

ot

If an arbitrary distribution function f relaxes to the Maxwellian dis-
tribution f© in the collision time 7, then the rate of change of f
is roughly given by the R.H.S. of (3.29). We present a treatment of
transport phenomena based on this approximate equation (3.29), often
called the BGK equation—after Bhatnagar, Gross and Krook (1954)
who popularized its use. The treatment of transport phenomena using
the BGK equation was given by Liepmann, Narasimha and Chahine
(1962). It becomes a formidable problem if one keeps all the terms
in the collision integral (3.28) and treats it without further approx-
imations. Techniques for attacking this full problem were developed
by Chapman (1916) and Enskog (1917). Readers desirous of learning
more about this extremely complicated subject should delve into the
classic monograph of Chapman and Cowling (1970).

The approximate equation (3.29) illuminates much of the basic
physics in a relatively less painful way. We first use (3.29) to make
an estimate of the departure of the distribution function from a pure
Maxwellian. If a system has a strong gradient, then the term u.V on the
L.H.S. of (3.29) is what gives rise to the departures from a Maxwellian
distribution. To have a rough estimate, we balance this term with the
R.HS. to get

a. o F _ f—fO
(—+u vil V,,)f—-————T . (3.29)

ulf® gl
TR (3.30)
where |u| is the typical molecular velocity and L is the typical length
scale over which properties of the system change appreciably. We see
from (3.30) that

gl

A

m ~ z.

Hence the departures from a pure Maxwellian distribution will be

small if the mean free path is small compared to the typical length
scale. Using

(3.31)

- A
T L
as a small expansion parameter, we can write the distribution function
as a series
F=fO+af®4 2@ ... (3.32)

where the terms f©@, f) @ are of the same order. This is known
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as the Chapman—Enskog expansion. By substituting (3.32) in (3.29),
one can evaluate the successive terms. Here we shall only consider the
evaluation of the first-order term.

To calculate the first-order corrections, we approximate f by f© on
the L.H.S. of (3.29), which gives

a a F~ a
- _- N TR S I, (U}
g r(at+u,ai+ 0i>f . (3.33)

It is easy to see from (3.17) that f© depends on t and x; through
n(x,t), T(x,t) and v(x,t). We therefore have

of _ @6f(°) ?Iaf“” %5]’(0)
ot Ot on ot 0T ' ot dv;

A similar expression holds for f©/ox;. Substituting (3.17) in such
expressions, we first have to evaluate df® /ot and 6f©/dx;. Then,
putting them in (3.33), we find after a few steps of algebra

L |LoT  f m S m o Avu _1s 2)] 0
&= t[T@x;U' <2KBTU 2)+KBTAU (UIUI 36UU )]f .
(3.34)

The detailed steps of algebra are left as Exercise 3.4 and can be found
in books like Huang (1987, §5.5). We have finally found the expression
giving the departure from the Maxwellian distribution. Since this
departure results from the non-uniformities of the system as we have
already pointed out, it is no wonder that g depends linearly on the
gradients of temperature T and of flow velocity v; (through A;; as
defined in (3.12)). The linear dependence of g on the collision time
7 is also easy to understand. A larger 7 will imply that particles will
be able to stream in from faraway regions of the non-uniform system
without suffering collisions and the local distribution function will
depart from a Maxwellian more substantially. On the other hand, if
collisions are efficient in a system, then ¢ will be small making g small
and the distribution function will be close to a local Maxwellian.

In §3.3, we had calculated quantities like P;;, q and e from a purely
Maxwellian distribution f©@. Our task now is to take the modified
distribution f©@ + g and calculate these quantities from (3.6), (3.10)
and (3.11) (taking (2.36) as the definition of averaging). We readily see
that

_P [5 2
q 2n/dUUUg.

We again note that if a part of the integrand is odd, it does not
contribute to the integral. Hence only the term involving 67 /dx; in
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the expression (3.34) for g contributes, giving us
q=—KVT, (3.35)

where
= m 3 4 __m 2 _ é ©) - é .'.C_%__]
T/d vu (2KBTU 2)f =5m (3.36)

on working out the integrals in accordance with the rules outlined in
Appendix B. We see from the definition (3.11) that q is of the nature
of a flux of internal energy, i.. a flux of heat. Hence it is tempting to
regard K appearing in (3.35) as the coefficient of thermal conductivity.
We shall introduce the coefficient of thermal conductivity through the
usual macroscopic definition in the next chapter and shall show there
that K is indeed that coefficient.
It is easy to see that P;; now becomes

P,] = péij + nij, (337)
where
Wij = m/d3U UlU]g

Only the term involving A;; in (3.34) contributes to this integral. So
we have

mij = — —Akz /dsU UU; (Uk U - -3-5k1 U2> 1O, (3.38)
One notes from this expression that =;; is a traceless symmetric tensor,

ie. m; = 0 (summation over i). Since 7;; depends linearly on Ay, it has
got to have the traceless form

1'[,']' = —2[.1 (A,’j - %5,~,-V : V) N (339)
where we note that the trace of A;; is nothing but V.v. To obtain the
coefficient u, we evaluate one of the components of m;; from (3.38),

say myy, which is

= A /d3UUU Ui — Ls,02) 7O
IZ—KBT kl 1V2 kYl 3 k!

=— 2—A12 /d3U UIUfO,

because the integrand makes non-vanishing contributions only when
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k and [ are equal to 1 and 2 (or 2 and 1). Comparing this expression
with (3.39), we conclude

2
p=" / PU UU2(O = tnipT. (3.40)
KBT

We thus see that P;; has a non-zero off-diagonal part m;; given by
(3.39) with p obtained from (3.40). We shall show in Chapter 5 that
a non-diagonal P;; implies that it is possible to transport momentum
from a fast-moving layer of fluid to the adjoining slow-moving layer.
We shall also introduce the coefficient of viscosity in Chapter 5 in the
usual way and find that u appearing here turns out to be just this
coeflicient.

To summarize, the distribution function is close to the Maxwellian
if the mean free path is small compared to the length scale of the
system. By calculating the small departure from the Maxwellian in
the first-order, we are able to evaluate the transport coefficients K
and u. We shall, however, have to wait for later chapters where the
coefficients of thermal conductivity and viscosity are introduced in the
usual way, and we find K and y are indeed these coefficients.

3.5 Comparison with experiments

Assuming that u and K obtained in the previous section are indeed the
viscosity and the thermal conductivity, do our expressions for these
quantities agree with experimental data? We can take the collision
time t to be the mean free path A divided by the mean speed (u).
Using the results of Exercises 2.1 and 2.2, we get

1/2
= A = A m (3.41)
(u)  4na’ \ mxgT
if the molecules are assumed to be rigid spheres. On substituting this
expression of 7 in (3.40), we get

1 [(mxpT\Y?
“=W( : ) . (3.42)

T

Chapman and Cowling (1970, Chapter 12) present expressions for the
viscosity of dilute gases obtained by the rigorous Chapman-Enskog
method. If the molecules are assumed to be rigid spheres, then

5 mig T\ V2
”=W( : ) ) (3.43)

Considering the fact that (3.42) was obtained by the crude method
of approximating the four terms in (3.28) by a single term, we are
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pleased that it is not too far off from the rigorous expression (3.43).
Reif (1965, Chapter 14) derives the rigorous expression (3.43) by
a somewhat simpler method keeping all the four terms of (3.28),
but without developing the full technique of the Chapman—Enskog
procedure.

One of the first things to note in (3.42) or (3.43) is that the viscosity
is independent of the density of the gas. This remarkable consequence
of kinetic theory, which was first pointed out by Maxwell (1860),
appears surprising at first sight, because we might have intuitively
expected a denser gas to be more viscous. But this independence of
density has been confirmed by experiments. A denser gas has more
molecules to transport various physical quantities. But, since the mean
free path becomes shorter, each individual molecule is less efficient as
an agent of transport. Due to the combination of these two opposing
effects, the transport phenomena in a gas turn out to be independent
of density. We also see from (3.42) and (3.43) that the viscosity is
proportional to /T. Experiments show that the viscosity of a gas
increases with temperature faster than /7. This is due to the fact
that the molecules in a real gas are not rigid spheres. At higher
temperatures, the molecules have more kinetic energies and come
closer during collisions. Therefore the effective radius a decreases with
temperature (see Exercise 3.5). A look at (3.42) or (3.43) then makes
it clear why the viscosity rises more rapidly than /T. We want to
point out that this increase of viscosity with temperature is a property
of gases alone. The viscosity of a liquid decreases with temperature.
Anybody who has ever heated oil knows that hot oil is less viscous
than cold oil and flows more easily.

From (3.36) and (3.40), we find that

_ 5 KB

K =3u-2. (3.44)

From the expression (3.22) for the internal energy of a monatomic
gas, we see that the specific heat per unit mass of a monatomic gas is
given by

_ 3 KB

v =5 (3.45)
It follows from (3.44) and (3.45) that
K 5
oy =3 (3.46)

This numerical factor turns out to be 5/2 instead of 5/3 in the
more rigorous calculations presented in Chapman and Cowling (1970,
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Chapter 13). Again the result based on our approximate theory com-
pares favourably. One can experimentally find K /ucy for the inert
gases which are monatomic. The experimental values for different in-
ert gases are: helium — 2.45; neon — 2.52; argon — 2.48; krypton — 2.54;
xenon — 2.58 (Chapman and Cowling 1970, §13.2).

To sum up, the results of transport phenomena obtained by kinetic
theory are in general agreement with experimental data. We give the
values of viscosity and thermal conductivity for some common fluids
in Appendix D.

3.6 Hydrodynamics at last

In §3.4 we obtained expressions for q and P;; involving the transport
coefficients. We can now substitute them in (3.13) and (3.14) to obtain
the hydrodynamic equations incorporating transport phenomena. We

see from (3.37) and (3.39) that
6Pj,~ _ 6p 2
G u [V i+ ——(V )] (3.47)

if we treat u as a constant while diﬁerentiating with respect to the spa-
tial variables. This is a reasonable assumption in most circumstances.
Substituting this in (3.13), we have

;00 9 2, 4 1 0 Pr
<6t+ '6x,)— axj+”[v + (V )+mF,. (3.48)

From (3.12), (3.37) and (3.39), we also have

1 .
PijAij =pV-v—2pu [Aiinj - §(V -v)?|. (3.49)
On substituting (3.35) and (3.49) in (3.14),

P (g—i +v-Ve) —V-(KVT)+pV-v—2u [Aiinj—%(V-v)z] =0.

(3.50)

These basic equations (3.48) and (3.50) can be simplified further
in most circumstances. The viscosity term involving V - v in (3.48) is
usually small and can be neglected. The terms involving g in (3.50)
correspond to heat production due to the viscous damping of fluid
motions. This is also unimportant in most problems. We also make
a change of notation from now. While discussing the dynamics of a
system of particles, we had defined F as the force acting on a particle.
Now that we shall be discussing continuum models of fluids, it makes
more sense to talk about force acting per unit mass. The force per



3.6 Hydrodynamics at last 47

unit mass is also denoted in many hydrodynamics textbooks by F.
We can conform to this notation if we now write F where we were
previously writing F/m and henceforth take F to mean force per unit
mass. Adding the equation of continuity to (3.48) and (3.50) simplified
suitably, we finally write down the full set of hydrodynamic equations:

P Ly (ow=0, (3.51)
at
N vV =—ivpF 4 By (3.52)
at - p p p s .
p(%+v-V6)—V~(KVT)+pV-v=0, (3.53)

where we have neglected the various small terms and written F for
F/m. Equation (3.52) is known as the Navier—Stokes equation, whereas
the last equation (3.53) is essentially a statement of the conservation
of energy.

It is not difficult to convince ourselves that (3.51-3.53) constitute
a dynamical theory. If the coefficients 1 and K are specified along
with the applied force F, then the variables appearing in the equations
other than the three components of v are p, p, T and e. We again
see from (3.2), (3.20) and (3.22) that these variables are interrelated
in such a way that only two of them are independent (it is to be
noted that (3.22) remains unchanged even when the the first-order
corrections are incorporated). Hence the number of equations is the
same as the number of independent dynamical variables. Chapters 4-
9 are devoted to studying solutions of (3.51-3.53) under different
circumstances. Let us recapitulate the simplifying assumptions that we
made in this section to obtain these equations in the present form:
(i) spatial variation of viscosity u is neglected; (ii) heat production
due to the viscous damping of motions is neglected; (iii) the viscosity
term involving V - v in (3.47) is neglected. These assumptions hold
for all the problems which we study in this book. In the exceptional
circumstance in which one of these assumptions may not hold, one
can figure out the extra terms to be included in the equations. Since
these assumptions are valid under most circumstances we are likely to
encounter, it makes more sense to write down the equations in their
present form, rather than always writing the extra terms which may
be of use only in some exceptional situation.

Since astrophysicists often have to deal with systems like the inter-
stellar medium or the solar wind with very few particles per cm’, it
was our aim to find out the conditions under which the hydrodynamic
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model holds. We have seen that if the mean free path is small com-
pared to the length scale, then the distribution function remains close
to a Maxwellian and a hydrodynamic description becomes possible.
We point out that astrophysical gases are often in the plasma state
and contain magnetic fields, which also may play a crucial role in
establishing a fluidlike behaviour. This will be discussed later when
we consider plasmas.

After obtaining the conditions necessary for the hydrodynamic equa-
tions to apply to dilute gases, let us consider the other limit of dense
fluids. Do the same hydrodynamic equations hold for dense fluids?
Since we have derived the hydrodynamic equations starting from the
Boltzmann equation and the Boltzmann equation holds only for suf-
ficiently dilute gases where it is enough to consider binary collisions
alone, the derivation presented above does not hold for dense flu-
ids. One can, however, give macroscopic derivations by assuming the
fluid to be a continuum and arrive at exactly the same hydrodynamic
equations. This is discussed in the next chapter. The crucial assump-
tion we had to make in deriving the hydrodynamic equations from
the Boltzmann equation was that the binary collisions conserve mo-
mentum and energy, which led us to the moment equations. If more
complicated multi-particle collisions in dense fluids also conserve mo-
mentum and energy, it is no surprise that eventually we end up with
the same hydrodynamic equations for dense fluids from the macro-
scopic considerations. Since we intuitively feel that modelling a dense
fluid as continuum is not something too bad, the macroscopic con-
tinuum derivation of hydrodynamic equations presented in the next
chapter should convince anybody about the validity of these equations
for dense fluids. The continuum derivations, however, do not make
it apparent that these equations may be applicable for very dilute
gases with few particles per cm3. The purpose of this chapter has
been to establish that the hydrodynamic equations can be applied to
sufficiently dilute gases if the mean free path is small compared to the
length scale.

3.7 Concluding remarks

We have seen that a system of particles can be treated like a con-
tinuum fluid if frequent collisions keep the distribution functions in
local regions close to the Maxwellian. In other words, local regions
should have the properties of a system in thermodynamic equilibrium,
even though the different parts of the overall system may not be in
thermodynamic equilibrium with each other. The smaller the mean
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free paths compared to the length scales, the assumption of local ther-
modynamic equilibrium the better holds and the continuum description
makes more sense.

An astrophysicist may be interested in studying three types of
particle systems:

(i) particles without long-range interactions;
(ii) charged particles interacting through electromagnetic forces;
(iii) particles interacting through gravitational forces.

Even particles in a neutral gas, of course, exert gravitational forces
on each other. However, the typical gravitational potential energy
between two gas particles is so negligible compared to the thermal
kinetic energy that we are usually justified in putting a peutral gas in
category (i) above. On the other hand, for stars in a cluster or in a
galaxy, the gravitational potential energy is usually comparable to the
kinetic energy of the random motions—a result known as the virial
theorem (see §17.1.1). This result follows from the fact that it is often the
random motions which sustain the stellar system in a dynamic steady
state against gravitational collapse. Such a stellar system obviously
has to be put in category (iii). A plasma is the simplest example of
category (ii).

Fluid models hold for systems in category (i) if the mean free path is
small compared to the length scale. Since systems in categories (ii) and
(iii) have long-range interactions, many particles interact with each
other all the time and the concept of a mean free path cannot be in-
troduced in a very clean way. Hence the Chapman—Enskog expansion
(3.32) cannot be carried out easily, as it is difficult to define the small
parameter a. In the case of a plasma, however, the strong electrostatic
attractions between positively and negatively charged particles ensure
that volumes of plasma with statistically significant number of par-
ticles are nearly neutral. Hence a plasma has some characteristics in
common with a neutral gas. Although a charged particle in a plasma
in principle produces a long-range electromagnetic field, its effect is
usually screened off by particles of the opposite charge within a short
distance called the Debye length (to be discussed in Chapter 11). It
is possible for local regions of a plasma to relax to local thermody-
namic equilibria such that a continuum description can be introduced.
Establishing a continuum fluid model for a plasma rigorously, how-
ever, is a much more difficult problem than it is a for a neutral fluid,
since the Chapman—Enskog expansion cannot be done for a plasma
in a straightforward way. Later chapters will address the question of
introducing continuum models for plasmas.
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It may seem at first sight that a stellar system will be easier to
study than a plasma, because there is gravitational charge (i.e. mass)
of only one sign compared to the electric charges of two opposite
signs. The reality, however, is the other way round. As we have
pointed out, opposite charges in a plasma help in screening the long-
range interactions, making the local thermodynamic equilibrium and
consequently continuum models possible. The gravitational forces in a
stellar system cannot be screened similarly and hence they are of the
nature of long-range interactions in a much more profound way. The
most dramatic consequence of this is that thermodynamic equilibrium
is not possible for self-gravitating stellar systems, making them very
different from neutral fluids and plasmas.

A deep unifying theme which underlies many astrophysical results
is that self-gravity is incompatible with thermodynamic equilibrium.
Consider what happens when collisions try to relax a self-gravitating
stellar system. One expects the gravitational potential well to be deep-
est at the centre of the system. When collisions try to establish a
thermodynamic equilibrium, more particles are put in the central well,
thereby deepening the well further and requiring more particles there
for the establishment of a thermodynamic equilibrium. This may lead
to a runaway situation. The lack of thermodynamic equilibrium makes
collisional stellar dynamics very different from the dynamical theories
in this book and we shall not discuss it here, leaving the interested
reader to texts like Binney and Tremaine (1987). We have given a
flavour of collisionless stellar dynamics in §3.2, pointing out that the
moment equations hold for stellar systems in which collisions are
unimportant. It should not, however, be assumed that a primordial
particle distribution function remains frozen in collisionless stellar sys-
tems due to the lack of collisional relaxation. For example, although
the stars in our Galaxy make up a collisionless system (i.e. a system for
which the collisional relaxation time is much larger than the age of the
Universe), the velocity distribution of the stars in the solar neighbour-
hood seems to follow the so-called Schwarzschild velocity ellipsoid (see
Mihalas and Binney 1981), which is like an anisotropic Maxwellian
distribution. If a collisionless stellar system has come into the present
steady state after a gravitational contraction from a more extended
initial state, then the changing gravitational fields during the contrac-
tion phase could have acted somewhat like the forces of collision,
thereby producing a relaxed velocity distribution of the particles—a
process first suggested by Lynden-Bell (1967) and christened violent
relaxation. A collisionless stellar system can also have some waves and
instabilities similar to the waves and instabilities in fluids which we
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shall study later. Binney and Tremaine (1987) present discussions of
some such analogies between fluid systems and stellar systems. In spite
of these common characteristics, the lack of a proper thermodynamic
equilibrium makes a stellar system quite different from neutral fluids
and plasmas, and we shall not discuss stellar dynamics in this book.
Only when we discuss collisions in plasmas in Chapter 11, we shall
make a few comments on collisional stellar dynamics.

Exercises

31 Carry out all the algebra to obtain (3.9).

3.2 Consider an isothermal gas in a gravitational field, the grav-
itational potential being &(x). Assuming that the distribu-
tion function is of the form S(x)fm(u) where fy(u) is the
Maxwellian distribution

3/2 2
m mu
fM(“) - (21IKBT) exp (_ ZKBT) ’
determine S(x) from the Boltzmann transport equation.
33 In cylindrical coordinates, the distribution function f is a

function of the coordinates r, 8, z and the velocity components
Il =# ® =rd, Z = z. If the particles move in a gravitational
potential ¢(x), show that the collisionless Boltzmann equation
in cylindrical geometry is

af of ©of of < 2 645) of

at it T T T\T &) m

_(Ue 1aey o 000 _,
r rod ) 6@ 9z 9z

Now consider the special case of a steady, axisymmetric
situation so that you can put d/0t = d/06 = 0. Multiply this
simplified equation by IT and Z respectively and integrate
over the velocity space. Show that this leads to equations

2 1)+ 2 uir1z)) + ) — (02)] = ~n 22,

d 9
—(n(12)) + 5-(n(Z%) + ~(11Z) = _ng,

where the averages are defined in the usual way and »n is
the number density of particles. These are two of the Jeans
equations referred to in §3.2.
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34
35

3.6

If the terms involving (I1Z) are neglected in the last equa-
tion, note that it reduces to (3.15) from which the Oort limit
was obtained. Do you think it justified to neglect these terms?
Work out all the algebra for the derivations given in §3.4.
The viscosity of helium at temperatures —102.6, 0, 183.7 and
815 °C has the values 1.392 x 107, 1.887 x 107, 2.681 x 10~*
and 4.703x10™* g cm~! s™! respectively. Calculate the effective
radii of the atoms at these temperatures using (3.43).
Consider a uniform gas of electrons with mass m and charge
—e in the presence of a fixed lattice of ions such that the
system has overall charge-neutrality and the electrons with
the number density n have the distribution nfy(u), where
fu(u) is the usual Maxwellian as given in Exercise 3.2. Now a
weak uniform electric field E is switched on. Using the BGK
equation (3.29), calculate the departure from the Maxwellian
in the presence of this electric field and find out the electrical
conductivity ¢ defined by

—ne(n) = ¢E.



4 Properties of ideal
fluids

4.1 Macroscopic derivation of hydrodynamic
equations

In the previous chapter, we derived the hydrodynamic equations (3.51-
3.53) from the molecular dynamics of a dilute gas for which the mean
free path is small compared to the length scale. We now show that
exactly the same equations follow from macroscopic considerations by
treating the fluid as a continuum. Hence the hydrodynamic equations
derived for dilute gases in Chapter 3 should also hold for dense
fluids which can be regarded as continua at the macroscopic level.
The macroscopic derivations will make the reader feel more at home
with the hydrodynamic equations, since these derivations are based on
notions close to our everyday experience.

Since we shall be discussing how various fluid dynamical variables
evolve with time, let us begin by drawing attention to the two differ-
ent kinds of time derivatives: Eulerian and Lagrangian. The Eulerian
derivative denoted by J/0t implies differentiation with respect to time
at a fixed point. On the other hand, one can think of moving with a
fluid element with the fluid velocity v and time-differentiating some
quantity associated with this moving fluid element. This type of time
derivative is called Lagrangian and is denoted by d/dt. If x and x+vdt
are the positions of a fluid element at times t and ¢ + 6¢, then the
Lagrangian time derivative of some quantity Q(x,t) is defined as

dQ . Q(x+vdt,t+5t) — Q(x,1)
—= = lim .
dt -0 ot

(@.1)

Keeping the first-order terms in the Taylor expansion, we have

Q(x + vot,t + 0t) = Q(x,t) + 5t%—? +6tv-VQ.

53



54

4 Properties of ideal fluids

Putting this in (4.1), we have the very useful relation between the
Lagrangian and the Eulerian derivatives:
aQ 99

“ =5 tvve 4.2)

This equation is exactly similar to (1.6) for the time derivative in phase
space. We were concerned there with a 6 N-dimensional phase space,
whereas here we are now dealing with the three-dimensional physical
space.

We already derived the equation of continuity (1.7) in §1.4 by
continuum arguments and then again have seen in §3.1 that it follows
from the Boltzmann equation. Hence we need not derive it here again.
It is usually written in terms of the Eulerian derivative of p. Noting
that

V-(pv)=v-Vp+pV-v

from (A.4) and using the relation (4.2), we can easily write down the
equation of continuity using the Lagrangian derivative

dp
- TPV -v=0. (4.3)

This form is often useful.

4.1.1 The equation of motion

To find the equation for the velocity, we consider a fluid element of
volume 6 V. The mass of this fluid element is p 3V and its acceleration
is given by the Lagrangian derivative (dv/dt). Hence it follows from
Newton’s second law of motion that

dv

P o VE =0 Fbody +0 Fourface, (4°4)

where we have split the force acting on the fluid element into two
parts: the body force 6Fyoqy and the surface force 6Fgurface. A body
force is something which acts at all points within the body of a fluid.
Gravity is an example of such a force. It is customary to denote the
body force per unit mass as F so that

8Fpoqy = pSVF. (4.5)

The surface force on a fluid element is the force acting on it across
the surface bounding the fluid element. Let dS be an element of area
on the bounding surface. The surface force dFgyace acting across this
area is assumed proportional to this area. Since dS and dFgyf.c are
both vectors, a proportional relation between them implies that they
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must be related through a second-rank tensor which we write as Py,
ie.
(dFsurface)i = _Pijdsj- (46)

The total surface force acting on a volume of fluid is then given by a
surface integral

(Fsurface)i = _%Pijdsﬁ

Using (A.18), we transform this surface integral into a volume integral,
ie.
OP:;
(Fsurface)i == ‘a_l]dV'
Xj
Hence the surface force acting on a small fluid element of volume 6V

18

OP:;
(5Fsurfaoe)i = —3355 V. (4.7)
Substituting (4.5) and (4.7) into (4.4), we finally have
dvi _ 6P,j
p—d; —PFt_‘ax—j. (4.8)

This is the same as (3.13) if we keep in mind that we are now writing
F where we were writing F/m previously.

For a fluid in static equilibrium, it is an experimentally established
fact that the force acting across an element of area inside the fluid or
on its boundary is always perpendicular to that element of area. In
fact, this is often taken as the definition of a fluid. A fluid is defined as
a substance in which motions are induced whenever there is a part of
the surface force not perpendicular to the surface (i.e. a shear force).
This is in contrast to elastic solids within which shear forces can be
present in static equilibrium. Mathematically, for a static fluid, we
write

Pyj = pdij, (49)
which substituted in (4.6) gives
AFsyface = —p dS. (4.10)

It should be clearly apparent that p introduced here is the pressure,
which is defined as the force acting per unit area. The negative sign
in (4.10) signifies that the pressure force acting across the bounding
surface of a fluid volume is always inward directed, whereas the vector
area dS is taken by convention as outward directed.

Although (4.9) holds for a fluid at rest, it is generally no longer valid
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Figure 4.1 A fluid
with two layers
moving with different
velocities.

when there are motions inside the fluid. For example, consider two
layers of a fluid having different velocities on the two sides of a surface
as shown in Figure 4.1. If the surface force was given by (4.10), then
the force across the surface of separation could only be in the vertical
direction. We, however, expect a horizontal tangential shear force to
act across the surface of separation and to transport momentum from
the faster-moving layer to the slower layer such that the faster layer
slows down and the slower layer speeds up. We shall see in the next
chapter how such tangential stresses can be handled by introducing
the coeflicient of viscosity. In this chapter, we restrict our discussion to
the simplifying assumption that (4.9) holds even for fluids in motion.
Fluids for which the condition (4.9) always holds are known as ideal
Sluids. Apart from liquid helium at very low temperatures, we do not
know of any other fluid which can be regarded as ideal. Still, in many
fluid problems in which viscosity does not play an important role,
the ideal fluid equations give sufficiently good results, while keeping
the calculations simpler. Hence it is worthwhile to spend some time
understanding the properties of ideal fluids before we launch into a
study of viscous fluids in the next chapter. Substituting (4.9) into (4.8)
and using (4.2), we have the equation

%+(v-V)v=—-;—Vp+F. (4.11)
This is known as the Euler equation (Euler 1755, 1759). We note that
the Navier—Stokes equation (3.52) reduces to the Euler equation (4.11)
if the coefficient of viscosity y is set to zero. The macroscopic basis of
the Navier-Stokes equation will be discussed in the next chapter.
Although scientists like Newton and Bernoulli considered isolated
problems involving fluids, it was Euler (1755, 1759) who laid down
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the foundations of hydrodynamics through a systematic investigation
of its basic equations. Hence it is only appropriate that the basic
equation of motion is named after Euler—often regarded as the father
of modern hydrodynamics.

4.1.2 The equation of energy

Finally we come to the derivation of (3.53). This equation follows
from the first law of thermodynamics, which is essentially a statement
of the conservation of energy. If we have a fluid in thermodynamic
equilibrium to which some amount of heat dQ has been added, then
the first law of thermodynamics says that

dQ = dU + pdv, (4.12)

where dU is the change in internal energy and pdV is the work done
by the system. All thermodynamic variables can broadly be classified
into two categories: extensive and intensive. The variables which are
added up when we combine several thermodynamic systems are called
extensive. For example, when we combine two systems with internal
energies U; and U,, the internal energy of the resultant system is
U, + U,. Hence internal energy is an extensive variable. On the other
hand, variables like pressure and temperature cannot be added like
this. They are called intensive variables. It is to be noted that each
term in (4.12) is linear in some extensive variable. This ensures that
(4.12) is consistent. An equation with different powers of extensive
variables in different terms would not make sense.

We now wish to adapt (4.12) to a continuous fluid in which there
may be motions. The different parts of the fluid will in general not
be in thermodynamic equilibrium and hence (4.12), which holds for
systems in thermodynamic equilibrium, cannot be applied to a large
part of the fluid. However, a sufficiently small fluid element (i.e. small
compared to the length scales) can be regarded in local thermodynamic
equilibrium as we have discussed in Chapter 3. We now write down
(4.12) for such a small fluid element of mass ém. Handling intensive
variables like pressure p is not a problem, as one can use the values of
these variables within this small fluid element. In the case of extensive
variables, however, it is necessary to define them per unit mass. If Q
and U per unit mass are denoted by ¢ and ¢, then the heat added
to the system and its change of internal energy are dQ = dmdq and
dU = dmde. Since volume per unit mass is 1/p, we have to replace
dV in the last term of (4.12) by émd(1/p). Putting these in (4.12) and
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dividing by dt, we get

dg _de d(1
a @t Pa\p)

Since

from (4.3), we have
pE 4 pVv=—g, (4.13)

where
dq
P
is the rate of heat gain per unit volume (% is the heat loss rate).

If there are heat flows within a fluid, then some regions may gain
heat. Let us estimate this in order to calculate .#. The heat flux # in-
side a continuous substance can usually be assumed to be proportional
to the temperature gradient, i.e.

¥ =

F =-KVT, (4.14)

where K is called the coefficient of thermal conductivity and the
negative sign implies that the heat flow is in the direction of decreasing
temperature. The heat loss rate from a volume of fluid is equal to the
heat flux integrated over the bounding surface, which is

f.“/"'dS=/V~de.

Hence the heat loss rate per unit volume must be given by V.# so
that

L=V - F=-V-(KVT). (4.15)

Substituting this for % in (4.13), we finally end up with the energy
equation (3.53). We also confirm that K appearing in (3.53) coincides
with the coefficient of thermal conductivity defined in the usual way.
We have already indicated in §3.6 that there can be heat gain due
to the viscous dissipation of motions, which is usually small and is
not included in % here. In many astrophysical problems, however,
heat gains and losses due to radiation are very important and have to
be included in #. The detailed discussion of radiative gain and loss
processes is beyond the scope of this book.
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4.2 The vorticity equation. Incompressible and
barotropic fluids

From (A.6), it follows that
(v- VW =1LV(v-v) —vx (Vx V). (4.16)

Substituting this in the Euler equation (4.11),

ov 1 1

E+§V(v V) —V X (va)——;Vp+F.

We now take the curl of this equation. Since body forces like gravity
are usually conservative, we assume F to drop out when we take the

curl so that we are left with

dw 1
i V X (v X o)+ pr X Vp, (4.17)

where
wo=VXxv (4.18)

is called the vorticity.

We now show that hydrodynamic calculations become considerably
simplified when the fluid is incompressible. It is fairly obvious that
incompressibility is a reasonably good assumption for liquids like
water. What may not be so obvious is that even gases like air can be
regarded as incompressible in many fluid dynamical problems! When
air is compressed in some localized region, the excess air there tries to
spread around quickly. We shall see in Chapter 6 that this spreading
takes place at the sound speed. Hence only objects moving at speeds
comparable to or faster than the sound speed (such as jet planes) are
capable of producing appreciable compressions in air. When an object
moves slowly, the air in front of it can get rid of the compression at
a speed faster than the speed at which the object is trying to build up
the compression. Air can therefore be regarded as incompressible as
long as all the motions inside have velocities small compared to the
sound speed. When I move my hand through the air, the flow of air
around my hand can be described adequately with the equations of
incompressible hydrodynamics.

Since the density p for an incompressible fluid does not change, we
see from (4.3) that

V-v=0. (4.19)

This can be taken as the condition of incompressibility. If Vv remains
negligible for a flow pattern, then we are justified in regarding the fluid
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as incompressible. We note that (4.17) reduces to the following simpler
equation for incompressible fluids

%§=Vx@xw) (4.20)

We see that (4.20) involves two fluid variables, v and w, which are
certainly not independent. If v is given, then we can easily find » from
(4.18). On the other hand, if w is given, then v can be solved from
(4.18) and (4.19). It is a well-known result of mathematical physics
that a vector field can be solved if its divergence and curl are given
(see, for example, Panofsky and Phillips 1962, §1-1). Since (4.20) gives
the evolution of w and since v can be found from w, it should be clear
that equation (4.20) along with (4.18) and (4.19) provides the complete
dynamical theory of incompressible fluids.

It thus turns out that the energy equation (3.53) is redundant while
treating incompressible fluids. Since many elementary textbooks on
fluid mechanics (especially textbooks for engineering students) often
deal mainly with flows that can be regarded as incompressible, the
energy equation is paid much less attention compared to the other
basic hydrodynamic equations. In astrophysical problems, however,
we often have to deal either with systems having appreciable density
variations or with systems having within them motions with speeds
comparable to the speed of sound. Hence the energy equation has to
be taken into account in most astrophysical fluid dynamics problems.
In §4.3, we shall discuss the hydrostatic equilibrium of some systems
with variable density. We, however, defer to Chapter 6 the study of
fluids within which there are motions with speeds comparable to the
sound speed. The study of such fluids is usuvally referred to as gas
dynamics.

In certain problems, it becomes possible to assume a functional
relation between p and p, i.e. we can write

p =p(p) 4.21)

Such a relation is called a barotropic relation and fluids satisfying such
a relation are known as barotropic fluids. It is easy to see that the
vorticity equation reduces to (4.20) for barotropic fluids as well. If
p is no longer an independent variable, then p and v are the only
independent variables appearing in the equation of continuity and the
Euler equation, and it is obvious that these equations constitute a
full dynamical theory. The barotropic relation (4.21) is in a sense a
substitute for the energy equation and it is not consistent to include
an additional energy equation for barotropic fluids.
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4.3 Hydrodynamic equations in conservative forms
We note that the equation of continuity (3.51) has the form

%(density) + div(its flux) = 0. (4.22)

The significance of this equation is that the the amount of material
within a certain volume can change only as a result of the fluxes of
that material across the bounding surface.

The other hydrodynamic equations can also be put in forms similar
to (4.22). With the help of the equation of continuity, the Euler
equation can easily be put in the form

%(pvf) + %j(pvivj) = —g—i + pFi.
In fact, we proceeded in exactly the opposite way in §3.1 when (3.8)
was transformed into (3.13). In the absence of external forces, i.e. when
F =0, we write

0 oT;;
PAGLORS Fraie 0, (4.23)
a form similar to (4.22), where
Tij = péij + pv; (4.24)

can be regarded as the flux of momentum. This interpretation becomes
clear when we consider the amount of momentum f pv;dV within a
volume. Its rate of change according to (4.23) is given by
%/pvidV=— %—QdV=—fndej,

where the volume integral has been transformed into a surface integral
by (A.18). It is clear from this equation that the amount of momentum
within a volume changes only as a result of the momentum flux Tj;
across the bounding surface (when no external force acts). This result
leads to an obvious corollary: if we consider a large volume of fluid
with no momentum flux across the faraway bounding surfaces, then
the total amount of momentum of this fluid is conserved.

To obtain an energy equation in the same form, we note that energy
per unit volume is given by pe + % pv?, which is the sum of internal
and Kkinetic energies. The time derivative of this can be obtained by
combining all the hydrodynamic equations (3.51-3.53). In the absence
of the external force F, if we neglect the viscosity terms, then it is
found that

% <pe+ %p02> =-V- [pv (%vz + w) -K VT] , (4.25)
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where
w=e+ % (4.26)

is the enthalpy per unit mass. We see that (4.25) is the energy equation
having the form of (4.22). The derivation of (4.25), which is being left
here as an exercise problem (Exercise 4.1), can be found in Landau
and Lifshitz (1987, §6). It is clear that [pv(%v2 + w) — K VT] should
be interpreted as the energy flux in the fluid.

The equations (4.23) and (4.25) are referred to as the conservative
forms of hydrodynamic equations. They essentially state the con-
servation laws of momentum and energy. Sometimes, especially in
numerical work, these equations turn out to be more convenient than
the hydrodynamic equations in their usual form.

4.4 Hydrostatics. Modelling the solar corona

Now that we have derived all the hydrodynamic equations constituting
a dynamical theory, we would like to study some solutions of these
equations. We begin by considering what is probably the simplest
possibility, a fluid at rest. By putting v = 0 and setting all the time
derivatives equal to zero, we obtain from (3.51-3.53) that

Vp = pF, 4.27)

V-(KVT)=0. (4.28)

We have already noted in §4.2 that the energy equation is redundant
for incompressible fluids so that (4.27) alone is necessary to study the
static equilibrium of incompressible fluids.

Let us consider the one-dimensional problem of a fluid in static
equilibrium in a uniform gravitational field

F = —gé,,

where z is taken in the vertically upward direction. Then the z com-
ponent of (4.27) is

dp
X~ o, 4.29
I, = P8 (4.29)
For an incompressible fluid with constant density p, the solution is
P = po — pgz, (4.30)

where py is the pressure at the level z = 0. We thus establish the well-
known result that pressure in an incompressible fluid at rest increases
linearly with depth. Although (4.28) is needed for compressible fluids
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in general, we now consider the simple case of an isothermal ideal gas,
for which the condition T = constant replaces (4.28). From (3.2) and
(3.20), we have the relation
KB
p=- pT (4.31)
for the ideal gas. Substituting this in (4.29) and remembering that T
is constant, we have

kT dp _ _
m dz P&
of which the solution is
mgz
= L2 432
P poeXP< KBT), (4.32)

where pg is the density at z = 0.

The hydrostatic equation (4.27) is one of the fundamental equations
in the study of stellar structure. Since conduction is a less important
process for the transport of energy compared to radiative transport
(or convection if convection does take place) in a main-sequence star,
(4.28) has to be replaced by the appropriate equations for the other
energy transport processes. These equations, which are presented in
any textbook on stellar structure, will not be discussed here. We note
that if (4.28) is replaced by the polytropic relation p = Ap?, then the
hydrostatic problem in the spherical geometry leads to the famous
Lane—Emden equation (Exercise 4.3). As an example of a hydrostatic
problem in astrophysics, we discuss the problem of constructing the
static model of the solar corona, which led to a paradox when it was
first studied by Chapman (1957) and Parker (1958).

Figure 4.2 is a photograph of a total solar eclipse showing that the
Sun has a corona of hot tenuous gas extending well beyond the solar
surface. Although the corona appears fairly non-spherical, one can
try to construct a first approximate model of the corona by assuming
spherical symmetry so that quantities like density and pressure can be
regarded as functions of radius r alone. It is known that the corona
has a temperature much higher than the surface temperature of the
Sun. The possible reasons for this high temperature will be discussed
in §15.5. Here we assume that the heat is produced in the lower layers
of the corona so that outer regions of the corona can be modelled by
taking a boundary condition that T = T, at some radius r = ry near
the base of the corona. This suffices to pose the problem even though
we may not know what is heating the corona. This is somewhat like
calculating the temperature distribution in a metal rod with one end
heated in a furnace. If the temperature of the furnace is given as a



64

4 Properties of ideal fluids

Figure 4.2 The solar
corona during a total
solar eclipse
photographed from
India. Courtesy:
Jagdev Singh, Indian
Institute of
Astrophysics.

boundary condition, then the problem can be solved without knowing
whether the furnace is heated by charcoal, gas or electricity.

Since the corona has very little mass, the gravitational field in the
corona can be regarded as an inverse-square field created by the mass
of the Sun M. In spherical geometry, equations (4.27) and (4.28)
become

dp  GMgo m p

I R (4.33)
d (. ,dT

where we have eliminated p from (4.33) by making use of (4.31). It
follows from the kinetic theory of plasmas that the thermal conduc-
tivity K of a plasma goes as the 5/2 power of temperature (see §13.5).
Hence (4.34) gives

o L constant,
dr
of which the solution is
3 roN2/7
T=Tp (7) (4.35)

satisfying the boundary conditions that T = To atr =rp and T =0
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at infinity. Substituting for T in (4.33) from (4.35), we get
@ _ GMom dr
P Ty T

of which the solution satisfying p = po at r =ry is

p=poexp [7GMO’” {(’_0)5/7 — 1}] . (4.36)

SKB Toro r

The surprising thing to note is that the pressure has a non-zero
asymptotic value as r goes to infinity. It is not possible to obtain a
solution of the problem such that both p and T are zero at infinity.
The asymptotic value of p at infinity is much larger than the typical
value of the pressure of the interstellar medium.

What is the significance of this non-zero pressure at infinity? Parker
(1958) concluded correctly that the hot solar corona could be in static
equilibrium only if some appropriate pressure is applied at infinity to
stop it from expanding. Since there is nothing to contain the corona
by applying the necessary pressure, Parker (1958) suggested that the
outer parts of the corona must be expanding in the form of a solar
wind. The solar wind was detected from spacecraft observations just
a few years after Parker’s bold prediction. Parker (1958) worked out
a detailed hydrodynamic model of the solar wind as well. This model
will be discussed in §6.8.

4.5 Bernoulli’s principle for steady flows

After considering hydrostatics, we now look at the next simplest
hydrodynamic problem, which is the study of steady flows (i.e. flows
which are independent of time). For any flow, one can introduce the
concept of a streamline, which is a curve such that the fluid velocity
v is tangential to it at every point. It is exactly like a line of force in
an electric or a magnetic field. For steady flows, however, a streamline
has another physical significance: it is the path which a fluid element
traces out in time.

Since the body force F acting on a fluid (such as gravity) is usually
conservative, we write

F=-Vo

Using (4.16), it follows from the Euler equation (4.11) that steady flows
satisfy

1, 1
V<§v>—vx(va)— ;Vp V.
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Figure 4.3 Water
coming out of an
upturned outlet in a
tank.

We now take a line integral of this equation along a streamline. If dl
is a line element of the streamline, then we have

/ dl- [V (%02) —vx(Vxv)+ %Vp +Vo| =0. 4.37)

Since dl and v are in the same direction, it is easy to see that dl-vx(V xv)
is zero. The remaining terms in (4.37) readily admit an integral

%vz + / %p + & = constant (4.38)
along a streamline, where the integral [ dp/p has to be evaluated from
a reference point on the streamline to the point where all the other
quantities are considered. This resuit is known as Bernoulli’s principle
(Bernoulli 1738).

We often use this result to situations from everyday life involving
liquids on the Earth’s surface. For an incompressible fluid, the integral
J dp/p in (4.38) can simply be replaced by p/p, and we write @ = gh,
where h the height from some horizontal reference level. Then (4.38)
becomes

%vz + % + gh = constant 4.39)
along a streamline in the incompressible fluid.

To illustrate the application of (4.39), let us consider a tank of water
with an outlet at the bottom turned upward as shown in Figure 4.3.
We can apply (4.39) to find the velocity of water coming through the
outlet. We consider the streamline indicated in Figure 4.3 going from
the upper surface of the tank to the outlet, and apply (4.39) to the
points at the top and at the outlet. The pressure at both of these
points is the atmospheric pressure p. If the outflow rate is small, then
the level of water falls very slowly and we can take the velocity at
the top point to be zero. Then, measuring the height h from the level
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where the outlet is, we find from (4.39) that

Po _1l.  m
P) +gH— Zvout+ p’
where H is the height of the water level above the level of the outlet
and vey is the velocity of the water flowing through the outlet. We
then have

Vour = \/2gH. (4.40)

It follows that the velocity of outflowing water is the same irrespective
of the direction in which the outlet is turned. If it is turned upward,
then the outflowing water rises with the initial upward velocity ,/2gH.
It is easy to see that the water should rise through the height H,
ie. it should reach the height where the inside water level is. In
reality, however, water is always found to rise to a height slightly less.
This is due to the fact that (4.40) is obtained by neglecting viscosity.
Viscosity causes some dissipation of motion and hence the actual
outflow velocity turns out to be slightly less than what is predicted
from the ideal fluid equations.

Bernoulli’s principle implies that the pressure is less at a point on
a streamline if the velocity is more there. Hence, if a fluid is made
to move through some constricted area where the velocity increases,
then the pressure drops there. In the Feynman Lectures (Feynman,
Leighton and Sands 1964, §40-3), a striking illustration of this is given
in the following words: “Have you ever held two pieces of paper close
together and tried to blow them apart? Try it! They come together.
The reason, of course, is that the air has a higher speed going through
the constricted space between the sheets than it does when it gets
outside. The pressure between the sheets is lower than atmospheric
pressure, so they come together rather than separating.”

4.6 Kelvin’s vorticity theorem

We have seen that the vorticity @ in an incompressible or barotropic
fluid satisfies (4.20). A remarkable theorem follows from this equation.
We first state this theorem before proving it.

Consider a surface S; inside a fluid at time ¢;. The flux of vorticity
linked with this surface is fSl o - dS. At some future time t,, the fluid
elements which made up the surface S; at time ¢; will make up a
different surface S;. The vorticity flux linked with this surface S, at
time ¢, will be fsz o - dS. Kelvin’s theorem (Helmholtz 1858; Kelvin
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Figure 4.4
Displacement of a
surface element due
to fluid motions.

1869) states that

/(D'dS= o - ds.
Si S

We write this more compactly in the form

d

- /s ®-dS =0, (441)

where the Lagrangian derivative d/dt implies that we are considering
the variation of the vorticity flux f;w - dS linked with the surface
S as we follow the surface S with the motion of the fluid elements
constituting it.

We now have to start from (4.20) and prove the important result
(4.41). Several authors, such as Landau and Lifshitz (1987, §8), give
a proof using the fact that o is the curl of v. It is, however, possible
to give a proof without using this relation between @ and v. In other
words, we prove the following more general theorem: if any vector
field Q in a fluid satisfies the equation

Q

Fri V x(vxQ), (4.42)

then
d
‘ /S Q-dS=0. (443)

We shall see later that there are other quantities apart from vorticity

which satisfy (4.42) and hence this general theorem holds for them.
To proceed with the proof now, we note that the flux [ Q-dS linked

with the surface S can change with time due to two reasons: (i) intrinsic
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variation in Q, and (i) motion of the surface S. Mathematically we

write
d - [9Q. .4
p /s Q-dS= /s ot ds + /s Q dt(dS). (4.44)

Figure 4.4 shows an element of area which has changed from dS at
time ¢ to dS’ at time ¢’ = t + §t. We see that dS and dS’ make up the
two ends of a cylinder. The vector area of a side strip of this cylinder
is —dtv x oL, where 4l is a length element from the curve encircling
the surface dS as shown in Figure 4.4. Since the vector area § dS for a
closed surface is zero, the surfaces of this cylinder satisfy the equation

dS’—dS—ét?{vx51=0,

where the line integral is taken around the surface element dS. It then

follows that
d . dS —dS
E(dS) = 51:1—12) = fv x ol

ot

The last term of (4.44) now becomes

/Q (dS) /%Q~(vx51)=/%(va)-6l.

Here the double integral [ § means that we first take a line integral
around surface elements like dS and then sum up such line integrals
for the many surface elements which would make up the surface S. It
is easy to see that this ultimately gives a line integral along the curve
C encircling the whole surface S, because the contributions from the
line integrals in the interior cancel out when we sum over all surface
elements. Hence we have

/Q —-(@s) = f(va) 51—/[V><(Q><v)] ds

by Stokes’s theorem. We then have from (4.44)

/Q ds = /dS [— —V X (v X Q)] (4.45)

We now see that (4.43) follows from (4.42) and (4.45). This completes
our proof.

When Q stands for the vorticity w, Kelvin’s theorem follows as a
special case of this general theorem, implying that the flux of vorticity
is conserved and the vortex lines move with the fluid. For example,
consider the case that there are some vortices in the neighbourhood
of A in a fluid (Figure 4.5). If there is a general flow taking the fluid
from the neighbourhood of A to the neighbourhood of B after some
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Figure 4.5 A vortex
being carried in fluid
motions.

time, then Kelvin’s theorem indicates that the vortices also move with
the fluid to the neighbourhood of B. The evidence for this is found by
observing that vortices in rivers are often carried with the general flows
of the rivers. Lord Kelvin, who proved this theorem, was so intrigued
by the permanence of vortices that he even attempted to build a
theory of matter by suggesting that atoms are vortices in the ether!
One of the strong predictions of Kelvin’s theorem is that an ideal fluid
having no vortices at an instant of time cannot subsequently develop
vortices. This could have been inferred from (4.20) itself. We shall see
in the next chapter that viscosity makes the generation and decay of
vortices possible. A fluid without viscosity would not behave the way
we expect real fluids to behave. When water is splashed against a solid
surface, lots of swirling motions are produced. If a fluid were really
ideal and vortices could not be generated, then such swirling motions
would not take place. In the Feynman Lectures, the very apt phrases
‘dry water’ and ‘wet water’ are used to refer to ideal fluids and viscous
fluids respectively—ascribing the credit of coining these phrases to
John von Neumann (Feynman, Leighton and Sands 1964, §40-2).

4.7 Potential flows. Flow past a cylinder

Since an ideal incompressible fluid with zero vorticity at an instant will
never generate vorticity, it is mathematically consistent to consider a
fluid with

Vxv=0 (4.46)
everywhere and at all times. Such fluid flows are called irrotational
flows. They are often called potential flows also, because the velocity
for an irrotational flow can be written as the gradient of a potential,
ie.

v=-V¢, (447)

where ¢ is called the velocity potential. The incompressibility condition
V - v =0 then implies

Vi =0, (4.48)

3\\
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which is the well-known Laplace equation. Since the normal compo-
nent of the fluid velocity has to be zero at a solid surface at rest, the
appropriate boundary condition is

o
=0 (4.49)

on a static solid boundary. This is often referred to as a Neumann-type
boundary condition, and it is well known that the Laplace equation
with this type of boundary condition constitutes a well-posed problem
of which the solution is unique (see, for example, Panofsky and Phillips
1962, §3-1; Jackson 1975, §1.9). Elegant mathematical solutions have
been found for many potential flows inside or around solid boundaries.
Some of the older textbooks of fluid mechanics devote large portions
to discussions of such potential flow problems. The excessive attention
paid to this subject in some of these textbooks is not because of the
fact that this is of central importance in understanding the physics of
fluids, but rather because it is one of the fluid mechanics topics that
provides ample opportunity for displaying mathematical cleverness.
Since a display of mathematical virtuosity is not our main concern
here, we shall just consider one example of a potential flow problem
to give an idea of the subject. We assume that the reader is already
familiar with the techniques of solving boundary value problems and
indicate only the main steps.

Consider a uniform flow past a right circular cylinder, which is
placed with its axis perpendicular to the direction of the flow. By
‘uniform flow’ we mean that at large distances from the cylinder the
flow has a uniform velocity —Ué¢,. We want to find out the velocity
field around the cylinder. This is clearly a two-dimensional problem.
‘We can choose the centre of the cylinder as the origin of the coordinate
system. If the radius of the cylinder is » = g, then we have to solve
the Laplace equation (4.48) in the region a < r < . The boundary
condition (4.49) applied to the surface of the cylinder is

2¢
i at r=a. (4.50)
The boundary condition at infinity can be taken to be
¢ =Urcosd at r — oo, (4.51)
which would give the velocity

Vo =—Ucosf& + Usin0& = —Ug,. (4.52)

The general solution of the Laplace equation in cylindrical coordinates
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Figure 4.6 Flow of
an ideal fluid past a
cylinder.

can be written in the form of the Fourier series

o]
¢ = (Ao+BoInr)(Co+Dob)+ ) <A,.r” + ’—3-> (Cy cos n + D, sin nf),

" (4.53)
where A4,, B,, C, and D, are constants (see, for example, Panofsky and
Phillips 1962, §4-9; Jackson 1975, §2.11). A few easy steps show that
the boundary conditions (4.50) and (4.51) can be satisfied only if two
terms of the series (4.53) are taken in the following combination

¢ =Ucosb (r + a72) . 4.54)

The flow velocity around the cylinder is now easily found by taking
the negative gradient of ¢, which gives

2
v=—Ub + U:—z(COSOér + sin 0 &). (4.55)

The streamlines of this flow are shown in Figure 4.6.

By a simple Galilean transformation, we can now consider the
problem of the motion of a cylinder with velocity U€, through a fluid
at rest in regions away from the cylinder. In the coordinate frame
moving with the cylinder, the velocity field around the cylinder is
given by (4.55). Hence, if we take the origin of the coordinate system
at an instantaneous position of the centre of the cylinder, then the
flow pattern around the cylinder at that instant is given by

2
V=v+Ué = U‘:—z(cos 0 &, + sin 6 &). (4.56)
We now want to calculate the kinetic energy associated with the fluid
motion around the cylinder. The kinetic energy in a fluid layer of unit
thickness parallel to the cylinder axis is given by

Kauia = %p / (V)*2nr dr.

e
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Substituting for v from (4.56), this integral is found to be
Kpia = impa?U? = IM'U?,
where
M =ndp
is the mass of fluid displaced by the unit length of the cylinder. If M is
the mass of the cylinder per unit length, then the total kinetic energy

associated with unit length of the cylinder (i.. kinetic energy of the
cylinder plus the surrounding fluid) is

Kot = %(M + M,)U2° (4-57)

We can now deduce the equation of motion of a cylinder moving
through an ideal fluid. If F be the force acting per unit length of the
cylinder moving with velocity U, then the rate of work done F - U has
to be equal to the rate of change of total kinetic energy, i.e.

CTT — dK totai _ NYT . E
F-U= I =M+ M)U I
from which
F=(M+ M’)ida—j-. (4.58)

Since this equation has the form of Newton’s second law of motion
with M+ M’ appearing instead of just the mass of the cylinder, M+ M’
is often referred to as the effective mass. One surprising conclusion
following from (4.58) is that there is no force exerted on a cylinder
moving through a fluid with a uniform speed U. This result is certainly
at variance with our everyday experience that a fluid exerts a drag
force on any object moving through it. This contradiction between the
theoretical conclusion and the everyday fact is known as d’Alembert’s
paradox. This paradox arises because we have neglected viscosity in
our equations. If a body moving through a fluid were to be slowed
by a drag force, the kinetic energy lost in the slowing process has to
go somewhere. In a viscous fluid, it can go to heat. Since this is not
possible in an ideal fluid, we come up with the result that an ideal fluid
cannot exert drag on objects moving through it. This paradox warns
us that the neglect of viscosity can sometimes give rise to qualitatively
wrong conclusions, even though superficially it may appear that the
viscosity is not important in the problem. The reason behind this will
be discussed further in the next chapter.

We close by finding the acceleration of a cylinder falling in a gravi-
tational field through a large volume of fluid (such that the edge effects
can be neglected and we can apply results for motions through fluids
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extending to infinity). According to Archimedes’s principle (Exercise
4.2), the gravitational force acting per unit length of the cylinder is

F= (M - M/)g,

where g is the acceleration due to gravity. It then readily follows from
(4.58) that
dU _ M-M
& T My

This equation implies that an object like a cylinder dropped in the
ocean keeps on accelerating—again a conclusion resulting from the
neglect of viscosity. In reality, viscosity limits the terminal velocity to
an asymptotic value.

(4.59)

4.8 Stream function

For an incompressible fluid satisfying V - v = 0, the velocity can
be represented by the curl of a vector field (just like the vector
potential for a magnetic field). For two-dimensional problems without
z-dependence, this becomes particularly useful if we write

v=—Vx [p(x,y)e], (4.60)
from which it readily follows that
__ oy _ov
Uy = 3y’ vy = T (4.61)

The function y(x, y) is called the stream function. We shall now show
that it is constant on streamlines. Since a streamline is defined as a
curve which has v in the tangential direction, its equation is

dx _dy

o =0, (4.62)
ie.
vydx —v,dy =0.
Substituting from (4.61), we have
oy op ,
E;dx + a—y—dy =0, (4.63)

which means that y is constant along streamlines.

If the two-dimensional flow is irrotational in addition to being in-
compressible, then we can introduce the velocity potential as well
through (4.47). There exist some beautiful mathematical relations be-
tween the stream function and the velocity potential for a flow which
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is both incompressible and irrotational. The components of velocity
in terms of the velocity potential are
o¢p o

Uy = —'a—;, by = —-é—); (464)

It is easy to see from (4.61) and (4.64) that
V¢ -Vy =0,

which means that the velocity potential and the stream function are
orthogonal functions. We also note from (4.61) and (4.64) that

op Oy 0 oy

ax = 3y’ - o (4.65)
These are the Cauchy-Riemann conditions for the analyticity of the
function ¢(x, y)+ip(x, y) (see, for example, Arfken 1985, §6.2; Copson
1935, §3.4). In other words, in a two-dimensional incompressible and
irrotational fluid flow problem, it is possible to introduce an analytic
function of the complex variable z = x + iy of which the real and
imaginary parts correspond to the velocity potential and the stream
function:

f@) = flx+iy) = ¢(x,y) +ip(x, y). (4.66)
One can also introduce the complex velocity defined as
__Y

It is straightforward to show that
w =0, —iv,. (4.68)

In a particular case, of course, the question is how to find the
appropriate analytic function f(z). To give an example, the problem
of uniform flow past a cylinder discussed in §4.7 has the solution

a2
f(z)=U(z+?).

It is easy to see that the real part of this is the the velocity potential
given in (4.54). The imaginary part gives the stream function

2
Y= Usin0<r—-—a7).

The streamlines plotted in Figure 4.6 are nothing but the curves on
which this function is constant.
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Exercises

4.1

42

43

44

4.5

Derive the energy conservation equation (4.25) starting from
the basic equations of hydrodynamics.

Suppose an object heavier than water is fully immersed in
water within which pressure varies as given by (4.30). Show
that the net force exerted on the object by the surrounding
water is —M’g, where M’ is the mass of water displaced by
the object. This is the celebrated Archimedes’s principle.
Consider a spherically symmetric mass of gas in hydrostatic
equilibrium under its own gravity. Show that the pressure p(r)
and density p(r) inside satisfy the equation

1d (rtdp

where r is the radial distance measured from the centre.
Now assume the pressure and the density to be related by

p= Kp(1+1/n)
and substitute
p = p00n9 r= aé3

where p, is the central density and

(n+ DK p/n-0 ]2
4G )

Show that (4.69) becomes

1d (,,d0\
mz(%)“ o

This is the Lane—Emden equation (Homer Lane 1869; Emden
1907), which is solved with the boundary conditions

o0=1, %

& =0

¢=0

to obtain the structures of self-gravitating polytropic spheres.
Suppose water is coming out of a hole of cross-sectional area
Sh on the side of a water tank. Show that the asymptotic
cross-sectional area of the water jet is S; = 1 Sh. [Hint: use the
expression for the momentum flux.]

Consider two parallel vortex lines of equal strength with (i)
the same sign and (ii) opposite signs. Find out how these
vortex lines move in each other’s velocity fields.
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4.6

4.7

Consider a sphere of mass M moving through an incom-
pressible and irrotational fluid extending to infinity. Find the
velocity distribution around the sphere and show that the ef-
fective mass of the sphere is M + %M’ , Wwhere M’ is the mass
of the displaced fluid.

Suppose a cylinder moving through an incompressible fluid
with velocity U has a circulation around it such that the
velocity potential (4.54) has an additional term

K0

%.
Note that this keeps the flow outside the cylinder irrota-
tional. After finding the velocity distribution around, apply
Bernoulli’s principle to derive the pressure at points next to
the surface of the cylinder. By integrating the pressure, show
that the net force exerted on the cylinder by the surrounding
fluid is pUxk in a direction perpendicular to U. This is known
as the Magnus effect (Magnus 1853). As kx — 0, we are led to
d’Alembert’s paradox discussed in §4.7.



5 Viscous flows

5.1 Tangential stress in a Newtonian fluid

We have already seen that the surface forces inside a fluid can be
handled by introducing the second-rank tensor P;; appearing in (4.6).
As in §3.4, we write

P,-j =p5,~j +7'£,'j. (51)

Chapter 4 has been devoted to the study of ideal fluids in which 7;; is
assumed to be zero so that the surface force on an element of surface
is always normal. We pointed out that the ideal fluid equations do
not reproduce some of the properties of real fluids. Now we want to
find out an expression for =;; from macroscopic considerations. We
shall see that it will be in agreement with what we found in §3.4 from
microscopic theory.

To motivate our discussion, let us again look at Figure 4.1. We know
from everyday experience that the internal friction in a fluid (which
we call viscosity) opposes relative motions amongst different layers of
a fluid. Since the fluid above the separating surface S is moving slower
than the fluid below, we expect the fluid above to be subjected to
a shear force trying to accelerate it in the x direction such that the
velocity difference above and below S is reduced. This force has to act
across the surface S of which the normal is in the y direction. From
the expression (4.6) for a surface force, we see that there can be a
force in the x direction acting across a surface with the normal in the
y direction only if n,, is non-zero. The shear force is expected to be
larger for a larger velocity gradient dv,/dy. Newton postulated that
the shear force is proportional to the velocity gradient, i.e. we write

dv
ey = _ﬂ-t_l;x’ (5.2)

78
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Figure 5.1 Velocity
vectors due to a rigid
rotation around the z
axis.

where u is the coefficient of viscosity and the minus sign ensures that
the direction of the force is correct. Fluids obeying the proportionality
relation between the shear stress and the velocity gradient are known
as Newtonian fluids. It is found experimentally that most fluids are
very close to being Newtonian. Although (5.2) correctly gives the
shear stress in a Newtonian fluid for the particularly simple situation
of Figure 4.1, we: have to find a more general expression for m;; to
handle more complicated situations.

The following simple consideration shows that (5.2) could not be
a general expression for the shear stress. Suppose a fluid mass is
undergoing rigid rotation around the z axis passing through the point
0. Figure 5.1 shows the variation of velocity on points on the y axis.
Certainly the velocity gradient dv,/dy is non-zero. But the shear stress
Tixy has to be zero, as there are no relative motions inside the fluid.
Hence (5.2) could not be true in this case. We have to subtract the
component of rotation from the velocity gradient to get the correct
expression for the shear stress. We write

o 1 (0v; | 0Ov; 1 (dv; Ov
a2 (axj + axj> *3 (6x,- ) (53)
One can give several different arguments to show that the first part of
the expression
. 1 6v,~ 6vj
Ajj = 3 (6_x, + a_x,) (5.4)

corresponds to pure shear and the second part, which is a component
of the vorticity, to rotation. Perhaps the simplest way to convince one
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that the part A;; does not include rotation is to show that this part
vanishes for pure rigid rotation. If a fluid mass is undergoing rigid
rotation with the angular velocity £, then the fluid velocity v at a
distance x from the rotation axis is given by v = Q x x. Using (A.23),
this can be written in the tensorial notation as

v; = €8x

It is easy to see that this expression substituted in (5.4) gives A;; = 0.
Hence, if we want to ensure that the shear stress does not depend
on the part of velocity gradient arising out of rotation, we have to
make 7;; depend on the symmetric tensor A;; rather than the simple
gradient 0v;/0x;.

For a Newtonian fluid, the shear stress depends linearly on the
velocity gradient. The most general second-rank tensor linearly de-
pending on symmetric combinations of velocity gradients is of the
form

50,‘ 6vj
Tij=a (a—x] 6_x,> +b51]V V. (55)
Note that V - v is the trace of the tensor A;;. To proceed further, we
have to consider how P;;, as given in (5.1), has to be split between pd;;

and 7;;. The most obvious procedure is to define p as the isotropic
part of P, ie.

p=3P;. (5.6)

W=

Although it may not be a priori obvious that p defined in this way
is identical to the thermodynamic variable pressure appearing in the
energy equation, it is found experimentally to be very nearly true. It
then follows from (5.1) and (5.6) that m;; has to be a traceless tensor.
This happens if b in (5.5) is taken as —(2/3)a so that we write

61),' avj 2
my = (g4 2 =307 ), (5

where p is the coefficient of viscosity. We note that this form of =;;
arrived at from macroscopic considerations is identical with the ex-
pression (3.39) derived by kinetic theory. It should now be clear that u
introduced in §3.4 indeed coincides with the usual macroscopic coeffi-
cient of viscosity. Moreover, comparison with the kinetic theory results
gives us the confidence that p introduced through (5.6) corresponds to
the thermodynamic pressure at least in the case of a dilute gas.
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5.2 Navier-Stokes equation
On substituting (5.1) in (4.8) with =;; given by (5.7), we obtain

dvi op 0 ov | Ov; 2 '
pE—Pi—b?i‘f—a—xj[ (6_>cj+37,~_§5"jv V):I (5.8)

This equation is known traditionally as the Navier—Stokes equation,
although several persons in the early nineteenth century made con-
tributions towards establishing this equation (Navier 1822; Poisson
1829; Saint-Venant 1843; Stokes 1845).

We shall mostly be concerned with situations in which the spatial
variation of u is not important. Hence u can be taken outside the
spatial derivative so that

p% =pF—Vp+u [Vzv + %V(V : v)] : (5.9)
The term involving V(V - v) has significance only in the case of flows
with variable compression. For example, when we are studying the
viscous dissipation of acoustic waves, this term has to be taken into
account. For most fluid flow problems of interest to us, however, it can
neglected. Hence, by Navier—Stokes equation, we shall usually mean
the simpler version of the equation

%} +(v-V)v=F— %Vp + vV, (5.10)
where
v=u/p (5.11)
is called the kinematic viscosity. We note that (5.10) is the same as
(3.52).

The version (5.10) of the Navier-Stokes equation differs from the
Euler equation (4.11) only by virtue of the additional term vV?v. The
mathematical characters of the two equations, however, are vastly
different due to the fact that the Navier-Stokes contains a higher
spatial derivative than the Euler equation. Hence the Navier-Stokes
equation requires more boundary conditions for solutions in finite
regions. While solving ideal fluid problems with solid boundaries,
one usually takes the normal component of velocity to be zero on
the solid surface. We have seen in §4.7 that this suffices to find
the solution uniquely and additional boundary conditions cannot be
implemented. On the other hand, while solving viscous fluid problems,
one imposes the extra boundary condition on a solid surface that the
tangential component of velocity is also zero making v = 0 there.
Observations from everyday life convince us that this is actually the
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correct boundary condition for fluid flows along solid boundaries. For
example, we notice that the blades of a fan collect dust. Even though
the fan may be in regular use to produce winds, the air velocity at
the surface of the blades remains zero so that the dust can collect
there. If you ever try to sweep away fine dust particles from a solid
surface by blowing from your mouth, you will realize how difficult
it is. No matter how hard you blow, the air velocity exactly at the
surface remains zero. If we do not consider viscosity and use the Euler
equation, then the realistic boundary condition v = 0 on a solid surface
will usually overdetermine the problem and will not allow solutions.

If we take a curl of the Navier-Stokes equation (5.10) in the same
way we took the curl of the Euler equation in §4.2, then instead of
(4.20) we get

ow

5 = V x (v X 0) +vWo (5.12)

for incompressible or barotropic fluids. Because of the additional term
vV2w, Kelvin’s vorticity theorem no longer holds for viscous fluids,
making the production and decay of vorticity possible. Hence we
overcome the unphysical behaviour of ideal fluids pointed out at the
end of §4.6. We have seen in §4.2 that the energy equation is redundant
for an incompressible ideal fluid. It is straightforward to show that
the same considerations hold for incompressible viscous fluids as well.
The dynamical theory of incompressible viscous fluids is provided by
(5.12) in combination with (4.18) and (4.19).

Since we shall often have occasions to consider hydrodynamic
problems in spherical or cylindrical geometries, we write down the
Navier-Stokes equation in spherical and cylindrical coordinates in
Appendix C. While transforming the Navier-Stokes equation to an-
other coordinate system, particular care should be taken about the
term (v - V)v. This term implies the operator v -V operating on the
vector field v. When this operator v -V operates on a scalar field like
the density p, the resultant can be thought of as a scalar product
between v and Vp, i.e. (v-V)p = v- (Vp). However, when v-V operates
on a vector field like v, it is no longer possible to think of it as a
scalar product between v and some other quantity. The easiest way of
expressing (v- V)v in other coordinates is to take recourse to the vector
identity

(v-V)v=1V(v-v) —vx (V x V) (5.13)

following from (A.6). If we know how to write down all the terms
on the R.H.S. in some particular coordinate system, then we find the
expression for (v- V)v. We have also to be careful in expressing Vv in
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the other coordinate systems and remember that the unit vectors in
curvilinear coordinates have many non-vanishing spatial derivatives
so that

VZy * éervr -+ égV2vg + é¢V2v¢

in spherical coordinates. Perhaps the easiest way of finding V?v in
curvilinear coordinates is to use the vector identity (A.12), which gives

Viv=V(V-v) =V x (V xV). (5.14)

We leave it as an exercise for the reader to transform the Navier—
Stokes equation into spherical and cylindrical coordinates with the
help of the vector identities (5.13) and (5.14) (Exercise 5.1). A detailed
discussion of the subject can be found in Appendix 2 of Batchelor
(1967).

5.3 Flow through a circular pipe

As an illustration of a viscous flow, let us consider the steady flow of
an incompressible viscous fluid through a horizontal pipe of circular
cross-section. Let the flow be produced by applying a pressure differ-
ence Ap between the ends of the pipe of length /. Let us use cylindrical
coordinates with the z axis along the axis of the pipe. We expect the
velocity to have only the z component which we denote as v(r), where
r is the radial distance from the axis of the pipe. For an incompressible
fluid moving along a tube of uniform cross-section, v(r) should be in-
dependent of z. From the z component of the Navier-Stokes equation
in cylindrical coordinates, as given in (C.7), we find

dp  1d ( dv
A, L4 (,5), (5.15)

where we have replaced the partial derivative symbol 8 by the ordinary
derivative symbol d. One boundary condition is that the velocity has
to be zero on the surface of the pipe. If a is the internal radius of the
pipe, then

v=0 at r=a. (5.16)

The other boundary condition comes from the fact that we expect the
profile of v(r) to be smooth on the axis of the pipe so that

Z=0 at r=0 (5.17)



84

5 Viscous flows

Figure 5.2 The
velocity profile of a
viscous fluid flowing
through a circular

pipe.

Integrating (5.15) with the boundary conditions (5.16) and (5.17), we
obtain

o(r) = f-ﬁ(az —r?). (5.18)

This velocity profile is parabolic, as sketched in Figure 5.2.
The mass flux rate through the pipe is given by

Q= / pv(r). 2nr dr.
0
Substituting for v(r) from (5.18), we find

nAp 4

Q= o (5.19)
This result is known as Poiseuille’s formula (Hagen 1839; Poiseuille
1840) and provides a simple method for the determination of the
viscosity of liquids. The viscous liquid is made to flow through a
horizontal pipe of length ! and radius a. By measuring the pressure
difference Ap between the ends of the pipe and the corresponding
mass flux Q, one can easily find v from (5.19).

The velocity profile (5.18) has been confirmed experimentally for
not very fast flow velocities. If, however, the flow velocity is made very
fast (for example, by increasing the pressure difference 4p), then it
was experimentally found by Reynolds (1883) that the flow becomes
irregular in space and time so that (5.18) ceases to hold. Therefore,
if one uses (5.19) to measure the viscosity of a liquid, it is necessary
to ensure that the flow speed is not too fast so that the flow remains
regular. One may raise the question what is meant quantitatively by
the phrases ‘too fast’ or ‘not too fast’ in the present context. To answer
that question, we first have to introduce the very important concept
of Reynolds number.
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5.4 Scaling and Reynolds number

Suppose we are designing a new aircraft and we want to figure out
the air flow pattern around it when it is flown. Is it possible to do
laboratory experiments with a miniature model of the aircraft and
find out the air flow pattern? It turns out that this is possible to some
extent if the aircraft is supposed to move sufficiently subsonically so
that the effects of compressibility can be neglected and the flow can
be regarded as incompressible.

Let us consider fluid flows around geometrically similar objects of
different sizes. When applying the fluid dynamical equations to each
of these objects, it is useful to take the typical length L of that object
as the unit of length. If the typical fluid velocity V is taken as the unit
of velocity, then L/V must be taken as the unit of time. If X', v, ¢/
and o' be the values of length, velocity, time and vorticity measured
in these scaled units, then they are related to their unscaled values as
follows

x=xXL, v=vVV, t=t’%, w=a)’%. (5.20)
We have already noted that (5.12) is the basic equation for incompress-
ible flows. Substituting from (5.20) into (5.12), we get the equation for
the scaled variables

o'’

ot
where V' = LV implies spatial differentiation with respect to the scaled
length and

=V x(Vxo)+ %V%’, (5.21)

LV

- (5.22)

is a dimensionless number known as the Reynolds number.

What have we gained by introducing the scaled variables? Suppose
the Reynolds number £ happens to be the same for two different fluid
flows around two geometrically similar objects of different sizes. We
note that the equation in the scaled variables (5.21) turns out to be
identical for these two different cases. The boundary conditions in the
scaled variables must also be identical. Hence, for the two different
cases with the same Reynolds number &%, the flow patterns should
satisfy the same equation with the same boundary conditions and
hence they must be the same in the scaled units. This is called the law
of similarity (Reynolds 1883). In order to find out the air flow pattern
around our newly designed aircraft, we then have to do experiments
with fluid flows around the miniature model, making sure that the
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Reynolds number # of the experimental setup is the same as the
Reynolds number in the actual situation in which we are interested.

The Reynolds number is a very powerful tool for unifying and
classifying different types of geometrically similar fluid flow patterns.
Suppose we want to study flows of different viscous fluids around
spheres of different sizes. If we have found out the flow patterns around
spheres for all the different Reynolds numbers, then we have got
everything we need to know. The flow patterns for different Reynolds
numbers can, for example, be obtained with a fixed sphere and a
fixed fluid by varying the overall flow velocity around the sphere. The
results of such a study will enable us to predict what will happen for
other fluids and spheres of other sizes. For flow through a pipe, the
Reynolds number can be defined by taking L in (5.22) to be equal to
the radius of the pipe and V to be equal to the mean flow velocity
through the pipe averaged over a cross-section. The flow through the
pipe is found to be laminar when the Reynolds number is less than
of the order of 3000 or so. For larger Reynolds numbers, the solution
given by (5.18) is unstable and the flow can become turbulent. The
subjects of hydrodynamic instability and turbulence will be taken up
in later chapters.

We close this section by noting another significance of the Reynolds
number. Let us look at the two terms on the R.H.S. of (5.12). If @
is a typical value of the vorticity, then the first term V X (v X w) has
a magnitude of the order wV /L, whereas the second term is of the
order vo/L?. The ratio of the two terms is the Reynolds number. For
low Reynolds number situations, the second term therefore dominates
over the first term. We have the naive expectation that the first term
will be dominant in the high Reynolds number situations and the
viscosity term will be negligible. We shall see in the next section that
reality does not always conform to this expectation.

5.5 Viscous flow past solid bodies. Boundary layers

We discussed in §4.7 how the incompressible flows of ideal fluids past
solid bodies can be studied. We now wish to consider how similar
problems can be studied if the fluid is viscous instead of ideal. In the
limit £ < 1, (5.21) reduces to the much simpler equation

Vo' =0. (5.23)

It was found by Stokes (1851) that this equation admits of an analytical
solution for the case of the flow past a sphere. We shall not present
the solution here, since the analysis is slightly involved. The interested
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Figure 5.3 Flow of a
viscous fluid past a
cylinder for various
Reynolds numbers.
Reproduced from
Batchelor (1967).
Originally taken from
Homann (1936).

reader will find the solution presented in the standard textbooks on
fluid mechanics (Landau and Lifshitz 1987, §20; Batchelor 1967, §4.9).
One of the most important consequences of Stokes’s analysis is that
a sphere of radius a moving through a viscous fluid with velocity U
experiences a drag force of magnitude

Fp = 6nualU (5.24)

in the direction opposite to its motion. Thus we get around d’Alembert’s
paradox for ideal fluids discussed in §4.7. The expression (5.24) is
known as Stokes’s law.

In the other limit of # > 1, it naively appears from (5.12) or
(5.21) that the viscosity term will be negligible and consequently we
expect the flow pattern to be the same as what we get for ideal fluids.
It is, however, found experimentally that the real situation is much
more complicated. Figure 5.3 shows flow past a cylinder for different
Reynolds numbers. When £ is increased beyond about 20 or so, two
vortices seem to appear behind. On increasing #£ further to about
60 or 70, the vortices on the two sides seem to be shed alternately
so that a string of vortices arises behind the cylinder. This string of
vortices is often known as the Kdrmdn vortex street, after von Karman
(1911) who studied the properties of such a string of vortices. When
4 is finally made larger than 10*, we find a turbulent wake behind the
cylinder. It is found experimentally that the drag on the cylinder with
a turbulent wake behind it is much larger than what would follow
from Stokes’s law (5.24). This is shown in Figure 5.4. The drag on a
sphere can be written as

Fp = 1Cpnd®pU?, (5.25)
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Figure 5.4 The plot
of the experimentally
determined drag
coefficient Cp as a
function of the
Reynolds number
R=aU/v fora
sphere moving
through a viscous
fluid. The broken line
indicates what one
would get from
Stokes’s law.

where Cp is a dimensionless coefficient which can be determined
experimentally. Figure 5.4 shows a plot of Cp against the Reynolds
number %, taken to be aU/v in the present case. If the drag on the
sphere was always given by Stokes’s law (5.24), then we would equate
the right-hand sides of (5.24) and (5.25) to obtain

_12p 12

D= ap_U =%

Thus, according to Stokes’s law, the coefficient Cp should fall inversely
with # as indicated by the broken line in Figure 5.4. It is clear from
the figure that the actual drag on a sphere at high Reynolds numbers
is much larger than what is predicted by Stokes’s law.

Let us now try to understand why the flows look so different from
the simple solution for ideal fluids obtained in §4.7. We know that the
ideal fluid problem in §4.7 was solved with the boundary condition
that the normal component of velocity is zero on the solid boundary.
When the flow past the solid body is sufficiently large, the ideal fluid
solutions would imply a large tangential velocity next to the solid
surface. On the other hand, we know that a viscous fluid must have
v = 0 at a solid boundary. Hence, even when the Reynolds number
is very high, the flow pattern of a viscous fluid could not be identical
with that of an ideal fluid down to the boundary of the solid. Next
to the boundary of the solid, there should be a thin boundary layer
within which the velocity of the fluid must change from zero at
the surface to large values a short distance away from the surface.
Since V?v must be very large in this layer, we cannot neglect the
term uV2v in the Navier-Stokes equation within this boundary layer.
Hence, if there are solid surfaces inside a fluid, then viscosity is always
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Figure 5.5 Viscous
flow past a plane
surface.

important in layers next to the solid even when the Reynolds number
is large—a fundamental point which seems to have been realized first
by Prandtl (1905). Prandtl’s pathbreaking work cleared up much of
the mystery as to why the elegant potential flow solutions obtained by
nineteenth century scientists often failed to match experiments. The
quotation from Prandtl and Tietjens (1934a) at the beginning of Part
I describes the unsatisfactory state of hydrodynamics before Prandtl’s
work, which finally bridged the gap between theoretical and practical
hydrodynamics.

One can give simple arguments that the boundary layer grows in
thickness as we go downstream. Figure 5.5 shows a flow past a plane
surface. Under steady conditions, the x component of the Navier—
Stokes equation gives

ov, ov 1dp ) <620x azvx>

X —_— e—— —— —
Uxa—x + Uyﬁ = P ox axz + ayz (526)

One expects the terms v,(dv,/dx) and v(d%v,/dy?) to be larger than
the other terms inside the boundary layer so that these two terms
must balance each other there in order to satisfy (5.26). If 6 be the
thickness of the boundary layer at a distance L downstream from the
edge of the solid, then we may approximate v,(dv,/dx) by V2/L and
v(0%v,/dy?) by vV /6? so that
V2 vy
L8

vL
o~ \/ 7 (5.27)

ie. the boundary layer grows as the square root of the distance
downstream.

It is no wonder that the growing boundary layer around a solid
of finite extent (like a cylinder or sphere) leaves a wake downstream
within which viscosity is important. Since viscosity is important in the
boundary layer and the wake, Kelvin’s vorticity theorem no longer

from which
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Figure 5.6 The
streamlines around
an aerofoil. (a) The
circulation around
the aerofoil is zero.
(b) The normal
situation in the
presence of a small
viscosity.

holds in these places and vortices can be produced downstream even
though no vortices were present in the upstream flow. When the
Reynolds number is made very large for a flow past a sphere or a
cylinder, strong velocity shears develop at the sides of the sphere or
the cylinder. This makes the flow unstable, giving rise to turbulence
which is then carried downstream within the wake. The enhancement
of the drag compared to what would follow from (5.24) is also not
difficult to understand. The turbulent wake has lots of small-scale
fluid motions which eventually decay away downstream. The energy
dissipated in this process must have come originally from the kinetic
energy of the moving solid. Such a sink of energy gives rise to the
additional drag on the moving solid.

5.6 Aerodynamic lift

It is something amazing that objects like aeroplanes made of metals
can fly in the air. We now discuss the theory as to how air exerts
a vertical lift force on the wings of an aeroplane. For the sake of
simplicity, let us consider an infinitely long aerofoil of uniform cross-
section, as shown in Figure 5.6. The air flow around this aerofoil
can be treated as two-dimensional. Suppose the aerofoil was initially
at rest and then starts moving horizontally in the forward direction.
Certainly the circulation § v - dl around the aerofoil was initially zero
before the aerofoil started moving. If the air around happened to be
an ideal fluid with zero viscosity, then Kelvin’s theorem would force
the circulation § v -dl around the aerofoil to remain zero even after

(d)\)\_j

X

o
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it starts moving. In the frame of the aerofoil, the air flow would then
be a steady potential flow (like that we discussed in §4.7) with zero
circulation around the aerofoil. Because of the asymmetric shape of
the aerofoil, the streamlines have to be as shown in Figure 5.6(a) in
order to keep the circulation zero. Obviously V2v would be very large
at the rearmost point, and if the air around has even a small viscosity,
we expect that the large effect of viscosity at that point will make
the streamlines relax to what is shown in Figure 5.6(b). Prandtl and
Tietjens (1934b) give a set of rather striking photographs (Plates 17—
22) illustrating how the streamlines around an aerofoil change from
the configuration of Figure 5.6(a) to that of Figure 5.6(b).

From the frame of the aerofoil, we can now regard it as a long
object carrying vorticity

1“=}{v~dl=/co~ds (5.28)

placed perpendicularly in a velocity field v, (i.e. the velocity away
from the aerofoil). Since (v- V)v gives a term w x v as seen in (4.16),
we can write the Navier—Stokes equation (5.10) as

v
P =PV X @ + other terms.

It is clear that there is a hydrodynamic force given by pv X w. This can
be compared with the Lorentz force j x B/c on a current in a magnetic
field. The analogy can be carried further by noting that j oc V x B in
the MHD approximation discussed in §13.6, just as w =V x v. Just as
a conductor carrying current I placed perpendicularly in a magnetic
field B experiences a transverse force I B/c per unit length, similarly we
expect a long aerofoil carrying vorticity I placed perpendicularly in a
velocity field v, to experience a transverse force pv,I" per unit length,
which is vertically upward in Figure 5.6(b). In fact, the reader has been
asked to show in Exercise 4.7 that a cylinder with a circulation around
it experiences just such a transverse force when moving through a
fluid. Since the aerofoil is geometrically more complicated than a right
circular cylinder and the equation of motion has other terms besides
PV X @, it is necessary to do a full analysis to find the net force on
the aerofoil. We shall do it using complex variables. It was pointed
out in §4.8 that complex variables can be used in two-dimensional
potential flow problems. The beautiful and elegant derivation given
below should illustrate the power of the complex variables approach.

Viscosity must be important in a thin boundary layer adjacent to
the aerofoil. Outside this boundary layer, the effect of viscosity is
negligible and it should be possible to approximate the flow outside
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the boundary layer as ideal flow without vorticity (i.e. potential flow
as discussed in §4.7). We have seen in §4.8 that a two-dimensional
potential flow can be represented by a complex velocity

w = v, — ivy, (5.29)

where we have taken the x axis in the horizontal direction and the y
axis in the vertical direction (as indicated in Figure 5.6). This complex
velocity is an analytic function outside the aerofoil and the adjacent
boundary layer so that it must be possible to expand it in a Laurent
series (see, for example, Arfken 1985, §6.5; Copson 1935, §4.52). Taking
the origin to be inside the aerofoil and remembering that the velocity

at infinity has to match v, the appropriate Laurent expansion is
ay a_
W=t — e (5.30)
z z

Let us now consider the contour integral

fw dz = %(vJc — vy )(dx + idy) = ?{[vx dx + v, dy + i(vx dy — v, dx)]

along the surface of the aerofoil just outside the thin boundary layer.
Since the path of integration is clearly along a streamline, equation
(4.62) for streamlines holds so that

?{wdz=f(vxdx+uydy)=fv-dl=r (5.31)

by (5.28). Substituting for w from (5.30), one can easily evaluate the
contour integral by Cauchy’s residue theorem (see Arfken 1985, §7.2;
Copson 1935, §6.1) and obtain the value 2rwia_,. Therefore, from (5.31),

T = 2nia_;. (5.32)

The net force on the aerofoil can be obtained by integrating the
force exerted by the air pressure p along the boundary, ie.

F= jf pidl, (5.33)

where il is the inward directed normal and the path of integration can
again be taken just outside the boundary layer where the expansion
(5.30) is still valid. We now apply Bernoulli’s principle (4.39) neglecting
compressibility (which is justified if the velocity is small compared to
sound speed) and noting that the variation of height & is small over a
horizontal aerofoil. Then

p = —1pv* + constant
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on a streamline, and substituting it in (5.33), we get

F=-1 ?{ pvtidl, (5.34)

since a constant integrated over a closed contour vanishes. Let us now
introduce the complex force
Z =F, +iF,. (5.35)

If 6 be the angle between the line element dl of the contour and the x
axis, then the x and y components of the inward normal @i are —sin 6
and cosf. On substituting these in (5.34), we can get the x and y
components of F so that the complex force given by (5.35) becomes

VA =—%fpvzcos9dl+%}{pvzsinedl

=—1p f{ v2(dx — idy), (5.36)

since dx = dlcos 0 and dy = dlsin 6. We now add under the integral
sign the expression
2i(vx dy — vy dx)(vx — ivy),

which is equal to zero by the streamline equation (4.62). A small
algebra then gives

Z= —g ?{ wldz. (5.37)
On substituting from (5.30) for w, it is easily seen that the coefficient

of z~! in the expansion of w? is 2v,a_;. On applying Cauchy’s residue
theorem to (5.37), we then get

Z = -—%p[27ri(2000a_1)]. (5.38)
From (5.32) and (5.38), we finally have
Z = —plvg.

According to (5.35) the real part of Z is F, so that
F, = —plv, (5.39)

since it must be clear from (5.29) and (5.30) that the velocity v, at
infinity, which is in the x direction, is real. This expression (5.39) for
the vertical lift force is known as the Kutta—Joukowski lift formula
(Kutta 1911; Joukowski 1910).

It is to be noted in Figure 5.6 that the velocity at infinity is in the
positive x direction so that v, is positive in this case. Figure 5.6(b)
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makes it clear that T’ = § v - dl is negative if the line integral is taken
in the anti-clockwise direction following the usual convention. Then
F, given by (5.39) must be positive. In other words, the lift force is in
the vertically upward direction and acts to counter-balance the weight
of the aircraft.

5.7 Accretion disks in astrophysics

Because of the large dimensions of astrophysical systems, the Reynolds
number defined by (5.22) usually turns out to be very large in most
astrophysical problems. If the Reynolds number is large in a system,
we have seen in §5.5 that viscosity plays an important role only
in layers next to solid boundaries. If the astrophysical system does
not have a solid boundary, which is often the case, then viscosity
may well be unimportant everywhere. There is, however, one major
astrophysical topic—the theory of accretion disks—in which viscosity
holds the centre stage and to which we now turn.

We believe that normal stars produce their energy by nuclear fusion.
Apart from nuclear energy, there is one other possible source of energy
in the astrophysical Universe. A system may lose its gravitational
potential energy which is converted into other forms and radiated
away. In fact, Helmholtz (1854) and Kelvin (1861) had proposed
earlier that all stars produce energy by slowly shrinking in size and
radiating away the excess gravitational potential energy. This theory
could not account for the very long lifetimes of stars and, after
the advent of nuclear physics, nuclear fusion was suggested as the
source of stellar energy (von Weizsicker 1937; Bethe and Critchfield
1938). There are, however, other situations in astrophysics where the
gravitational potential energy may act as the main source of energy
output.

Suppose we drop a mass m from a height & in a gravitational field g.
The gravitational potential energy mgh is first converted into kinetic
energy, and then, on hitting the ground, this energy is transformed
into other forms such as heat and sound. Ordinarily, in this process, a
very small fraction of the rest mass energy mc? is released. If, however,
the mass m is dropped from infinity to a star of mass M and radius q,
then the gravitational energy lost is

GM GM ,
—m = ——mc-.
a ca
For a typical neutron star of mass 1M and radius 10 km, the factor
GM /c%a turns out to be about 0.15. Hence the loss of gravitational



5.7 Accretion disks in astrophysics 95

Figure 5.7 Sketch of
an accretion disk in a
binary stellar system.

energy may be a very appreciable fraction of rest mass energy, making
such an infall of matter into a deep gravitational well a tremendously
efficient process for energy release.

If an object attracts matter distributed isotropically around it, then
we have the situation of spherical accretion to be discussed in §6.8.
More often, however, the accreting material may not be distributed
isotropically around the source of attraction and, more importantly,
may have some angular momentum associated with it. In such a
situation, we have what is called an accretion disk in which the ac-
creting matter forms a disk around the central attracting object and
a particular parcel of matter gradually spirals inward, thereby losing
gravitational potential energy. There is strong circumstantial evidence
that this is the process by which energy is released in many astronom-
ical systems. The first astronomical observations in the X-ray band
(Giacconi et al. 1962) established the existence of compact X-ray
sources. After the launch in 1970 of the satellite Uhuru, devoted com-
pletely to X-ray astronomy, it was possible to identify several compact
X-ray sources with binary stellar systems. The most plausible model
for such systems is that the binary contains a neutron star (or black
hole) and another very large gaseous star, as sketched in Figure 5.7.
The gas from the large star flows into the compact star in the form of
an accretion disk, and the gravitational energy lost is radiated in the
form of X-rays (Prendergast and Burbidge 1968). There are galaxies
with what are called active nuclei which emit huge amounts of energy
from very small volumes, the quasars being the most extreme exam-
ples of such active galactic nuclei. The most promising model for the
active galactic nucleus is also an accretion disk around a supermassive
black hole at the centre of the galaxy (Lynden-Bell 1969). Because
of the importance of accretion disks in many astrophysical problems,
the theoretical study of accretion disks has become almost an indus-
try from the early 1970s. If the disk is assumed thin, then certain
mathematical simplifications follow. A famous paper by Shakura and
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Sunyaev (1973) provided the paradigm for research on thin accretion
disks.

Suppose some matter is going around a mass M in a nearly cir-
cular orbit of radius r. Balancing the gravitational force against the
centrifugal force, we find the angular velocity to be

1/2
Q= (5’%4—) . (5.40)

The angular velocities of planets around the Sun indeed vary as
r—3/2 leading to Kepler's third law of planetary motion. Hence a
circular motion satisfying (5.40) is often called Keplerian motion in
astronomical jargon. The planets seem to have been moving in this
way ever since the formation of the solar system. But now consider a
gaseous disk going around a central mass such that the angular velocity
within the disk varies in accordance with (5.40). Such a variation of
angular velocity would imply the existence of velocity shear within the
disk. Due to the action of viscosity, we then expect angular momentum
to be transferred from the faster-moving inner regions of the disk to
the slower-moving outer regions. As the material in an inner layer
loses angular momentum, it moves inward in a spiral path. Hence
it is viscosity which determines the rate of radial inflow of matter
and therefore the rate at which the gravitational potential energy
is converted into other forms. If the gas had no viscosity, then the
material in the disk would keep on going in circular orbits and there
would be no release of gravitational energy after the formation of the
disk.

For several years, the study of accretion disks remained a theo-
reticians’ game. With the help of high-resolution radio observations,
however, it has recently been possible to confirm that centres of some
galaxies indeed have thin disks with matter going around in nearly
Keplerian orbits (Miyoshi et al. 1995).

5.7.1 The basic disk dynamics

We now wish to study the dynamics of a thin accretion disk, using
cylindrical coordinates. We expect vg to be the main component of
velocity with a small radial flow v, caused by the effect of viscosity.
If we put v, = 0 and 0/06 = 0, then the continuity equation and
the 6 component of the Navier—Stokes equation (as given in (C.6)) in
cylindrical geometry become

op 10

5 5 oo =0, (541)
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v dvg vy vy % 10vy v

(a—t" +v,a—r"+ ’r"> = (Wf*'?f*'?a_:_r_g)' (5.42)
It may be noted that we are mainly dealing with a version of the
Navier-Stokes equation obtained from the general version (5.8) by
assuming u to be constant. The R.H.S. of (5.42) as given here is
also valid only when y = pv is constant, which is not the case in
an accretion disk. So we shall have to figure out the appropriate
expression for the viscous stress from first principles. Integrating both
(5.41) and (5.42) over z and writing [ pdz = X for the surface density,
(5.41) and (5.42) become

or 14
—_at + ;—-67(er,) = 0, (5'43)
dvg dvg vy . . L
z N + U + — = terms involving viscosity, (5.44)

where we have neglected the variation of v, and vg with z (although
p varies with z, we do not expect the components of velocity to vary
much). We now add (5.43) multiplied by rvs and (5.44) multiplied by
r. This gives

d 10
EE(ErZQ) + ;B;(Er3ﬂvr) =9, (5.45)

where Q = vp/r is the angular velocity and ¢ is the term involving
viscosity, which we now want to find out. Note that Zr?Q-2nr dr is the
angular momentum associated with an annular ring from between r
and r+dr. It is obvious that (5.45) is the equation giving the evolution
of the angular momentum, the second term on the L.H.S. being
nothing but the divergence of the angular momentum flux Zr?Qu,&,
due to the radial flow. If we multiply (5.45) by 2nrdr, then we get
an equation telling us how the angular momentum of the annulus
changes. Obviously

G - 2nrdr = G(r + dr) — G(r),

where G(r) is the viscous torque at radius r. We then have

_ 146
T 2mrodr’
Our job now is to find the viscous torque G.

It may seem that dvs/dr would give the velocity shear within the
disk. But

(5.46)

dvg da
dr dr’
has a part Q associated with pure rotation so that only the other

= i(rﬂ) =Q+r
dr
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part gives the velocity shear. The viscous stress is then ur(dQ/dr).
Multiplying this by r gives the viscous torque per unit area so that

G(r)= / rdé / dz ur — =2mvZr ‘;Q (547)

where we have used u = pv. From (5.45), (5.46) and (5.47), we finally
have

0 <> 19 o3 19 ;dQ

a(Er Q)+ ;-é-r-(E r°Qu,) = e (er ) (5.48)
The dynamics of the accretion disk is governed by the two basic
equations (5.43) and (5.48).

Let us consider an accretion disk in which the matter is moving in

nearly Keplerian orbits so that (5.40) holds. We can combine (5.40),
(5.43) and (5.48) to eliminate v,, which gives after some algebra

% “:’ aar [ 1290 (v2r1/2)] (5.49)
The time evolution of an accretion disk can be found from this
equation. If v in (5.49) is constant, then it is possible to solve (5.49)
analytically by the method of separation of variables. We shall not dis-
cuss the general solution here. Let us consider an initial configuration
in the form of a ring of matter at a radius r = ry given by

(r,t =0) = %5@ — ) (5.50)

such that the total mass of the ring is m. The appropriate solution of
(5.49), which yields (5.50) in the limit ¢ — 0, is

Y oom 1+ x? 2x
Z(x, T) = W‘ €Xp (— T ) Il/4 ( ) N (551)

where x = r/rg and © = 12vt/r} are dimensionless variables and Iy,
is a modified Bessel function (see, for example, Arfken 1985, §11.5).
Figure 5.8 shows the evolution of the ring with time according to
(5.51). The effect of viscosity is to spread out the ring into a disk. As
time progresses, most of the mass moves inward to smaller radii. But
a small amount of mass moves outward. Since there is no net torque,
the total angular momentum of the disk has to remain conserved. The
angular momentum per unit mass for a Keplerian orbit at radius r
is Qr2, which goes as r'/2. This becomes infinite as r — oo, which
means that a very small amount of mass can move out to infinity
carrying a large amount of angular momentum. So most of the matter
spirals in losing angular momentum, whereas a negligible amount of
matter carries away that angular momentum outward. Some of these
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Figure 5.8 The
evolution of a
viscous disk with
time. Adapted from
Pringle (1981).

properties of a viscous disk were understood well before the study
of accretion disks became popular. Several scientists working on the
formation of the solar system from a primordial nebula studied the
basic physics of viscous disks (Jeffreys 1924; von Weizsdcker 1948;
Liist 1952).

5.7.2 Steady disk

We now consider the possibility of a steady disk, which means that
we have to look for time-independent solutions of (5.43) and (5.48).
Before proceeding to solve these equations, let us look at the other
two components of the Navier—Stokes equation. We assume that the
mass of the disk is negligible compared to the mass M of the central
gravitating object. Then the r and z components of the gravitational
field at a point (r,z) with z < r are approximately —GM/r?> and
—GMz/r3. Incorporating this gravitational field, the r and z compo-
nents of the Navier—Stokes equation, as given by (C.5) and (C.7), in
the steady state become

dv. v _ 1dp GM

Ur?;'— —_ ’ = ;5 —_ r2 . (5.52)
19p GMz
_;a — == 0, (5.53)

where we have disregarded the viscosity terms in (5.52), because they
are going to be very small compared to the other terms. If h is the
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thickness of the disk, then |0p/dz| can be approximated by p/h so that
(5.53) implies
p _ GMh

— ~

ph r

3

from which

h? rp
We are considering the disk to be thin, i.e. h < r. It follows from
(5.54) that rp/GMp has to be very small in order to make a disk
thin. Approximating |0p/dr| by p/r, the ratio of the two terms on the
R.H.S. of (5.52) becomes

\A/p)op/on| _ o W

GM /r? GMp r?

from (5.54). If the disk is thin (ie. h < r), it then follows that the
pressure term in (5.52) can be neglected compared to the gravity term.
In a disk with matter spiraling inward very slowly, the term involving
v, is also expected to be small so that (5.52) can be approximated as
ﬁ _GM

r r2’

(5.55)

from which (5.40) follows. To sum up, the assumption of nearly Kep-
lerian motion is valid only for thin disks in which the pressure forces
are negligible compared to gravity. If pressure forces are important,
then the disk becomes thick and (5.52) cannot be approximated by
(5.55). The theory of thick accretion disks is a much more difficult
subject and will not be considered in this elementary book.

The standard model of a steady thin accretion disk was developed by
Shakura and Sunyaev (1973). For a steady thin disk, the » component
of the equation of motion can then be replaced by (5.40), whereas we
need not bother about the z component. Then we only have to consider
(5.43) and (5.48) in addition to (5.40). Putting the time derivative terms
equal to zero, the equations (5.43) and (5.48) can easily be integrated
to give

r¥v, = Cy, (5.56)

=riQu, — v2r3‘f1—? = Cy, (5.57)

where C; and C; are constants of integration. For a steady disk, the
mass inflow rate is i1 = —27rZv,. It follows from (5.56) that this is a
constant and

Ci=—nt. (5.58)
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To calculate C,, we note that the matter at the surface of the gravi-
tating body at » = r. must be dragged into a rigid rotation so that
dQ/dr = 0 there. Then from (5.56-5.58),

__man__m 12
Cr= =50 = —7-(GMr.) (5.59)

on using (5.40). On substituting this in (5.57) and making use of (5.40),
(5.56) and (5.58), we finally get

g [1 _ (’_')1/ 2] . (5.60)

=3n r

This important equation shows that the mass inflow rate s and the
viscosity v depend linearly on each other. If the viscosity is larger,
then there will be more mass inflow.

The gravitational potential energy lost by the matter spiralling
inward is presumably converted into heat by the viscous dissipation.
Hence we can find out the energy emitted from the disk from the rate
of viscous dissipation. The viscous dissipation per unit volume within
the accretion disk is ur’(dQ/dr)* (see Exercise 5.5). Integrating this
over z gives the energy emitted from unit area of the disk, which is

dE [ L (dQ\*,  _,[dQ\’
—E—/ur (E) dz = vXr (E) .

where we have used u = pv. Substituting from (5.40) and (5.60),

dE  3GMm ro\1/2
= [1 - (7) ] . (5.61)

The total energy emitted by the accretion disk is obtained by inte-
grating this over the entire area of the disk from r = r. to infinity,

ie.
0 .
L= / (—d—E) 2nrdr = GzM’". (5.62)

dt Ts

This is a very elegant result. Since —GM /r. is the gravitational po-
tential at the surface of the attracting object, GMri/r. is the rate of
gravitational energy loss due to the inflow . It appears from (5.62)
that half of this energy is emitted from the accretion disk. It is easy
to show that the other half remains as the kinetic energy of Keplerian
motion in the orbit at » = r. next to the central object. If the infalling
material comes to rest at the surface of the central object, then this
remaining half of the energy is dissipated in a thin boundary layer
next to the object. The fact that half of the energy is emitted from the
accretion disk itself is particularly significant for accretion into black
holes. Once the material falls inside the event horizon of the black
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hole, no radiation can come out of it. Although our purely classical
treatment has to be modified by general relativity, (5.61) suggests that
an appreciable amount of lost gravitational energy would be radi-
ated from the accretion disk around the black hole before the matter
disappears behind the event horizon.

The theory sketched above would work beautifully if the material
in the accretion disk has a value of viscosity sufficient to cause enough
mass inflow as indicated by (5.60). If one uses (3.43) to estimate the
viscosity in accretion disks, then it is found that the mass inflow would
be completely negligible compared to what we need to explain the
luminosities of X-ray binary stars or active galaxies. It was suggested
by Shakura and Sunyaev (1973) that the effective viscosity is enhanced
by the turbulence in the accretion disk, causing a sufficiently high mass
inflow. The enhancement of transport phenomena by turbulence will
be discussed in §8.4.

Exercises

5.1 Obtain the Navier-Stokes equation in the cylindrical and
spherical coordinates making use of (5.13) and (5.14). Com-
pare your results with the equations as given in Appendix C.

5.2 Consider a viscous fluid between two infinite coaxial cylinders
with radii r, and r,. If the two cylinders are rotated with an-
gular velocities Q, and Q, respectively, determine the velocity
distribution between the cylinders.

5.3 Suppose there is a unidirectional flow v.(y,t = 0) inside an
infinite viscous fluid at time ¢ = 0. Show that the flow remains
unidirectional and evolves in time as

_ 1 © r (y—Y’)2 ’
w00 = g [t =0 |- gy,

if there is no pressure gradient.

54 A ball of radius a falls inside an infinite viscous fluid in
a constant gravitational field. Write down an approximate
equation of motion and show that the ball eventually reaches
a terminal velocity proportional to a®, which means that a
ball of smaller size falls more slowly.

5.5 Consider an incompressible fluid in the absence of a body
force, i.e. F = 0. Starting from (4.8) with P;; given by (5.1),
show that the rate of change of kinetic energy density of the
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fluid is

5 1 2 _ 5 1 2 p avi

Er (2pv ) = 2% [pv, (20 + P + vim; +1z,,axj.
Argue from this that the rate of energy dissipation per unit
volume is given by

w1 (ow o)
n"ﬁxj_ZH Oox;  0x;

on using (5.7).
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6.1 Thermodynamic properties of a perfect gas

Most of the problems studied in Chapters 4 and 5 did not involve
considerations of compressibility, the only exception being §4.4 where
the static equilibrium of compressible fluids was considered. We now
wish to study the dynamics of compressible fluids. We saw in §4.7 that
the irrotational flow of an incompressible fluid around an object gives
rise to the Laplace equation, which is an elliptic partial differential
equation. The similar problem of high-speed flow of a compressible
fluid around an object can give rise to a hyperbolic partial differential
equation, provided the flow speed is larger than the sound speed. In
other words, the mathematical character of the equations governing
high-speed compressible flows can be quite different from that of the
equations governing incornpressible flows (although we begin from the
same hydrodynamic equations!), and consequently the solutions can
also be of profoundly different nature. We give here only a brief intro-
duction to gas dynamics, which is the branch of hydrodynamics dealing
with compressible flows. Even the subject of supersonic flows past solid
objects just mentioned above, which leads to a two-dimensional prob-
lem, is not treated in this elementary introduction. See Landau and
Lifshitz (1987, Chapter XII) or Liepmann and Roshko (1957, Chapter
8) for a discussion of this subject. We restrict ourselves to a discussion
of one-dimensional gas dynamics problems only.

The mathematical analysis of compressible fluids becomes more
manageable if we assume the fluid to behave as a perfect gas. Hence
we shall develop the concepts of gas dynamics for a perfect gas. It is
straightforward—though mathematically somewhat cumbersome—to
generalize these concepts for fluids not obeying perfect gas equations.

104
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We begin by listing the basic thermodynamic properties of a perfect
gas.

While deriving the macroscopic fluid equations from microscopic
physics in Chapter 3, we obtained some relations pertaining to a
perfect gas. We combine (3.2) and (3.20) to write

p=RpT, (6.1)
where
R="B (62)
bl m . .

This is the general equation of state for a perfect gas. The expression
for the internal energy ¢ = (3/2)RT as given by (3.22), however,
is an expression specific to a monatomic gas, since we assumed the
energy to be entirely in the form of the kinetic energy of translation
(which is true only for monatomic gases). For molecules possessing
degrees of freedom other than translatory motion (such as rotation
or vibration), the numerical factor is different from 3/2, We write the
general expression for the internal energy of a perfect gas as

=cyT, (6.3)

where ¢y is the specific heat per unit mass. The significance of (6.3) is
that we are assuming the internal energy to be a function of only one
thermodynamic variable, T. It is often customary to use the quantity
y related to ¢y through
R
Cy = 'yTl (64)

rather than c¢y. One can easily show that y is the ratio of the specific
heat at constant pressure to that at constant volume. For a monatomic
gas, y has to be equal to 5/3 to give the correct factor 3/2 in the
expression of internal energy.

All the thermodynamic properties of a perfect gas can be obtained
from (6.1) and (6.3). Let us introduce the entropy per unit mass s
using the usual thermodynamic definition of entropy

Tds=de+pd(%> . (6.5)

One could, of course, introduce entropy in this way for any fluid (not
necessarily compressible), although thermodynamics becomes redun-
dant for incompressible fluids as we have seen in §4.2. From (6.1),
(6.3), (6.4) and (6.5), it can be easily shown that

= P
s=cyln (pV) ~+ so, (6.6)
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where sg is a constant of integration. For an adiabatic process, dQ in
(4.12) is zero, which is equivalent to

ds

i 0. 6.7)

For the adiabatic evolution of a perfect gas, it follows from (6.6) that
d(p

— — == . -8

dt (p’) 0 (68

The enthalpy per unit mass w defined by (4.26) is easily found for a
perfect gas to be
_ 7
w= - 1RT. (6.9)
We finally note that [dp/p appearing in Bernoulli’s principle (4.38)
can be replaced by w for adiabatic flows, because

dw=Tds+ @
P
Hence, for the adiabatic flow of a perfect gas, we have

1 +—L_RT + & = constant (6.10)
2 y—1
along a streamline.
In order to focus our attention on compressibility, we shall neglect
the transport processes in most of the calculations in this chapter, i.e.
we shall take y =0, K =0.

6.2 Acoustic waves

As mentioned in §4.2, compressibility in a fluid plays an important
role if there are motions inside with speeds comparable to the sound
speed. We now develop the theory of acoustic waves and derive an
expression for the sound speed.

Let us assume a homogeneous perfect gas of density py and pressure
Po in the absence of any external force (i.e. we do not consider gravity).
Suppose the pressure is perturbed to pp + pi1(x,t), the corresponding
density perturbation being p¢ + pi(x,t). We now want to find out
how these perturbations will evolve. These perturbations give rise to a
velocity field which we denote by v((x, t) so that the subscript 1 always
refers to perturbed quantities. We expect the pressure perturbation to
be related to the density perturbation, i.e.

P1 =C§Pl, (611)
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where

[d
co = 3%’ (6.12)

If the perturbations evolve in times short compared to the time for heat
conduction, we may assume adiabatic conditions. In such a situation,
it follows from (6.8) and (6.12) that

o=, 10 (6.13)
Po
for adiabatic perturbations.
The perturbed quantities substituted in the equation of continuity
gives
dp1

57 TV Lo+ pyvil =0. (6.14)

The term perturbation usually implies that the perturbed quantities
are small compared to the unperturbed quantities (i.e. p; < po and
p1 < po) and the quadratic terms of these quantities can be neglected.
The technique of keeping only the linear terms in perturbed quantities
and neglecting the higher terms is called the linearization of perturba-
tion equations or the linear perturbation technique. We shall be using
this technique again and again in the next chapter. To linearize the
perturbation equation (6.14), we neglect the term involving p,v; so
that we are left with

%1 +poV-vi=0. (6.15)

ot
We now apply the linear perturbation technique to the Euler equa-
tion. As mentioned in §6.1, we neglect all the transport coefficients
to concentrate on the effects on compressibility. Hence we use the
Euler equation rather than the Navier—Stokes equation. The effects of
viscosity and heat conduction, however, have to be incorporated when
we want to study the dissipation of acoustic waves. On substituting
the perturbed quantities in the Euler equation (4.11) with F =0,

(po + p1) [% +(v1 'V)Vl] =—Vp. (6.16)

Linearizing this equation and eliminating p; with the help of (6.11),
we get

aVI . 2
po, == Vo1 (6.17)
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It is now easy to combine (6.15) and (6.17) to obtain

2
(% — c§v2) p1=0, (6.18)
which is the equation for acoustic waves, and ¢, as given by (6.12) is
the sound speed. The expression for sound speed was first obtained
by Newton (1689), who assumed the perturbations associated with
the sound wave to be isothermal. If T is taken to be constant, it
follows from (6.1) and (6.12) that ¢; = +/po/po. For air at atmospheric
pressure and 0 °C, the sound speed from this expression turns out to
be 280 m s~!, much lower than what is found experimentally. This
discrepancy between theory and experiment remained a puzzle, until
Laplace (1816) realized that one should take the perturbations to be
adiabatic and the sound speed is given by (6.13). Taking y = 1.40
appropriate for air, the sound speed at standard temperature and
pressure as given by (6.13) is 332 m s~!, which agrees well with the
experimental value.

It may be noted that (6.12) gives the general expression for the
sound speed in any fluid, since we have not used any property of the
perfect gas in deriving the wave equation (6.18) (perfect gas relations
are used only in evaluating dp/dp). For liquids like water which are
hard to compress, a large excess pressure dp would produce only a
small density increase dp. We then expect from (6.12) that the sound
speed in such liquids should be much larger than what it is for more
easily compressible fluids. The sound speed in water is indeed about
1430 m s, much larger than the sound speed in air. For a ‘truly
incompressible’ fluid, the sound speed is infinite.

Since the perturbation analysis is linear, the principle of superpo-
sition holds and any arbitrary perturbation can be decomposed into
Fourier components. For a typical Fourier component,

p1 = proexplik - x — w1)], (6.19)
substitution into (6.18) gives
o? =c2 k% (6.20)

Such a relation between w and k is known as the dispersion relation. We
shall see later that dispersion relations can be much more complicated
than the simple relation (6.20) for acoustic waves in a homogeneous
medium. We assume that the reader is familiar with the concepts of
phase velocity and group velocity, which are given by

10

vp = o vy = Vio, (6.21)
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where Vy is the gradient in the k space. The concept of group velocity
was first introduced by Stokes (1876) in an examination paper and
then developed further by Rayleigh (1881). It is easy to see that both
the phase and group velocities of acoustic waves are equal to the
sound speed c;. We have the simple result that acoustic waves of all
frequencies travel with the same speed in a homogeneous medium.
Such waves, for which the speed does not depend on the frequency,
are called non-dispersive. Electromagnetic waves in vacuum constitute
another example of non-dispersive waves. If, instead of a uniform
medium, we consider acoustic waves in a gravitationally stratified
atmosphere, then the dispersion relation is more complicated and the
waves turn out to be dispersive. The problem of acoustic waves in
a stratified isothermal atmosphere, which was first studied by Lamb
(1908), is given as Exercise 6.2.

The wave-vector k gives the direction of propagation of the acoustic
wave. It follows from (6.17) that v; is always in the same direction as
k, which implies that acoustic waves are purely longitudinal (i.e. waves
with displacements in the direction of propagation). One finds V - v to
have the same spatio-temporal variation expli(k - x — wt)] as all the
other perturbed quantities, implying that the acoustic wave consists
of alternate compressions and rarefactions.

6.3 Emission of acoustic waves

Any process causing a pressure fluctuation in a gas is expected to
generate acoustic waves. Very often movements of foreign bodies
placed in a gas happen to be the source of acoustic waves. We may
cite the production of sound by a tuning fork or a vibrating membrane
as examples. The motion of the gas itself may as well act as a source
of sound in certain circumstances. The noise produced by a jet is
an example. For many practical purposes, it is important to study the
nature of acoustic radiation and the energy output in various processes
emitting acoustic waves. We refer the reader to §1.4-10 of Lighthill
(1978) for a clear and masterly introduction to the subject. To give
a brief glimpse of the subject, we merely sketch the theory of how
fluid flows can produce acoustic waves. This theory was developed in
a classic paper by Lighthill (1952).

While developing the theory of acoustic waves in §6.2, we neglected
the quadratic terms in velocity, since it was assumed that the only
velocity in the problem, the velocity field associated with the acoustic
waves, is small. If, however, there are fluid velocities which act as
sources of acoustic waves, then we have to keep the quadratic terms
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in them and carry on the analysis in a somewhat different fashion. We
have seen in §4.3 that the equation of motion can be put in the form

T,,

(pv,) + 0, (6.22)

where
Tij = p15ij + pLV;. (6.23)

On comparing with (4.24), it will be seen that we have replaced

= po + p1 by p: alone, since a constant pp, as we are assuming
here, does not contribute when we substitute T;; in (6.22). We get the
equation (6.17) of linear theory if we put p = pg in the time derivative
term in (6.22) and approximate Tj; by pid;; = c? p1d;; neglecting the
quadratic term in velocity. Now let us write

Tij = ¢ p16ij + Qij» (6.24)
where
Qij = pviv; + (p1 — ¢ p1) ;. (6.25)

is the departure of Tj; from the linear theory. On substituting (6.24)
in (6.22), we get
0 & 991 _ 00y

On differentiating this equation with respect to x; and using the
equation of continuity

apl

we get

0? 2 02 0°Qy
(W —c2v ) P1 = Fnox, ox;’ (6.27)
Note that it has not been necessary to approximate pv; by pov;.
The equation (6.27) is the celebrated inhomogeneous wave equation
which is discussed and solved in any graduate textbook on electrody-

namics (see, for example, Jackson 1975, §6.4-6.6; Panofsky and Phillips
1962, §14.1-2). The solution of (6.27) is

/62Q,,(x .t —|x —X'|/cs)/0x0x;

4n|x — X/|

pxt) == lqy’, (6.28)

S

where x is the position coordinate of the field point and x’ is the
position coordinate of the source over which the integration has to be
done. Suppose we have irregular fluid flows in a local region so that
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Q;; as given by (6.25) is non-zero only within a finite volume. Then it
follows from (6.28) that p; falls as r~! in regions far away from the
source. We expect (6.15) to hold in the faraway regions and v; also
should fall in the same manner for a wavelike disturbance. As in the
electromagnetic theory, such an r~! dependence is a typical signature
of the wave field and ensures that the same energy flux passes through
successively larger spheres centred around the source region.

The generation of acoustic waves by fluid motions is often known
as the Lighthill mechanism (Lighthill 1952). For reasons we shall not
explain here, the acoustic radiation generated in this fashion is of
quadrupolar nature. We again refer the reader to §1.10 of Lighthill
(1978) for a discussion of the multipole theory of acoustic radiation.
An object changing volume inside a fluid produces monopole radiation,
whereas the oscillation of an object of fixed volume gives rise to dipole
radiation.

6.4 Steepening into shock waves. The method of
characteristics

The analysis of §6.2 is valid only for acoustic waves with small ampli-
tudes. When the wave amplitude is large, we are no longer justified in
summarily dismissing the quadratic terms of perturbations as we have
done in carrying out the linear perturbation analysis. While passing
on from (6.16) to (6.17), we have neglected the nonlinear term (v;.V)v;.
This particular nonlinear term can have far-reaching consequences if
the amplitude is not small.

When the wave amplitude is not small, it is no longer meaningful
to break up all fluid variables in the unperturbed and perturbed parts
as we did in §6.2. Let us go back to the Euler equation, but consider
it in one dimension to make life simpler. For a purely longitudinal
one-dimensional wave, we can take the x direction to be both the
direction of wave propagation and the direction of fluid velocities so
that the Euler equation becomes

v ov 1dp
We are interested in finding the effect of the term v(dv/0x). To solve the
full problem, we have to combine (6.29) with the other hydrodynamic
equations to obtain the variations of p and p. How the term v(év/dv)
affects the evolution of a wave can, however, be found by solving the
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simpler equation
v ov

5 Foz- =0 (6.30)

rather than the full equation (6.29). We wish to solve (6.30) to find the
values of v(x,t) on the x—t plane. Let us consider the curves
dx
dt
in the x—t plane. According to the properties of partial differentiation,

the total time derivative of v along a curve in the x—t plane is given
by

= (6.31)

do_ o ovd
dt ot ' oxadt’
Hence (6.30) implies that
dv
T 0 (6.32)

along any curve on the x—t plane satisfying (6.31).

The point to note is that we began with the partial differential
equation (6.30). Now we have ended up with an ordinary differential
equation (6.32) valid along some curves in the x—t plane. The curves
given by (6.31) are called the characteristic curves of the equation
(6.30). What we have presented here is a rather trivial example of
a very powerful method known as the method of characteristics for
handling a class of partial differential equations. We shall not present
a general discussion of this method in this elementary textbook. It
is a vast subject of great aesthetic beauty, which cannot be treated
adequately in one brief section. The foundations of this subject were
laid down in a profound paper by Riemann (1859). Almost the whole
of the classic book by Courant and Friedrichs (1948) is devoted
to solving gas dynamic problems by the method of characteristics.
Let us just mention that it is a method by which one transforms
partial differential equations into ordinary differential equations along
certain curves in the solution space known as the characteristic curves.
The partial differential equations for which such a transformation is
possible are called hyperbolic partial differential equations. Needless to
add, this method does not work for other types of partial differential
equations. Once a set of hyperbolic partial differential equations has
been transformed into some ordinary differential equations along the
characteristic curves, we can easily integrate these ordinary differential
equations along those curves. This, in a nutshell, is the basic idea
behind the method of characteristics.
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Figure 6.1 Three
successive profiles of
v{x) evolving
according to (6.30).

The integration of (6.32) gives us the result that v has to be con-
stant on a characteristic curve, which means that the characteristic
curves given by (6.31) must be straight lines in the x—t plane. When
the method of characteristics is applied to solve hyperbolic partial
differential equations, one often finds some quantities to be constant
along characteristic curves. They are called Riemann invariants. For
our simple problem, v is the Riemann invariant. It should also be
noted that the characteristic curves in the present case correspond to
the Lagrangian trajectories of fluid elements (this is not generally true
for other hyperbolic partial differential equations). Hence we have the
result that v associated with a fluid element does not change as the
element moves. This result would at once follow from (6.30). The ap-
plication of the method of characteristics happens to be an avoidable
detour in the present case. But it is a powerful tool in dealing with
more complex problems which cannot be handled otherwise. We have
taken this detour to introduce the reader to the basic ideas of the
method of characteristics which we are not able to treat fully.

Figure 6.1(a) shows a profile of v(x) which we want to consider. The
fluid element at p moves with a velocity v(p) which is larger than the
velocity v(q) with which the fluid element at ¢ moves. If, after some
time, the fluid element at p moves to p’ and the fluid element at g to

v (x)

ol-——
r -]

(@)
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Figure 6.2 A shock
wave seen from its
frame of reference.

q', we expect the new positions to be closer than the old positions.
Since v(p’') = v(p) and v(q') = v(q), the new profile looks as sketched
in Figure 6.1(b). In other words, the front side of the wave appears
steeper and steeper. Eventually the fluid element at p is expected to
overtake the fluid element at g so that the velocity profile would look
as in Figure 6.1(c). This is a result which would mathematically follow
from (6.30). If, however, v(x) is the velocity at the position x, then it
is not possible for v(x) to be multi-valued and Figure 6.1(c) is clearly
unphysical. Although the simplified equation (6.30) made it clear that
the term v(0v/dx) has the effect of steepening the waves, we have to
use the full fluid equations rather than (6.30) in order to understand
the dynamics of the steepened wave front which is known as a shock.
This is done in the next section.

6.5 The structure of shock waves

Even if a wave initially has a reasonably smooth profile as in Fig-
ure 6.1(a), we have seen that it is possible for it to develop into a
shock wave. A shock wave is a region of small thickness over which
different fluid dynamical variables change rapidly. In order to find out
the relations between the fluid dynamical variables on two sides of the
shock wave, it is useful to regard the shock wave as a mathematical
discontinuity across which different variables jump suddenly.

Let us consider a shock propagating into an undisturbed medium
of density p; and pressure p;. If we go to a frame in which the shock
is at rest, then the density, pressure and velocity are py, p1, v; on one
side and pj, ps, v2 on the other side, as shown in Figure 6.2. If we are
watching from the frame of the undisturbed medium, then the shock
is moving into it with the velocity —v;. Under steady conditions, the
mass flux, the momentum flux and the energy flux should be conserved
from one side to the other. Using the expressions of the fluxes from

P1. P1 P2, P2
_— _
vy, ——————> — v,

—_— | —
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§4.3, we must have

p1v1 = pava, (6.33)
P+ PIU% =m;+ pzv%, (6.34)

1, YP1 1, yP2
e ST [ W SR 2 2 635
AL e P A gy (6.35)

where we have used (6.9) to substitute for enthalpy in the energy flux
equation (6.35).

We now have three equations involving six variables. If we eliminate
p2 and v, with the help of two equations, then, after a few steps of
algebra (left as Exercise 6.3 for the reader), we end up with one
equation

pr_ G+ )M
0T )A (639

where

M= =0 (6.37)

Vypi/pr Gt

From the expression of sound speed (6.13), it is clear that ¢ is the
sound speed in the medium 1. The dimensionless quantity .# is known
as the Mach number and is a measure of the speed with which the
shock is propagating into medium 1 in units of the sound speed in
that medium. On physical grounds, we expect .# to be larger than 1.
If a shock wave were to move slower than the sound speed, then the
shock front could produce ordinary acoustic waves moving with the
sound speed ahead of the shock, thereby weakening the shock and
making it disappear quickly. By writing (6.36) as

P _ y+1

p1 [ M)+ (1)

we see that p,/p; is larger than 1 for .# > 1 and increases with
an increase in .#. This means that the medium behind a shock is
always compressed and a shock involving a stronger compression has
to move faster. When .# is decreased from larger values down to 1,
we note that p,/p; goes to 1, implying that the shock disappears. The
equation (6.36) is not valid if .# < 1. If we had eliminated p, and v,
from (6.33-6.35), then we would have ended up with the equation

P _ 2y’ —(y—1)
p1 y+1 '
Equations like (6.36) and (6.38) relating the fluid variables before

(6.38)
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and after a shock are known as Rankine—Hugoniot relations (Rankine
1870; Hugoniot 1889).

It is useful to be in the frame of the shock wave to derive the jump
conditions across the shock. If we now wish to interpret the results
with respect to the frame of the undisturbed medium, we can say
the following, As the shock advances, more and more material in the
undisturbed medium passes through the shock and gets compressed
to higher density and pressure. As more material of the undisturbed
medium goes behind the shock, the position of the shock advances.
The density compression has a maximum limiting value which can be
found when we put # — oo in (6.36) giving

pr_ vt (6.39)
o y—1
Using the value y = 5/3 for a monatomic gas, the maximum density
compression turns out to be 4. In other words, if a disturbance tries
to compress such a gas by a factor of 4, that will give rise to a shock
wave moving at infinite speed. Hence it is not possible to achieve a
higher density compression.

Here we have discussed a shock wave in which the incoming flow
is normal to the shock front. Often one encounters the situation of
an oblique shock wave, in which the inflow is at an angle to the shock
wave. Work out Exercise 6.4 to learn more about oblique shocks.

Although the jump conditions may most conveniently be derived by
assuming the shock to be a mathematical discontinuity, a shock wave
in reality always has a finite thickness. We are neglecting viscosity and
heat conduction in our study of gas dynamics. The terms involving
these transport coefficients have second spatial derivatives and become
important whenever a wave becomes sufficiently steep. These transport
coefficients ultimately determine the physical thickness of the shock
wave by limiting the steepening process. In astrophysics, we often
encounter shock waves behind which the gas becomes hot enough to
radiate substantially. Hence radiative losses can become more impor-
tant than other transport processes. Shu (1992, Chapter 19) gives an
introduction to the important subject of radiative shocks.

6.6 Spherical blast waves. Supernova explosions

A sudden explosion within a local region in a gas often gives rise
to a blast wave spreading from the centre of the explosion. A bomb
exploding in air produces a blast wave. Supernova explosions are
also sources of such blast waves, of which many examples are known.
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Figure 6.3 Radio
image of the blast
wave in Tycho’s
supernova. From Tan
and Gull (1985).
(©Blackwell Science
Ltd. Reproduced
with permission from
Monthly Notices of
the Royal
Astronomical Society.)

Figure 6.3 shows the image of a blast wave produced by the supernova
which was observed by Tycho. The blast wave appears nearly spherical.
If the initial explosion was of isotropic nature and the ambient medium
is uniform, then the blast wave is naturally expected to be spherically
symmetric. The front of the blast is obviously a shock wave across
which the Rankine—-Hugoniot conditions (6.36) and (6.38) must hold.
We want to find out how the front moves with time and how quantities
like density or velocity vary with radius inside the sphere of the
blast wave. It was independently shown by Sedov (1946, 1959) and
Taylor (1950a) that this problem can be solved if we assume that
the blast wave evolves in a self-similar fashion. This means that
the evolution has to be of such nature as if some initial configuration
expands uniformly. So a subsequent configuration must appear like an
enlargement of a previous configuration. It appears that self-similarity
is usually not a bad approximation during an important phase of
a blast wave’s evolution. The Sedov-Taylor self-similar solution can,
therefore, be applied to many practical situations. In fact, the work of
Taylor was first done as classified research during World War II to
find out the effect of the atomic bomb, which was being developed at
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that time. Only a few years after the end of the war, the work was
declassified and published openly (Taylor 1950a).

Suppose an energy E is suddenly released in an explosion producing
a spherical blast wave, which progresses in an ambient medium of
density p;. We shall consider the pressure of the ambient medium
to be negligible compared to the pressure inside the blast wave (i.e.
p1 = 0). Let 1 be a scale parameter giving the size of the blast
wave at time ¢ after the explosion. Apart from being a monotonically
increasing function of time, the evolution of A may depend on E and
p1. Now the only way of combining ¢, E and p; to get a dimension of
length 1is

A= (E&/p)'>. (6.40)

Let r(t) be the radius of a shell of gas inside the spherical blast. For a
self-similar expansion, r(t) has to evolve in the same way as 4. So we
can introduce a dimensionless distance parameter

_T (P
g=Z=r (Etz) (6.41)
such that the value of this parameter for a particular shell of gas does
not change with time. Each shell of gas can therefore be labelled by a
particular value of £. Let & correspond to the shock front so that the
radius of the spherical blast is given by

Er\'?
s =5 () - (642)
The velocity of expansion is
_drs _2rs 2 E \'
vs(t) = T35 56 (W) . (6.43)

The size of the spherical blast therefore increases as ¥ and the
velocity of the front goes down as t=%/5, A striking confirmation of the
t?/5 dependence of size comes from the first test atomic explosion in
New Mexico in 1945. From a movie of that explosion, Taylor (1950a)
estimated the sizes of the blast wave at various times. Figure 6.4 shows
the variation of size with time, where the straight line corresponds to
the t*/5 dependence. This plot provides a convincing proof that self-
similarity was a good assumption for this blast wave.

A typical supernova explosion ejects about 1My with an initial
velocity of about 10* km s™! so that the energy input can be taken as
E =~ 10°! erg. The blast wave expands in the interstellar medium with
typical density p; ~ 2 x 1072 gm cm~3. Taking &, of order unity, we
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Figure 6.4
Logarithmic plot
showing that r*/? was
proportional to t for
the atomic explosion
in New Mexico in
1945. From Taylor
(1950a). (©The
Royal Society.
Reproduced with
permission from
Proceedings of the
Royal Society.)

get from (6.42) and (6.43) that

rs(t) = 0.3t pe, (6.44)

vs(t) # 10° ¢35 kms™, (6.45)

where t has to be put in years. We note from (6.45) that the velocity
becomes about 10* km s~! after 100 years, the value of velocity blowing
up at very early times. If the initial velocity of ejection was 10* km
s71, then it does not make sense to apply (6.45) for t < 100 years.
Our analysis tacitly assumes that the energy of explosion remains
within the blast wave. In reality, however, the energy is continously
radiated away from the system. Careful calculations of the cooling rate
indicate that the system loses an appreciable amount of energy in 10°
years. Hence we do not expect (6.44) and (6.45) to hold beyond that
time. These equations presumbaly describe the evolution of supernova
during only a limited period, which is perhaps the most interesting
phase in the evolution of the system.

Let us now calculate the structure of the blast wave. Suppose we
are in the frame in which the explosion took place and the shock front

A
10-51- (q-
9-5f-
1
=2
g |
e
8.5_
7/ "
7.5 ] ] 1 ] ] J
-40 -30 -20 =10
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propagates with velocity vs in that frame. Let p,, v, and p, be the
density, velocity and pressure just inside the shock front. If we were in
the frame of the shock, then material would appear to stream in with
velocity —vs and pass out with velocity —uvs + v2. We note that these
velocities correspond to vy and v, as defined in §6.5. Then, in the limit
of strong shock (.# — o), (6.33) and (6.39) give

_(r+ 1
p2= (“——y — 1) p1, (6.46)
2
= 6.47
0 o 1)vs (6.47)

In the same limit, it follows from (6.37) and (6.38) that

P2 = ———pivé. (6.48)

2
(v+1)
Let us now introduce the dimensionless variables p'(£), v'(¢) and p'(&€)
in the following manner:

plr.0) = p20'©) = 1) (649)
001) = 0 () = 5 09 (650
p=p (1) 70 =52 ()50 6

where we have used (6.43) and (6.46-6.48). On the ground of self-
similarity, we expect the dimensionless variables to be functions of ¢
alone, as we have indicated. A full justification, however, comes only
when we substitute (6.49-6.51) in our basic equations and everything
turns out be consistent. It is clear that all the dimensionless variables
become 1 at the shock front, i.ec.

p'(%o) = v'(%) = P'(%0) = L. (6.52)

The continuity equation, the Euler equation and the adiabatic equa-
tion (6.8) adapted to a spherically symmetric adiabatic gas flow are

op , 10 , =
% + ;—ia(r pv) =0, (6.53)
o o0 _L% (6.54)

0 7, p
(— + v—r) log i 0. (6.55)



6.6 Spherical blast waves. Supernova explosions 121

Figure 6.5 The
variation of p, p and
v behind a
self-similar blast
wave with y = 1.40
obtained by solving
(6.56-6.58).

We now substitute (6.49-6.51) into (6.53—6.55), noting that
7 2¢d g _¢d

ot Stde’  or rdt
from (6.41). We get after some straightforward algebra

dp’ 2 ‘g d ., nl_
% 2 [3,, o+ e )] o, (6.56)
’ 2,.dv 4 2 ' dv’ __2())_1)1 / d_p’
5 E T (" J”’%) SRR (2” +édé)’
657)
d P\ _Syr+1)—4
x (]og F’7> - T (6.58)

It is to be noted that r and t cancel out from these equations, leaving &
as the only independent variable. This establishes that self-similar so-
lutions are possible in terms of the dimensionless variables introduced
in (6.49-6.51). Our job now is to solve the coupled nonlinear ordinary
differential equations (6.56—6.58) with the boundary condition (6.52) to
be satisfied at &. The value of & can be obtained from the condition
that the total energy of the blast wave (i.e. the sum of kinetic and
thermal energies) remains constant, i.e.

1-0

oS-
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since the thermal energy density is cypT = p/(y — 1) by virtue of (6.4).
In terms of dimensionless variables, this equation becomes

32n
25(y2 —1)
from which & can be found.

One can now find the solution for a given y numerically, although
Sedov (1946) managed to find a general analytical solution. This
solution, which involves a rather complicated expression, is given in
Landau and Lifshitz (1987, §106). The solution for y = 1.40, which is
appropriate for air, is shown in Figure 6.5.

14
/ b+ p/v21E*ae =1, (6.59)
0

6.7 One-dimensional gas flow. Extragalactic jets

We have so far considered disturbances propagating in compressible
gases. We now come to the problem of the flow of the compressible
gas itself. The simplest flow problem is the one-dimensional flow of a
gas through a pipe with varying cross-section. Let us choose the x axis
along the axis of the pipe. If the cross-section A(x) of the pipe varies
sufficiently slowly, then we can neglect the transverse component of
gas velocity and the problem can be regarded as one-dimensional.

Let us consider a steady, adiabatic gas flow through such a pipe,
ie. we assume the flow not to vary in time and satisfy the adiabatic
relation (6.8), which implies here

d (p
;(;,;)—0

so that

dp _ ,dp

E - cS dx’ (6‘60)
where

¢ = % (6.61)

is the sound speed and we start using the ordinary derivative notation
d rather than the partial derivative notation 0, as x is the only
independent variable in the problem. Since the same mass flux has to
pass through the pipe at any x, we must have

p(x)v(x)A(x) = constant. (6.62)
The Euler equation applied to this problem gives us
dv  cdp
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Figure 6.6 A de
Laval nozzle.

where we have made use of (6.60). Differentiating (6.62), we obtain
Ldp  1dv  1dA _
pdx vdx Adx
Eliminating (1/p)(dp/dx) with the help of (6.63), we get a very impor-
tant equation

0. (6.64)

ldo  1dA

J— 2 —_—— — ———
(1—-.4 )v I e (6.65)
containing a great deal of physics. Here
=2
Cs

is the local Mach number at any point along the pipe. When the flow is
subsonic (i.e. # < 1), dv/dx and dA/dx in (6.65) have opposite signs.
So a narrowing of the pipe will make the flow faster and vice versa.
This is what we expect from common sense. The situation, however,
becomes rather counter-intuitive if the flow is supersonic (i.e. 4 > 1),
when dv/dx and dA/dx in (6.65) have the same sign. This means that
a region of increasing cross-section will accelerate the flow. This goes
against our intuition and clearly shows that a supersonic flow can be
very different from a subsonic flow. Suppose we wish to arrange things
such that a subsonic flow enters from one side of a pipe, accelerates
as it flows along the pipe and comes out as a supersonic flow from
the other side of the pipe. To achieve this, we must have .# = 1 at
some place inside the pipe. We see from (6.65) that d4/dx must be
zero there. Hence an acceleration from a subsonic flow to a supersonic
flow is possible only if the pipe has a shape as shown in Figure 6.6
with a throat where the variation of area is zero. Such a pipe is called
a de Laval nozzle.

In order for a flow to be accelerated from subsonic to supersonic
speeds, the pressure boundary conditions at the two sides have to be

Converging ~a _~~>  Diverging
_ —_— .
SUpErsonic
4 a

subsonic
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Figure 6.7 Radio
image of the
extragalactic jet
Hercules A produced
with the radio
telescope VLA (Very
Large Array). From
Dreher and Feigelson
(1984). (©Macmillan
Magazines Ltd.
Reproduced with
permission from
Nature.)

adjusted suitably. We shall not get into a discussion of the boundary
conditions here. The readers are referred to Liepmann and Roshko
(1957, Chapter 5) for a full treatment of the problem. We merely point
out that (6.65) allows the possibility of a flow which is converging
subsonic on the left side of the throat and diverging supersonic on
the right side, as shown in Figure 6.6. It follows from (6.65) that such
a flow is continuously accelerated as it moves along the nozzle with
A =1 at the throat where the flow makes a transition from subsonic
to supersonic. Unless the pressure boundary conditions on the two
sides are what are needed for the flow to be smooth and continuous
everywhere, shocks may be produced. The appearance of shocks is a
quite common feature in supersonic flows. Very often one needs fairly
particular boundary conditions for the supersonic flow velocity to be
smooth in all space. For other types of boundary conditions, shocks
appear in the flow. Figure 5-4 in Liepmann and Roshko (1957) shows
the production of shocks in a nozzle flow.

With the help of powerful radio telescopes, astronomers have dis-
covered that many galaxies squirt out vast jets of gas with sizes much
larger than the sizes of the parent galaxies. These jets usually emit
radio waves. So they can be observed through the radio telescopes,
but not through optical telescopes (M87 is the only galaxy having an
optical jet). Figure 6.7 shows an image of a jet produced with a radio
telescope. Some of the radio-emitting jets are of the order of mega-
parsecs in size, which makes them by far the largest coherent fluid
flow patterns in the Universe. There is evidence that many of these
jets are highly supersonic. Hence, by virtue of (6.65), as the jet moves
out of the galaxy to regions of lower pressure and the cross-section
increases, the gas in the jet is further accelerated. If the gas in the
jet first started with a subsonic speed in the interior of the galaxy,
then we expect the jet to pass through a de Laval nozzle, which was




6.8 Spherical accretion and winds 125

Figure 6.8 The
twin-exhaust model
of Blandford and
Rees (1974).

first suggested in a classic paper by Blandford and Rees (1974). They
suggested that the light gas, which makes up the jet, is produced by
some mechanism near the centre of the galaxy. Then this light gas tries
to push its way through the heavier interstellar medium around it and
forces two exhausts on the two sides of the galaxy where the thickness
of the interstellar medium is least (see Figure 6.8). If the exhausts have
structures like the de Laval nozzle, then the jet can be accelerated to
supersonic speeds while passing through the exhausts. Although this
model played a very influential role in the theoretical understanding
of extragalactic jets, it has some limitations. Through VLBI (Very
Large Baseline Interferometry—a combination of radio telescopes in
different continents used together to produce high-resolution images
by interferometric techniques) observations, it is found that some jets
form within a few parsecs of the centre of the galaxy. On the ba-
sis of what we know about the interstellar medium in galaxies, the
Blandford—Rees model would predict the nozzle to form at a much
larger distance. Since many of the extragalactic jets contain magnetic
fields, it is now believed that the magnetic fields probably play an
important role in the acceleration and collimation of these jets. More
sophisticated models of magnetically driven jets are now being worked
out by many astrophysicists. A brief introduction to this subject can
be found in §14.9.3.

6.8 Spherical accretion and winds

We saw in §4.4 that the corona of a star can be in static equilibrium
only if there is some finite pressure at infinity to stop it from expanding,
If the pressure at infinity is less, then there will be an outward flow.

pem—— AN \\ \\ \\ \\ \\
Cd
, e _ \\\ \\\ \\ \\ \ \ \
- Rotation A\xis \ \ \
d ——— \ \ \
e ,—C DR \ \ \

oS \,
/I,/’\‘\\ \ \ \\

\ \
Y ‘\ \‘ \ \ \\
Loy \ \ \
t S —
\ / Subsonic Supersonic

— Y —a

/l\ Flow Flow
1 |

I ! !

/ ! I ] ] h

;7 / I /’ II |

! [}
!

7
7
\ \\ Ny

N N/ / /I /
o . / / / !
N ~ V4 / / / ! /
\\\§‘__’, Pid ,/ ,/ 7 / 7 /



126

6 Gas dynamics

On the other hand, if the pressure at infinity is more than what is
needed to maintain static equilibrium, then there should be an inward
flow. Parker (1958) was the first person to predict a wind from the
Sun and worked out a spherically symmetric model for it. The first
spherically symmetric inward accretion flow model was developed
by Bondi (1952). Since spherical wind and spherical accretion are
mathematically very similar problems, we present them together. It
should be borne in mind that the problem of spherical accretion is
somewhat of an artificial problem of mainly academic interest. When
a gravitating object accretes matter from the space around it, most
often the accreting matter has a non-isotropic distribution around
the gravitating centre and possesses angular momentum leading to
the formation of an accretion disk (discussed in §5.7). Although the
solar wind is found to be somewhat non-isotropic (mainly due to the
presence of magnetic fields in the solar atmosphere) and the same
is expected for the winds from other stars, a spherical wind model
probably has more connections with reality than a spherical accretion
model.

Let us consider a steady spherical flow such that the velocity v is
independent of time and is in the radial direction (either inward or
outward). Under steady conditions, the same mass flux has to flow
through spherical surfaces at different distances. Hence

r2pv = constant,

from which

T ) (6.66)

Assuming the gravitational field to be produced by a central mass M,
the Euler equation gives

o __dp _ GM
dr dr r2

We now have to solve (6.66) and (6.67) with an appropriate energy
equation. The problem is simplest if we replace the energy equation by
the assumption of an isothermal condition, i.e. if the pressure is taken
to be p = RpT with T a constant. Here we discuss this simplest case
to bring out the physics more clearly. Solving the equations for an
adiabatic condition is given as Exercise 6.6. It is to be noted that (6.66)
and (6.67) remain invariant when we make the transformation v — —v.
In other words, steady spherical wind and steady spherical accretion
are mathematically the same problem. Once we have a solution for
a spherical wind, we can immediately get a solution for a spherical

(6.67)
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Figure 6.9 Different
solutions v(r) as
given by (6.69).

accretion by reversing the velocity at all the points. This symmetry
between spherical accretion and wind holds only in the steady state.
Time-dependent spherical accretion and wind problems are no longer
symmetric.

We write p = v2p in (6.67) where v2> = RT is taken as a constant.
Note that v, is the isothermal sound speed obtained from (6.12). We
now eliminate p between (6.66) and (6.67), which gives

2 2
_ve\dv _2; GM
(v » ) = o (6.68).
It is possible for v to be equal to v, only at the distance
GM
r=Te= 202

so that both sides of (6.68) are zero simultaneously. We can easily
integrate (6.68) to obtain

2 2
v v r 2G6M
(—) —log (E) =4log Z + — +C, (6.69)

U ¢

where C is the constant of integration. The solutions for different
values of C are shown in Figure 6.9. It turns out that the solutions of
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types I and II are double-valued and hence unphysical. The solutions
of type III are supersonic everywhere, whereas solutions of type IV
are subsonic everywhere (here we are using the words ‘subsonic’ and
‘supersonic’ with respect to the isothermal sound speed v.). Only
solutions of types V and VI pass through the critical point r = r,,
v =v,, and are subsonic and supersonic in different regions. We easily
find from (6.69) that C = —3 for these solutions. Which particular
solution is realized in a given situation again depends on the boundary
conditions. Parker (1958) considered the solar wind to start from
subsonic speeds near the solar surface and then to accelerate to high
speeds. Hence the solution V is appropriate for Parker’s problem.
On the other hand, Bondi (1952) studied an inflow starting from
small speeds at infinity and becoming faster in the interior. So VI
corresponds to the solution for Bondi’s problem.

Exercises

6.1 From the adiabatic condition (6.8) for a gas, show that the
linearized equation for adiabatic perturbations around a static
configuration is

%+V1 - Vpo = c? (%+V1 'VP0> ,
where ¢? is given by (6.13) and the other symbols have usual
meanings.

6.2 First show that the unperturbed pressure py and density pg in
an isothermal atmosphere with constant gravity —gé, fall off
as exp(—z/A), where A = RT /g (R being the gas constant
appearing in (6.1)). Consider velocity perturbations of the
form

exp(z/2A) expli(kz — wt)]é,.

Show that the kinetic energy density of this moving pertur-

bation remains conserved as it propagates upward and the

dispersion relation is given by

8

4N’
if the perturbation is assumed adiabatic. You may take d/0x =
d/0dy = 0 for all perturbed quantities.

6.3 Begin with the jump conditions (6.33-6.35) across a plane
shock and work out all the algebra to derive the Rankine-
Hugoniot relations (6.36) and (6.38).

w? =k +
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6.4

6.5

6.6

Let us consider an oblique shock wave, i.e. a shock such that the
gas approaching from the forward direction is inclined to the
shock front at an angle 6. Let the gas in the backward direction
leave at an angle y with respect to the velocity in the forward
direction. Apart from the equality of the mass, momentum
and energy fluxes on the two sides of the shock, assume that
the tangential component of velocity is continuous across the
shock. Show that

1 2
coty =tané b+ 1A 1] .

2(M2sin* 0 — 1)

The jet coming out of a galaxy pushes the surrounding gas
away and creates a channel through which the light gas inside
the jet flows. The pressure inside the jet has to be equal to the
pressure outside. Assuming the flow inside the jet to be one-
dimensional and adiabatic, show that the local Mach number
at a place of pressure p is given by

e ) (@)(v—l)/v 1
y—1|\p ’

where po is the stagnation pressure, i.e. the pressure the gas
would have at a point if the velocity were zero there. Show
that the cross-section A of the jet channel varies with the
pressure p as

1/2)2+1/7) r=1)/v
()G
p p

In §6.8 we obtained the solution for spherical accretion/wind
assuming isothermal conditions. Work out the solution if the
flow is adiabatic.

—1/2



7 Linear theory of
waves and instabilities

7.1 The philosophy of perturbation analysis

Consider a rock on the top of a hill (Figure 7.1(a)) and a rock at the
bottom of a valley (Figure 7.1(b)). If the rock on the top of the hill has
its centre of gravity vertically above the point of contact P, then it can
easily be shown that all the forces are in balance and hence a static
equilibrium is, in principle, possible. We, however, know that it is very
unlikely for such an equilibrium configuration to last for long, since a
slight disturbance will make the rock roll down the hill. On the other
hand, the rock in the valley is in a stable equilibrium configuration.
If it is disturbed from its position of rest, then it will come back
there again. If the friction between the rock and the surface of the
valley can be made sufficiently small, then the disturbed rock may
even overshoot while trying to return to its position of rest, thereby
giving rise to oscillations.

In the case of the rocks in Figures 7.1(a) and 7.1(b), mere inspection
gives us an idea whether the configurations are stable or whether waves

Figure 7.1 Rocks in
(a) unstable and (b)
stable equilibrium
positions.

(a) (b)

130
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can be excited around the configurations. For more complicated situa-
tions, one has to carry out a detailed analysis to answer such questions.
Consider a fluid configuration satisfying the equations of steady state
(i.e. hydrodynamic equations with d/0t = 0 everywhere). We are likely
to encounter such a configuration in Nature only if it is stable against
arbitrary perturbations. If we find that small perturbations present
in the configuration start becoming larger with time, then it will be
difficult to realize this configuration in Nature. If the configuration is
stable, then there exists the possibility that the perturbations around
the configuration may give rise to oscillations or waves. Hence, merely
obtaining a steady state solution of the hydrodynamic equations does
not guarantee that it can serve as a model for some realistic situation.
One has to consider perturbations around the configuration and study
their evolution in time to find out if the configuration is stable. If it
is stable, then the study of the perturbations will also tell us whether
waves are possible around the configuration.

We have already presented an example of a perturbation analysis
in §6.2 in our derivation of acoustic waves. There we discussed the
technique of linearization of the perturbation equations by neglecting
the nonlinear terms in the perturbed quantities. If the perturbations
are small, then one is justified in this procedure. The advantage of
linearization is that the principle of superposition, which holds only for
linear equations and hence cannot in general be applied to hydrody-
namic equations (because they are nonlinear), becomes applicable for
the perturbed quantities. If the growth of perturbations is described
by a set of linear equations, then any arbitrary perturbation can be
thought of as a superposition of many Fourier components and the
evolution of each mode can be studied in isolation by substituting in
the perturbation equations. This is the reason why we were justified
in trying out a Fourier component of the form (6.19) in our analysis
of acoustic waves.

Since the same mathematical techniques are used in the linear theory
of waves and the linear theory of instabilities, we plan to discuss
them together and present some important examples of waves and
instabilities. We shall again and again find that a configuration can be
stable or unstable depending on the value of some particular quantity.
For example, we may consider a liquid in a vessel being heated from the
bottom. We know from everyday experience that convective motions
start in the liquid almost suddenly after it has been heated sufficiently
(heat a pan of water in your kitchen if you have not watched it closely
before!) When the temperature gradient inside the liquid is small, it is
in a stable hydrostatic equilibrium and heat is transported from the
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bottom to the top by conduction. When, however, the temperature
gradient becomes larger than a critical value, the liquid becomes
unstable to convective motions which then transport the heat. We
shall present an analysis of this problem in §7.3. By increasing the
temperature gradient, we achieve a transition from a stable to an
unstable configuration. In the jargon of applied mathematics, such
a transition is often called a bifurcation—a situation in which the
character of a system is changed by varying some parameter.

We shall now study a few specific systems to find out the conditions
under which they are stable or sustain waves. The linear perturbation
analysis is usually adequate to find out these conditions to a fair degree
of reliability. Needless to say, the linear analysis becomes inadequate
when the perturbations are large. For example, if a system is unstable,
the linear theory just tells us how the perturbations will initially grow
if they are very small in the beginning. Eventually the perturbations
will grow to large amplitudes and the linear theory will cease to hold.
Since some perturbations would be present in any physical system, if
the nature of the system is such that small perturbations start growing,
then we may finally end up with fluid motions which are irregular in
space and time—usually referred to as turbulence. Thus there is a
connection between hydrodynamic instability and turbulence, but one
has to go beyond linear theory to explore this connection. Chapter 8
will present an elementary summary of some of the things (very few!)
we understand about turbulence.

In principle, any solution of hydrodynamic equations should be
checked for stability before we can be sure that it corresponds to a
situation which can be realized in Nature. In practice, however, it is
possible to carry out the programme of linear perturbation analysis
only for sufficiently simple situations. After the study of several such
situations, one develops some intuition for deciding when a config-
uration may be stable or when it may sustain waves. We hope that
this chapter will help the reader in developing a certain amount of
intuition.

7.2 Convective instability and internal gravity waves

We begin our investigation of specific waves and instabilities by look-
ing at a problem in which the stability condition can be obtained
by fairly simple arguments, without doing a perturbation analysis of
the full hydrodynamic equations. This happens to be a problem of
great astrophysical importance and also a problem which illustrates
beautifully the connection between waves and instabilities.
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Figure 7.2 Vertical
displacement of a
blob of gas in a
stratified atmosphere.

Suppose we have a perfect gas in hydrostatic equilibrium in a
uniform gravitational field. If the z axis is so chosen that the gravity
is in the negative z direction, then we expect p(z) and p(z) to decrease
with z. We assume that a blob of gas has been displaced vertically
upward as shown in Figure 7.2. Initially the blob of gas had the same
density p and the same pressure p as the surroundings. The external
gas density and pressure at the new position of the blob are p’ and p'.
We know that pressure imbalances in a gas are rather quickly removed
by acoustic waves, but heat exchange between different parts of the
gas takes more time. Hence it is not unreasonable to consider the blob
to have been displaced adiabatically and to have the same pressure
p’ as the surroundings. Let p* be its density in the new position. If
p° < p', then the displaced blob will be buoyant and will continue
to move upward further away from its initial position, making the
system unstable. On the other hand, if p* > p’, then the blob will try
to return to its original position so that the system will be stable. To
find the condition for stability, we have to determine whether p* is
greater than or less than p'.

From the assumption that the blob has been displaced adiabatically,
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it follows that

N\ /7
. 14
=p|= . 7.1
-o(3) o
If dp/dz is the pressure gradient in the atmosphere, we can substitute
, dp

and make a binomial expansion keeping terms to the linear order in
Az. This gives

P d—pAz.

p=p+ 2pdz (7.2)
On the other hand,
dp
L —_—
p=p+ iz a4z.
Using the fact that p = p/RT, we get
r—py P, pAT
P —p+deAz T 4z 4% (1.3)

Here dp/dz and dT /dz are the density and temperature gradients in
the atmosphere. From (7.2) and (7.3),

e g i_(1_L1\pdr  pdT
I p—[ (1 . pdz+sz Az. (7.4)

Keeping in mind that dT /dz and dp/dz are both negative, the atmo-
sphere is stable if
< (1 - l) T
Y/ P

This is the famous Schwarzschild stability condition (Schwarzschild
1906). If the temperature gradient of the atmosphere is steeper than
the critical value (1—1/y)(p/T)|dp/dz|, then the atmosphere is unstable
to convection, which mainly involves up-and-down displacements as
in the case of the gas blob we have considered. While constructing
models of stellar structure, the Schwarzschild condition is employed
routinely to check if certain parts in the interior of a star are subject
to convective instability.

Since the force per unit volume acting inside the displaced blob is
(p" — p')(—g), the approximate equation of motion of the blob can be
written as

fi_Z
dz

dp

= (1.5)

» d2 » 7
p azdz=—(p"=r)e
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provided we neglect the fact that any motion of the blob induces
motions in the surrounding gas. Substituting from (7.4),

2

;;%Az +N?4z =0, (7:6)

— 84T _((_1\Tdr
N_\/T[dz (1 ?)de]' 77

If the stability condition (7.5) is satisfied, then it is easy to see that
N is a real number with the dimension of frequency and is known
as the Viisdld—Brunt frequency (Viisdld 1925; Brunt 1927). It follows
from (7.6) that a blob of gas displaced vertically in a stably stratified
atmosphere will have an oscillatory motion. It is, of course, not possible
for a blob of gas to have oscillatory motions without disturbing the
surrounding atmosphere. In reality, disturbances in stably stratified
atmospheres give rise to wave motions known as internal gravity waves.
The adjective internal is used to distinguish such waves from the surface
gravity waves, which can take place on surfaces of liquids like the air—
water interface and will be discussed in §7.4. Our simple analysis merely
indicates the possible existence of internal gravity waves. In order to
study them properly, one has to carry out a perturbation analysis
of the full hydrodynamic equations. In our simplified analysis, we
assumed the displaced blob to remain in pressure equilibrium with
the surroundings, because acoustic waves quickly establish pressure
equilibrium. When full hydrodynamic equations are perturbed, it is
no longer necessary to use such an assumption, and one can develop
a combined theory of acoustic and internal gravity waves. We refer
the reader to the textbook by Lighthill (1978, Chapter 4) for a full
treatment of this subject.

where

7.3 Rayleigh-Bénard convection

Although the condition (7.5) for stability against convection in a gas
could be derived fairly easily, the derivation of the similar stability
condition in the case of a nearly incompressible liquid like water
is more complicated. The theoretical analysis was carried out in a
landmark paper by Rayleigh (1916), whereas Bénard (1900) performed
careful experimental studies. In the previous section, we have not
done a perturbation analysis of the full hydrodynamic equations.
Such an analysis following the work of Rayleigh (1916) is presented
now for a nearly incompressible liquid. We have to consider first
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the equilibrium state of a liquid heated from below. Then we shall
introduce perturbations to see if the equilibrium state is stable.

Let us choose the z axis in the upward vertical direction, and let
z =0, z = d be the bottom and the top of the liquid heated from
below. We assume the liquid to be incompressible, which means that its
density does not change on the application of pressure. It is, however,
necessary to take into account that the density of a liquid decreases on
raising the temperature. A liquid heated from below becomes unstable
to convection because the hotter liquid at the bottom becomes lighter
and wants to come on top of the colder liquid above. The change in
internal energy per unit mass for an incompressible liquid is de = c,dT,
where ¢, is the specific heat. Substituting this in (3.53) and assuming
the thermal conductivity K to be a constant, we obtain from (3.53)

that
oT

= TV VT = k V2T, (7.8)
where
K
K= — 79
e (19)

is called the thermometric conductivity and V - v has been neglected
because of incompressibility.

If Ty and T, are the temperatures at the bottom and the top
of the liquid, then the equilibrium solution (i.e. the solution with
0/0t =0,v=0) of (7.8) is

To(z) = Ty — Bz, (7.10)
where
_ Tb bl Tt
B - d .

The density corresponding to the temperature distribution (7.10) can
be written as

po(z) = pv(l + apfz), (7.11)

where a is the coefficient of volume expansion with temperature. The
pressure in the equilibrium state satisfies the hydrostatic equation

dpo
= = P2z (7.12)

We now introduce perturbations around this equilibrium state. If
To + T is the perturbed temperature, then the perturbed density has
to be po — praT;. We write the perturbed pressure as py + p;. Since
the perturbed state of the liquid does not satisfy the static equilibrium
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equations, we have to allow for the velocity v; arising out of the
perturbations. Substituting in the Navier—Stokes equation (5.10), we
have

(po—poaTi) [% +(v1 V)VI] = —V(po+p1)+ (oo — poaT1)g + uV?vy,

(7.13)
where g = —gé, is the gravitational field. We now linearize the pertur-
bation equation by neglecting the (v - V)v; term. By virtue of (7.12),
the terms —Vpy and pog cancel each other. We now introduce another
approximation known as the Boussinesq approximation (Boussinesq
1903). Since the density decrease in the term with g gives rise to
the buoyancy force, we have to include the density decrease due to
temperature in that term. On the L.H.S. of (7.13), however, we may
neglect the small variation of density and the constant density p, may
be taken as the coefficient of dv;/dt. With all these simplifications,
(7.13) finally becomes

av
Pba_tl = —Vp1 — pooTig + p V?v1. (7.14)
Substituting the perturbed variables in (7.8) and linearizing, we obtain
oT
6_tl = fvi. + Kk VT, (7.15)

on making use of (7.10). Equations (7.14) and (7.15) constitute the
basic equations describing the evolution of the perturbations. We now
obtain an equation more convenient than (7.14) by taking the curl of
(7.14) twice and then considering its z component. Remembering that
V x V x v = —V?v for incompressible flows,
2 2
%Vzvlz =og (% + ‘;—YTZ‘) +v V. (7.16)
We note that T; and vy, are the only two independent variables
appearing in the two equations (7.15) and (7.16). Hence these two
equations should be sufficient to find out the evolutions of T} and vy,.
Since (7.15) and (7.16) are linear, it should be possible to express
any arbitrary perturbation as a superposition of Fourier components.
We try the following form for a Fourier component

v, = W(z)exp(at + ikyx + ikyy), (7.17)
T1 = 0(z) exp(ot + ikyx + ik, y). (7.18)

Because of the symmetry in the x and y directions, we expect the x and
y dependences of a Fourier mode to be of the form exp(ik.x+ik,y). The
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functions W(z) and 0(z) satisfy equations which can be obtained by
substituting (7.17-7.18) into (7.15-7.16). If ¢ > 0, then the perturbation
grows, whereas ¢ < 0 corresponds to a decaying perturbation. Since we
are interested in finding the condition for marginal stability, we have
to consider the situation ¢ = 0. In some stability problems, it is not
possible to make both the real and imaginary parts of o zero. Let us
not get into a discussion of such subtleties here, because the problem
under study happens to admit of solutions with ¢ = 0. Substituting
(7.17-7.18) into (7.15-7.16) with ¢ = 0, we get the following pair of
equations for W(z) and 0(z):

2
BW +xk (diz? —k2> 6=0, (7.19)
& 2
—agk®0 +v (Ez’f - k2) W =0, . (7.20)

where k? = k2 + k2. On eliminating 6 between these two equations, we
find

& 2 ’ 2
It is now convenient to substitute z = z'd and k = k’/d, where 2’ is

the distance along z axis measured in the unit of the depth d and k' is
the horizontal wavenumber in the same unit. Putting these in (7.21),

& 3
(Zz? —k’2> W = —RK*W, (7.22)
where
4
R= % (7.23)

is a dimensionless number known as the Rayleigh number. The equa-
tion (7.22) was first obtained by Jeffreys (1926) who extended the
analysis of Rayleigh (1916).

Since (7.22) is a sixth-order differential equation, one needs six
boundary conditions to find W(z) by solving (7.22). We refer the
reader to Chandrasekhar (1961, pp. 21-22) for a full discussion of the
possible boundary conditions under different circumstances. Without
getting into that tricky subject, let us just mention that the simplest (not
the physically most appropriate!) boundary conditions are satisfied by
the solution

W(z) = Wy sinnz'. (7.24)
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Figure 7.3 A plot of
the Rayleigh number
R against the
dimensionless
wavenumber k' for
marginal stability as
given by (7.25).

Substituting (7.24) into (7.22), we obtain

(nz +k/2)3
= k—/z‘

Let us now pause for a moment and try to understand where we have
got after this lengthy mathematical analysis. Since we have put ¢ =0
in (7.17-7.18), we are basically looking for a Fourier component of the
perturbation which is marginally stable. For the Fourier component
(7.17) with W(z) given by (7.24), the marginal instability occurs if
the Rayleigh number satisfies (7.25). Since the Rayleigh number is
seen from (7.23) to be proportional to the temperature gradient, we
expect the system to be stable if R as defined by (7.23) is less than
the expression (n? + k'?)* /k”? appearing in (7.25). On the other hand,
the Fourier component is unstable if R defined by (7.23) is more than
this expression. This can be shown by carrying out a more complete
analysis without setting ¢ = 0 at the outset as we have done.

Figure 7.3 is a plot of the expression (7.25). The regions above the
curve correspond to instability, since a Rayleigh number lying there
is higher than the Rayleigh number for marginal instability. If R is
sufficiently small, we see from Figure 7.3 that there is no real value
of k' satisfying (7.25) and consequently perturbations with all possible
horizontal wavenumbers must be stable. If we now increase R from
very small values (say by increasing the temperature gradient in the

R (7.25)
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Figure 7.4 Bénard
cells in a laboratory
experiment. From
Koschmieder and
Pallas (1974).
(©Elsevier Science
Ltd. Reproduced
with permission from
International Journal
of Heat & Mass
Transfer.)

system), then eventually R = R, touches the lowest point of the curve
(m2+k?)3 /K. It is easy to show that the minimum of this curve occurs
at

7
ki, = — 7.26
=/ (7.26)

and the corresponding value of R is
R. = L 657.5. (7.27)

TTE
When R is raised to this value R, the Fourier component with the
wavenumber given by (7.26) becomes unstable. On raising R further,
we see from Figure 7.3 that a range of wavenumbers becomes unsta-
ble. Hence R; as given by (7.27) must be the critical Rayleigh number
for the system. If R < R,, then the system is stable against all pertur-
bations. On the other hand, when R > R, perturbations with certain
wavenumbers are unstable, which means that the system is unstable
to arbitrary perturbations.

Chandrasekhar (1961, §15) presents analyses for two other types
of boundary conditions, for which the critical Rayleigh numbers are
1707.7 and 1100.6 in contrast to 667.5 we have obtained. What about
the experimental value? Chandrasekhar (1961, §18) gives a summary of
experiments also. Most experiments find the critical Rayleigh number
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Figure 7.5 Granules
on the solar surface
photographed with
the Vacuum Tower
Telescope of the
Kiepenheuer Institut
located in Tenerife.
Courtesy: W.
Schmidt.

to be around 1700. If the experiment is performed with the Rayleigh
number close to its critical value, then we expect only perturbations
with one horizontal wavenumber to be unstable. It follows from (7.26)
that the horizontal wavelength of the marginally unstable perturbation
is of the order of the depth of the liquid layer. This is borne out by
experiments. Figure 7.4 shows the pattern of marginal convection in
a laboratory experiment. The convection cells appearing at marginal
instability are called Bénard cells in honour of Bénard (1900) who
performed pioneering experiments on convective instability. Finally,
for your amusement, we present a photograph of the solar surface
in Figure 7.5. This photograph at once reminds one of Bénard cells.
What we see are indeed convection cells on the solar surface known
as granules.

7.4 Perturbations at a two-fluid interface

We have all noticed how the surface of a lake gets ruffled by a gentle
wind. To understand such phenomena, we have to study perturbations
at an interface between two fluids. Let us consider a plane horizontal
interface separating two fluids, with gravity acting downward. If this
interface is disturbed, we expect that, under certain circumstances,
the interface may oscillate in the form of waves and, under other
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Figure 7.6 A sketch
showing a two-fluid
interface being
perturbed.

circumstances, the disturbance may grow to give rise to an instability.
We shall first present a general mathematical analysis to show how a
perturbation at such an interface evolves. Then several special cases of
waves and instabilities will follow from the general dispersion relation
we derive. To simplify the analysis, we assume the fluids on both sides
of the interface to be incompressible and ideal. Hence, if there is no
vorticity inside one of these fluids at the beginning, Kelvin’s vorticity
theorem (see §4.6) asserts that the velocities induced inside the fluid as
a result of the perturbation remain irrotational. So velocity potentials
can be introduced. We neglect the surface tension at the interface
between the two fluids. The reader is asked to work out the effect of
surface tension in Exercise 7.1.

In §4.5, we derived Bernoulli’s principle for steady flows. We now
obtain a similar result for a flow which is incompressible and irrota-
tional, but varying in time. Writing v = —V¢ and substituting in the
Euler equation, we get

d¢ 1 _ P
VotV (502> =-V <;) ~ Vo, (7.28)

where @ is the the potential for the body force (gravity in the present
case). This equation readily gives rise to the integral
o 1, p
—— 4+ "'+ =+ P =F(r), 7.29
a T20 T p + (®) (7.29)
where F(t) is constant in space, but can be a function of time. It may
be noted that in §4.5 we were not restricting ourselves to irrotational
flows. Hence, in order to obtain (4.38), we had to integrate along
streamlines to make dl - v x (V x v) zero. In the present case, V x v is
zero by the assumption of irrotationality so that it is not necessary to

, — >

p, U

——
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integrate along a streamline. Hence (7.29) should hold between points
not lying on a streamline. We shall need (7.29) later in our derivation.

Figure 7.6 shows the configuration we want to study. The horizontal
plane z = 0 separates the two fluids with densities p (fluid below) and
P (fluid above). Let us also assume the two fluids to have uniform
velocities U and U’ in the x direction. It is not difficult to show that
this configuration satisfies steady state equations (i.e. hydrodynamic
equations with d/0t = 0). Let the interface between the two fluids be
perturbed from its undisturbed position z = 0 and let us denote the
position of the interface by z = &;(x,t). The subscript 1 is to follow
our convention that all perturbed quantities have subscript 1. Our aim
is to find out whether this perturbation |£;(x,t)| grows with time or
decays or oscillates.

The velocity potential in the fluid below can be written as

¢ =—-Ux+é¢, (7.30)

where the unperturbed part —Ux would give the uniform velocity U
in the x direction and ¢, is the perturbed part satisfying

Vi =0 (7.31)

as a result of the incompressibility condition V - v = 0. Similarly the
velocity potential in the fluid above can be written as

¢ =-Ux+4¢), (7.32)
where ¢} is the perturbed part satisfying
V2¢) =0. (7.33)

Since the velocity perturbations are caused by the displacements of
the interface, we now somehow have to connect the perturbed parts
of the velocity potential with the displacements of the interface. To do
this, we consider a fluid element of the lower fluid lying infinitesimally
close to the interface and find out its vertical velocity. In terms of the
velocity potential of the lower fluid, the vertical velocity is given by
—0¢1/0z. On the other hand, the vertical velocity of the fluid element
is also given by the Lagrangian derivative of the displacement d&; /dt.
Equating these two, we have
o1 _ 0% 0%

%o % am, (7.34)

where the R.H.S. is just the expansion of the Lagrangian derivative
by using (4.2), in which we have kept only the terms linear in the
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perturbed quantities. Exactly similarly, we may consider a fluid element
infinitesimally above the interface and obtain
_0¢y _ 9% +U,051
0z ot 0x
Since we are linearizing the perturbation equations, we can again
expand any arbitrary perturbation in Fourier components. Because
of the symmetry in the x direction, a Fourier component of the
displacement &; can be written as

& = Aexp(—iwt + ikx). (7.36)

at z=0. (1.35)

The corresponding Fourier components of ¢; and ¢) should have
similar x and ¢ dependences. The z dependences of them should be
such that the Laplace equations (7.31) and (7.33) are satisfied. Hence
they have to be of the form

¢1 = C exp(—iwt + ikx + kz), (7.37)
@1 = C' exp(—iwt + ikx — kz), (7.38)

where the signs before kz have been chosen in such a fashion that the
perturbations vanish as we go far away from the interface. Substituting
(7.36-7.38) into (7.34-7.35), we get

i(—o +kU)4 = —kC, (1.39)

i(—w +kU)A = kC'. (7.40)

These are two equations relating the amplitudes of perturbed quantities
A, C and C'. We need a third equation to solve the problem, since
we are dealing with three quantities. This is provided by the condition
that the pressure has to be continuous across the interface.

From (7.29), the pressure inside the lower fluid at a point infinitesi-
mally close to the interface can be written as

p=p (-2 + % +aa) +oF0 (141

where we have written @ = g&; for the gravitational potential. Writing
a similar expression for the pressure infinitesimally above the interface
and equating them,

0 2
p( ¢1+ + f1> ( a@t +U—+g§1)+K atz=0.

ot 2 2
(742)
Although K = pF(t) — p'F'(t) can in principle be a function of time,
here it has to be a constant due to the boundary condition that the
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perturbations vanish far away from the interface at all times. We can
find K by considering the unperturbed configuration for which v = U,
v' = U’ and ¢4, ¢}, & are all zero. This gives

K =1pv?-Lpv™ (7.43)
We note that
v? = (Ué, — V) = U? — 2U%, (7.44)

if we keep only the linear terms in the perturbed quantities. Substi-
tuting for v? from (7.44) and making a similar substitution for v’2, we
find from (7.42) that

oy 0¢1 _ o 081 ,,08) -
p(—F—Ua—x+g€1) =p < ot U Ox +g€1 at z=90
(1.45)

after making use of (7.43). Substituting from (7.36-7.38) into this
equation, we finally get

pl—i(—w +kU)C + gA] = p'[—i(~0 +kU)C' + gAd],  (7.46)

which is the third equation connecting the amplitudes of perturbed
quantities.
Combining (7.39), (7.40) and (7.46), we obtain

p(—o + kU + p'(—w + kU'Y? = kg(p — p'). (7.47)

We have already mentioned in §6.2 that an equation connecting the
frequency and wavenumber of a Fourier component of the perturba-
tion is called a dispersion relation. For the two-fluid interface problem,
(7.47) then is the dispersion relation. We note that (7.47) is a quadratic
equation for w if k is regarded as given. The solution of this quadratic
equation is

o _pU+pU g;o—p’_pp’(U—U')z]”2
k ptp T lkp+p (p+p)

We shall now apply this general result to a few special cases.

(7.48)

7.4.1 Surface gravity waves

Let us consider two fluids at rest, with the lighter fluid lying above the
heavier fluid. This means U = U’ =0 and p > p'. For a perturbation
of the interface between these fluids, (7.48) gives

o _ [gp—p
. —i"/kp_}_p,. (7.49)
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It is easily seen that w is real for a real k. Hence it follows from (7.36)
that the disturbance moves on the surface in the form of a wave. Such
waves are called surface gravity waves. The phase velocity w/k of these
waves depends on the wavenumber k. This means that surface waves
of different wavelengths propagate with different velocities, i.e. surface
waves are dispersive.

When we consider waves on a water surface, the density of air
compared to the density of water can be neglected. Neglecting p’
compared to p in (7.49), we get

o = +/gk. (7.50)

A more complete derivation makes the expression for @ somewhat
more complicated due to two reasons. Firstly, we have neglected
surface tension in our calculations. Secondly, when we use (7.37) for
the velocity potential, we tacitly assume the fluid below to have infinite
depth. If the depth of water is finite, we have to make sure that the
normal component of velocity vanishes at that depth. Modifications
for surface tension and for finite depth are given as Exercises 7.1 and
7.2 respectively.

7.4.2 Rayleigh—Taylor instability

Let us still consider the fluids to be at rest so that (7.49) holds. But
now assume that we have a heavier fluid above a lighter fluid, ie.
p < p'. Even for such a situation, the hydrostatic equation (4.29)
can be satisfied. Hence this is an equilibrium configuration. But we
intuitively feel that such an equilibrium will be unstable, because the
heavier fluid will try to sink below the lighter fluid. This is what we
find from the mathematics also.

When p < p/, we see from (7.49) that o is imaginary. It is clear
from (7.36) that the positive imaginary solution of w makes the per-
turbation grow. This is the Rayleigh~Taylor instability (Rayleigh 1883;
Taylor 1950b). Since uniform acceleration in a mechanical system can
be treated mathematically exactly the same way as a gravitational
field, the problem of a light fluid accelerating against a heavy fluid
is very similar and gives rise to the same type of instability. Whereas
Rayleigh’s analysis (Rayleigh 1883) was for fluids in a gravitational
field, Taylor (1950b) adapted the problem to the situation of acceler-
ating fluids. As we often find a light fluid accelétating against a heavy
fluid in the astrophysical Universe, this instability is quite important
in astrophysics.

In a supernova explosion, for example, there.is an interface between
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Figure 7.7 An
optical photograph
of the Crab Nebula
taken at Kavalur
Observatory, India.
Courtesy: Indian
Institute of
Astrophysics.

the hot gas ejected in the explosion and the surrounding interstellar
medium. Gull (1975) studied the early phases of the evolution of the
supernova remnant (ie. before the system enters the Sedov-Taylor
self-similar phase discussed in §6.6) and showed that the ejected gas
tends to pile up in a thin shell behind the interface. As the interface
is decelerated, we can represent it by an outward gravitational field
in the rest frame of the interface. Then we have the dense shell of
ejected gas lying ‘on top’ of the less dense gas outside. It was found
by Gull (1975) that this gives rise to the Rayleigh-Taylor instability,
leading to the formation of filaments growing in the outward (ie. the
‘downward’) direction. Figure 7.7 is a photograph of the Crab Nebula
(the remnant of the supernova which was observed from the Earth in
1054) showing an intriguing filamentary structure.

7.4.3 Kelvin—-Helmholtz instability

Finally we consider what happens if U and U’ are not zero. Let us
assume p > p’ so that the system is Rayleigh-Taylor stable. If the
expression within the square root in (7.48) is negative, then we note
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that @ has an imaginary part (we are again taking k to be real).
We have already seen that a positive imaginary part in o leads to
instability. Hence the instability occurs when the expression within the
square root in (7.48) is negative, i.e. when

pp (U — U > (p? — p’2>-§—. (7.51)

This instability is known as the Kelvin—Helmholtz instability (Helmholtz
1868; Kelvin 1871) and causes an interface between two fluids to wrin-
kle if the fluids on the two sides are moving with different speeds. The
most common example of the Kelvin—Helmholtz instability is provided
by the observation that a wind blowing over a water surface causes
the water surface to undulate.

Even when |U — U’| is arbitrarily small, we notice from (7.51) that
the Fourier components satisfying

(P> —p*)g

k> P U—U) (7.52)
become unstable. Since large k means small wavelengths, we conclude
that only perturbations with small wavelengths are unstable if |U —U’|
is sufficiently small. This conclusion, however, gets completely modified
when we include surface tension, because surface tension tends to
suppress very small wavelengths. On inclusion of surface tension, it
is found that the Kelvin—Helmholtz instability takes place only when
|U — U] is larger than a critical value. This is given as Exercise 7.1(ii).
It follows from (7.48) that the Kelvin-Helmholtz instability would
occur at all wavenumbers for any |U — U’| in the absence of the
gravitational field g. An extragalactic jet (as discussed in §6.7) moving
out of a galaxy into the intergalactic medium with high speed may
be subject to the Kelvin—Helmbholtz instability. Radio observations of
many extragalactic jets show a variation in intensity and cross-section
along the axis of the jet. This can be seen in Figure 6.7 showing the jets
in Hercules A. One interpretation is that these variations are results

of the Kelvin—Helmholtz instability.

1.5 Jeans instability

We have seen in §7.2 and §7.4 that waves and instabilities are often
intimately related, the same system giving rise to either waves or
instabilities depending on the value of some parameter. When we
derived acoustic waves in §6.2, we did not find any instability associated
with them. But we shall demonstrate that there is indeed an instability
related to acoustic waves.
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When a region of a gas is compressed, the excess pressure there
tries to smoothen out the compression, and this gives rise to acoustic
waves. The compressed region, however, has enhanced gravitation
and this tends to pull more gas into the compressed region. For
typical sound waves in the air, the enhancement of gravity in the
regions of compression is utterly negligible and we have therefore
not considered it in §6.2. For perturbations of gaseous bodies of
astronomical size, however, the self-gravity is quite important, and the
enhanced gravitation in the region of compression may overpower the
expansive tendency of the excess pressure, pulling more material there
and triggering an instability. Since Jeans (1902) was the first person to
demonstrate the existence of this instability, it is called Jeans instability
in his honour.

Jeans (1902) considered perturbations in a uniform infinite gas.
Apart from the variables we considered in §6.2, we introduce the
gravitational potential & = & + ¢; broken into unperturbed and per-
turbed parts. The unperturbed variables should satisfy the hydrostatic
equation (4.27) plus the Poisson equation for gravity, i.e.

Vpo = — po V&, (7.53)

V2@, = 4nGpy. (7.54)

It is trivial to show that a uniform infinite gas does not satisfy these
equations. From (7.53), a constant po would imply a constant @,. When
a constant @ is substituted in (7.54), we are driven to the conclusion
that the unperturbed density py has to be zero everywhere! For a
proper stability analysis, one should first find a solution of (7.53-7.54)
and then consider perturbations around that solution. Jeans (1902),
however, proceeded to perform a perturbation analysis on the uniform
infinite gas as if the unperturbed configuration satisfied the equilibrium
equations! Hence this approach is often referred as the Jeans swindle.
We reproduce here the analysis based on the Jeans swindle because
of its historical importance and simplicity. It is possible to carry
out proper stability analyses for realistic density distributions without
recourse to the Jeans swindle. For example, if we consider a slab of
gas in static equilibrium under its own gravity, then we can carry
out a proper stability analysis. See Spitzer (1978, pp. 283-285) for a
discussion of this problem. As it happens, the correct (and much more
complicated!) analyses yield results which are qualitatively similar to
those we get from the perturbation analysis of the uniform infinite gas
with the help of the Jeans swindle.

The perturbation of the equation of continuity still gives (6.15),
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which we write again

%‘} +poV v =0. (7.55)

Linearizing the Euler equation (with gravity included) and subtracting
(7.53) from it, we get an equation similar to {(6.17) with an extra term
for gravity

av
por = —ciVp1 = poVby. (7.56)
Finally, subtracting (7.54) from the full equation V?>® = 4nGp, we get
V2@, = 4nGp;. (7.57)

We now have three equations (7.55-7.57) satisfied by the three pertur-
bation variables p;, v; and &;. For a particular Fourier component, let
us take all these variables to vary as exp[i(k-x —wt)]. Then (7.55-7.57)
give

—wp1 + pok - vy =0,
— powvy = —c2kpy — pok®y,

—k*®; = 4nGp;.

Combining these three equations, we readily find the dispersion rela-
tion

0? = 2(k* — k), (7.58)
where
K2 = 4“G2"°. (1.59)
cs

When k < kj, we see from (7.58) that » has to be imaginary, which
means that the system is unstable. In other words, if the size of
the perturbation is larger than some critical wavelength of the order
Ay = 2n/k;, then the enhanced self-gravity can overpower the excess
pressure so that the perturbation grows. The corresponding critical
mass

4
M J= 571"1?[70
is often referred as the Jeans mass. Substituting from (7.59) and using

(6.13) for ¢; with y taken as 1 for large-wavelength slowly evolving
perturbations (which can regarded as isothermal), we get

_4 5/2 KBT 32 1
My =3n ( on) (7.60)
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where m is the mass of the gas particles. If a perturbation in a uniform
gas involves a mass larger than the Jeans mass, then we expect the
gas in the perturbed region to keep contracting due to the enhanced
gravity. Thus an initially uniform distribution of gas may eventually
fragment into pieces due to the Jeans instability.

Jeans instability is the basic reason why the matter in the Universe
is not spread uniformly. Stars and galaxies are believed to be the end-
products of perturbations which initially started growing due to the
Jeans instability. Astronomers think that new stars are still born out
of the interstellar matter. Assuming the interstellar matter to have 1
hydrogen atom per cm® at temperature 100 K, (7.60) gives a Jeans mass
of about 8 x 10 gm. This is several orders of magnitude larger than
the typical mass of a star (about 10%* gm). Presumably the interstellar
matter first breaks into large chunks with masses corresponding to
clusters of stars rather than individual stars. Then somehow these
contracting chunks of gas have to break further to produce stars.
The presence of angular momentum or magnetic field can make the
process quite complicated. We shall say a few words about the role
of angular momentum and magnetic field in §14.9.1 and §14.10. See
Spitzer (1978, §13.3) for an introduction to the complex subject of star
formation.

A related problem of great astrophysical significance is the study of
gravitational instability in a self-gravitating rotating disk, like the disk
of a galaxy. Under certain circumstances, perturbations of the form
of spiral arms in such disks may become unstable. It is possible that
the arms of spiral galaxies are caused due to such reasons—an idea
propounded by Lin and Shu (1964).

7.6 Stellar oscillations. Helioseismology

The theory of stellar oscillations is one important area of astrophysics
in which the linear perturbation analysis happens to be the standard
technique. It has been known for a long time that certain stars (such
as Cepheid variables) show a periodic variation in luminosity. The
most obvious explanation for such stars with periodically varying
luminosity is that these are pulsating stars. The simplest type of stellar
oscillation is a purely radial oscillation. We shall first discuss such
oscillations and then make a few comments on non-radial oscillations.
The theory of radial stellar oscillations was developed by Eddington
(1918) to explain the Cepheid variability.

Oscillations in a system of finite size are usually of the nature of
standing waves, for which only certain discrete frequencies are possi-
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ble. A stretched string tied at the two ends or an air column in a pipe
are examples of such systems which support standing waves of definite
frequencies. We expect the radial pulsations of a star also to be of the
nature of many normal modes with definite eigenfrequencies. We shall
not present a proof here. The interested reader may look up Kippen-
hahn and Weigert (1990, §38) for a proof assuming the oscillations
to be adiabatic. It should be apparent to anybody familiar with the
theory of normal oscillations that the radial perturbation associated
with a certain eigenfrequency must be of the form exp(—iw,t)R,(r),
where w, is an eigenfrequency of the star. Finding w, or R,(r) for a
realistic star is a complicated problem. The calculations become some-
what simpler if we can assume a relation like p = K p? throughout the
star.

If w, has a positive imaginary part, then it is easy to see that the
star is unstable towards radial perturbations. Without presenting a
full stability analysis, let us do a simple calculation to illuminate the
nature of the problem. From the Euler equation (4.11), we can write
down the acceleration of a fluid element at a distance r from the centre
of the star:

dv 1dp GM

PR i (7.61)
where v is the radial component of velocity (we are considering purely
radial motions here) and M is the mass inside the radius r. For a
star in equilibrium, the R.H.S. of (7.61) must vanish. Suppose the star
is uniformly expanded from an initial equilibrium configuration such
that the position of a fluid element changes from ry to ro(1 + ). It
is easily seen that the various quantities at the position of the fluid
element change in the linear order to

r=ro(l+96), p=po(1-36), p=po(l—3y9), (7.62)

where we have assumed the pressure to vary as p’. The mass M inside
the radius r does not change. On substituting (7.62) in (7.61) and
keeping terms to the linear order, we get

dv _ 1dpo G

M
50 - — 27 (1=296). .
& = g 1T 2= 30) - (1 —26) (1.63)

If the initial configuration was one of equilibrium, then
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Using this, we finally have from (7.63) that

dv GM 4

Suppose we consider a uniform expansion of the star so that J is
positive. If the acceleration given by (7.64) is positive, then the expan-
sion rate will be accelerated leading to an instability. Hence the star is
stable only if the acceleration is negative. It then follows from (7.64)
that the condition for stability is y > 4/3.

It should be emphasized that we have not carried out a general
stability analysis here. Our calculations apply only to uniform expan-
sions or contractions. We have merely obtained the stability condition
under such specialized (and very artificial) perturbations. To find the
stability condition under arbitrary perturbations, we have to calculate
the eigenfrequencies and see if any of them have a positive imaginary
part. This more complete (and much more complicated) analysis even-
tually gives exactly the same stability condition we derived above! For
an equation of state p = Kp’, the star is stable if y > 4/3 (see, for
example, Kippenhahn and Weigert 1990, §38). A large value of y im-
plies that pressure increases quickly with density. Suppose something
causes a volume contraction in a star. If the central pressure increases
sufficiently rapidly with the enhanced density, then the star may be
able to ‘bounce back’ to its original configuration. This explains why
a larger y makes a star more stable.

Because of the spherical geometry, we expect that the perturbation
associated with a non-radial normal mode must be of the form

V(t, r, 0’ ¢) = exp(_iwnlmt) énlm(r)Ylm(o, d’)s (765)

where Y;,(0,¢) is a spherical harmonic. To calculate the eigenfre-
quency @nm, we have to substitute expressions like (7.65) for various
perturbed quantities in the linearized equations. If the amplitude of
the oscillation is small, then we expect the perturbation in the gravita-
tional field to be negligible. Cowling (1941) showed that the problem
becomes more tractable if the perturbation in the gravitational field is
neglected. This is known as the Cowling approximation.

With the realization that the Sun is full of non-radial oscillations,
interest in the study of such oscillations has grown tremendously in
recent decades. The presence of oscillations at the solar surface was
first established by Leighton, Noyes and Simon (1962). Initially it
was not clear if these oscillations are of the nature of mere local
disturbances or if they are true normal modes of the whole Sun.
With the availability of better data, it was eventually possible to do
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Figure 7.8 The
contours of constant
angular velocity
inside the Sun, as
obtained by
helioseismology. The
contours are marked
with rotation
frequency in nHz. It
may be noted that
frequencies of 340
nHz and 450 nHz
correspond,
respectively, to
rotation periods of
34.0 days and 25.7
days. See Tomczyk,
Schou and Thomson
(1996) for details.
Courtesy: J.
Christensen-
Dalsgaard and M. J.
Thomson.

a proper Fourier analysis and show that the power in the oscillations
is concentrated at discrete frequencies for any given wavenumber
(Deubner 1975). This established the global nature of the oscillations.
The study of these oscillations is known as helioseismology.

Just as the energy levels of an atom give valuable information
about the structure of the atom, the eigenfrequencies of the Sun can
be used to probe the interior of the Sun. One dramatic development
in the recent years is that the distribution of angular velocity in the
interior of the Sun has been mapped. If the Sun were non-rotating,
then w,,, would have been independent of m. In other words, the
eigenfunctions with the same » and I, but different m, would have
the same frequencies. But rotation causes frequencies with different
m to be split (Gough 1978). We point out the analogy from atomic
physics that the energy levels of the hydrogen atom for different m
are degenerate in the absence of a magnetic field. But a magnetic field
lifts this degeneracy and splits the levels. In exactly the same way,
the rotation of the Sun lifts the degeneracy of eigenfrequencies with
different m. The amount of splitting of a mode depends basically on
the angular velocity in the region where the mode has the largest
amplitude. By studying the splittings of different modes having the
largest amplitudes in different regions of the Sun, one can then obtain
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a map of how the angular velocity varies in the interior of the Sun.
Figure 7.8 shows a recent map giving the distribution of the angular
velocity in the interior of the Sun. From surface observations, it was
known for a long time that the Sun does not rotate like a solid body.
Helioseismology has given us the very valuable information as to how
the angular velocity varies inside the Sun.

1.7 A few general comments. Beyond the linear
theory

We have introduced a few important waves and instabilities in this
chapter. This should have given the reader a general idea of the
subject. But there are many other types of waves and instabilities,
which we could not even touch upon. For example, we mentioned
in §5.3 that the flow through a pipe becomes unstable when the
Reynolds number is sufficiently high. Since the mathematical theory
of the viscous shear instability is a fairly complicated subject, we have
not attempted to cover it in this elementary book. Interested readers
will find an introduction to this subject in the book by Drazin and
Reid (1981, Chapter 4).

To understand many waves and instabilities better, it is necessary
to go beyond the linear theory and consider the nonlinear terms in
the lowest order. The linear theory does not tell us anything about
the amplitudes of waves and instabilities. The linearized equations
would be satisfied by any value of the amplitude. It often happens
that an instability saturates at a certain amplitude due to the effect
of the nonlinear terms, instead of growing indefinitely as suggested
by the linear theory. This possibility was first discussed by Landau
(1944). Malkus and Veronis (1958) carried out the nonlinear analysis
of the Rayleigh-Bénard problem for Rayleigh numbers larger than
the critical value R.. It was found that the amplitude of the convective
motions increases monotonically with [R — R.|. So, when |R — R| is
increased further, more heat is tranported by convection.

We pointed out in §6.4 that the nonlinear term causes an acoustic
wave to steepen. If we keep the similar nonlinear term in the study
of surface gravity waves discussed in §7.4.1, then there also the same
kind of steepening takes place. The acoustic waves in a homogeneous
medium are particularly simple in the sense that the phase velocity
is independent of wavelength. This is not true for surface waves. If
we have a surface wave packet made up of different wavelengths,
then the linear theory suggests that the wave packet will get dispersed
due the different phase velocities of different Fourier components.
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Nonlinearity has exactly the opposite effect of steepening the wave
packet. It may happen for a particular surface wave packet that the
velocity dispersion is exactly balanced by the nonlinearity. Such a
wave packet, known as a solitary wave or a soliton, may be able to
propagate without changing its shape. Scott Russell (1844) is reported
to have observed such a surface wave in a channel and followed it on
horseback for some time.

We have given it as Exercise 7.2 to show that the dispersion relation
for surface waves on a liquid layer of thickness h is

o = +(gk tanhkh)'/?, (7.66)

which reduces to (7.50) in the limit of large h. Let us now consider the
opposite limit of 4 being small compared to the wavelength so that
kh < 1. Then the phase velocity can be written as

con = 2 = (gl tanb k)1~ (1 - ékzhz) . as)

where ¢o = ./gh. It is easy to see that a disturbance of wavenumber k
propagating in the positive x direction with velocity co(1 — %kzhz) has
to satisfy the equation

ov ov v

a ‘o +o—

= +oz5=0, (7.68)

where
1,12
g = gcoh .

If we want to include the effect of nonlinearity as well, then we
should add a term v(dv/dx) to (7.68). If we further use the coordinate
X = x — ¢t instead of x, then we end up with the equation
ov Bv v

Fn +v + °%3 =0. (7.69)
This is the celebrated Korteweg—de Vries equation (Korteweg and de
Vries 1895) which incorporates the effects of both nonlinearity and dis-
persion, the second term in (7.69) giving the nonlinearity and the third
term giving the dispersion. This is the basic equation for studying soli-
tary waves in which the spreading due to dispersion is balanced by the
nonlinearity. Problems involving many types of nonlinear, dispersive
waves can ultimately be reduced to the Korteweg—de Vries equation.
Hence the Korteweg—de Vries equation has come to be regarded as the
one of the fundamental nonlinear equations of mathematical physics.
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Exercises

7.1

7.2

7.3

We neglected surface temsion in the analysis of §7.4. The
effect of surface tension is to make the pressure at a point
infinitesimally below the surface higher than the pressure
at a point infinitesimally above the surface by an amount
—T(0%¢,/0x?), where T is the surface tension. So such a
pressure difference has to be included in equation (7.42). Show
that this leads to the dispersion relation

o pU+4pU

X~ p+p
+ [g{p—p’ k*T }_pp’(U—U’)z]”2
- p+p  glp+p) (p+p)

k

in the place of (7.48).

(i) What is the phase velocity of surface waves on the air—
water interface? Show that this velocity is minimum for a
particular wavelength. Given T = 74 dynes cm™!, calculate
this wavelength.

(ii)) Now consider the Kelvin—-Helmholtz instability on the
air—water interface. What is the critical value of |U—U’| above
which the instability starts in the sense of some wavenumber
becoming unstable?

Consider surface waves at the air—water interface, with the
water having a finite depth h. Assuming that the normal com-
ponent of velocity becomes zero at the bottom and neglecting
surface tension, show that the dispersion relation is given by

o?* = gk tanhkh.

If the water is shallow (ie. the depth is small compared
to the wavelength), show that the propagation velocity of the
surface wave is proportional to \/h. Use this result to explain
the formation of surf on the seashore.

Show that the Korteweg—de Vries equation (7.69) admits of a
solution of the form

v = 3vg sech? [%(vo/a)l/z(X — vot)] )

This famous solution corresponds to a solitary wave moving
without any change of shape.



8 Turbulence

8.1 The need for a statistical theory

The linear perturbation theory presented in Chapter 7 makes it clear
that a fluid configuration can, under certain circumstances, be unstable
to perturbations. Once the perturbations grow to sufficiently large
amplitudes, the linear theory is no longer applicable. Hence the linear
theory is unable to predict what eventually happens to an unstable
fluid system.

To understand the effect of an instability on a general dynamical
system, let us employ the notion of a phase space introduced in
Chapter 1. Figure 8.1 is a schematic representation of the phase space
of a dynamical system, within which let P be a point corresponding to
an unstable equilibrium. If the state of the system is represented exactly
by P, then the state does not change by virtue of equilibrium. If,
however, there is some perturbation around the equilibrium, then the
state of the system is represented by some point in the neighborhood
of P, and as the perturbation grows, the point in the phase space
moves away from P. Thus, depending on whether the initial state
was exactly at P or slightly away, the final state after some time
can lie in very different regions of the phase space. Because of the
limited accuracy in any measurement in a realistic situation, one can
only assert that the initial state of a system lies in some finite region
of the phase region. If this region happens to be around a point of
instability, then it becomes effectively impossible to predict the future
evolution of the system, even though its dynamics may be governed
by deterministic equations.

In an unstable fluid system, we expect that the growth of pertur-
bations may lead to a loss of our predictive capability. One indeed
encounters situations in which fluid velocities seem to vary randomly

158
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Figure 8.1 The phase
space of a system
with a point of
unstable equilibrium
P.

in space and time. Such a state of a fluid is called turbulence. Although
a hydrodynamic instability may be a natural way of producing tur-
bulence, it is not the only way. A fluid stirred with random forces at
different points may develop turbulence inside.

Since it is not possible to develop a deterministic theory of turbu-
lence, one wishes to develop a statistical theory based on the average
properties of turbulence. As soon as we talk of averages, one question
immediately comes up: what kind of average? If the turbulence is
homogenous in space, then we can take spatial averages of various
fluctuating quantities over some region of space. On the other hand, if
the turbulence is invariant in time, one can take a time average. From
a conceptual point of view, perhaps an ensemble average is the most
general and most satisfactory kind of average. We can think of many
hypothetical replicas of the same system having the same statistical
properties of turbulence, but the actual value of some quantity like
velocity at the same point at the same time in the different members
of the ensemble may be different. By averaging the values of the same
quantity in different members of the ensemble, we get the ensemble
average. If a particular system admits of more than one kind of av-
eraging, are theories based on these different averaging procedures
equivalent? This is the vexing question of ergodicity. It is not easy
to give a rigorous answer to this question. Most statistical theories of
physics are based on the tacit assumption that the different possible
averaging procedures are probably ultimately equivalent. Whenever we
talk of averages in this chapter, we shall normally mean the ensemble
average and denote it by an overline. It should be noted that this is
very different from the molecular average in kinetic theory introduced
through (2.36), which is denoted by an angular bracket (...) in this
book.

The velocity at a point in the fluid can be broken into two parts

V=V+V, (8.1)



160

8 Turbulence

where ¥V is the average and v’ is the fluctuation around it. We often
have turbulence around a mean flow. In such a situation, v refers to
mean flow and v is the turbulent velocity field, of which we want to
study the statistical properties. From (8.1), it follows that

vV =0

Hence, in order to investigate the statistical properties of turbulence,
we need to consider more complicated averages than v Taylor (1935)
suggested in a classic paper that we need to consider the averaged
quantity v'(x,t) - V(x +r,¢). If r = 0, then this is simply the average
value of v"2(x,t), which is a measure of the kinetic energy in the
turbulence and hence a measure of the strength of turbulence. On the
other hand, if r is very large, then the velocities v'(x,t) and V(x +r,t)
will not have any correlation so that

lim v'(x,t) - V(x +1,1) = V(X,t) - V(x +1,t) = 0. (8.2)
r—o0

We conclude that v'(x,?) - v(x +r,t) has substantial non-zero values
only if r lies within a range. This is called the correlation length of tur-
bulence. Thus the velocity correlation functions like v/(x,t) - vV(x +r,1)
contain information about both the strength and the correlation length
of the turbulence. In other words, such correlation functions are the
appropriate quantities with which one may try to build a statistical
theory of turbulence. From now on, we shall not indicate the depen-
dence on ¢ explicitly while writing the correlation functions. It will be
assumed that the velocities at the different points are considered at
the same time t. The only exception will be a derivation in §8.4, where
we shall caution the reader appropriately.

The velocity correlation tensor v] (x)v}(x + 1) has nine components. If
there are some symmetries in the system, we shall see that the number
of independent components is reduced drastically. One can consider
more complicated three-point correlation tensors like v;(x1)v(X2)vk(X3).
The goal of the statistical theory of turbulence is to determine such
correlation functions in a particular situation. For example, consider a
fluid heated from below, which is subject to convective instability and
consequently has turbulence inside. If the temperatures at the top and
the bottom are given, we cannot calculate the instantaneous turbulent
velocities from that, but can we calculate the correlation functions like
v,f(x)v;.(x +1)? To this day, we do not possess a statistical theory of
turbulence with which this can be done. When we say that turbulence
is one of the unsolved problems in physics, we technically mean that
we do not yet know how to calculate the various turbulent correlation
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Figure 8.2
Longitudinal and
lateral velocity
correlations.

functions in a particular situation from a fundamental theory. In
the remaining sections of this chapter, we shall present the bits and
pieces of theory developed in the last few decades. We shall restrict
our discussion only to turbulence in incompressible fluids satisfying
V-v=0.

8.2 Kinematics of homogeneous isotropic turbulence

If the turbulence is homogeneous and isotropic, then we can derive
some properties of the velocity correlation tensors simply from sym-
metry. Firstly, the mean flow ¥ has to be zero, since a mean flow in a
direction is not consistent with isotropy. It is then no longer necessary
to break the velocity in two parts as in (8.1). We drop the prime and
use v for the turbulent velocity.

Homogeneity demands that the correlation function v;(x)v;(x +r)
has to be independent of x, whereas isotropy dictates that it can only
depend on the magnitude of r. Hence we write

Rij(r) = vi(x)vj(x + ). (8.3)
It it easy to see that

6R,~j . 6v,»(x + l')

6rj - vl(X) 6rj

must be zero due to the incompressibility condition V.v = 0. Then,
from symmetry,

ORy _ ORy _
el m 0. (8.4)
V|(X+r) Va(X+r)

Vi(x)
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Figure 8.3 A sketch
of f(r) in a typical
situation.

It was realized by von Karman and Howarth (1938) that the most
general form of the tensor function R;;(r) is

Rij(r) = A(r)rirj + B(r)dy;, (8.5)

where A(r) and B(r) are two scalar functions. We now consider the
longitudinal and lateral velocity correlation functions as indicated in
Figure 8.2. We note that the longitudinal component of r is 1| = r,
whereas the lateral component is r, = 0. Hence

Ru(r) = A(r)r* + B(r) = $0 f(r), (8.6)

Run(r) = B(r) = 107 g(r), (8.7

where f(r) and g(r) are the two scalar functions corresponding to the
longitudinal and lateral correlations. They have been defined in such
a way that

f0)=g0)=1 at r=0. (8.8)

It is to be noted that 1 and n repeated twice in (8.6-8.7) do not imply
summation, but the Il and nn components of the tensor R;;(r). Using
(8.6-8.7) to express A(r) and B(r) in terms of f(r) and g(r), we find
from (8.5) that

Ry(r) = [f 00, 4 g(r)éij] : (8.9)
It readily follows from (8.4) that
gr)=f(r)+ 1rﬂ (8.10)

Hence, if we can somehow determine the one scalar function f(r), then
all the components of the correlation function R;;(r) can be obtained

1.0

f(r)

0.0
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(from (8.9) and (8.10))—an important point first made by von Karman
and Howarth (1938). Since f(r) is the longitudinal correlation function,
we expect on physical grounds that, in some typical situation, it will
look as sketched in Figure 8.3.

We now consider the Fourier transform of Ry;(r):

®;;(k) = # / Ryj(r)e’*~ d®r. (8.11)

From the spherical symmetry of R;j(r) in the r-space, we conclude that
®;j(k) has to be spherically symmetric in k-space so that we write it
as ®;j(k). The inverse Fourier transform is

Rij(r) = / ®;j(k)e % d%. (8.12)
The incompressibility condition (8.4) implies
ki®;j = k;®;; = 0. (8.13)
Considerations of symmetry again dictate that the most general form
of @;;(k) must be
®;j(k) = C(k)kikj 4+ D(k)d;j, (8.14)

where the two scalar functions C(k) and D(k) have to be related by
virtue of (8.13) in the following way

D(k) = —C(k)k>. (8.15)

Hence we can write down &;; in terms of just one scalar function E(k)
as follows
E(k)
4nkt
The significance of this expression becomes clear by considering the
kinetic energy density of the turbulent fluid

@y(k) = (K283 — kik;). (8.16)

177 = 1Ry(0) = | / u(k) d% (8.17)

using (8.12), where a summation over i is implied. Substituting for
®;;(k) from (8.16) and noting that d*% can be replaced by 4nk? dk for
a spherically symmetric integrand, we obtain

12 = /0 N E(k) dk. (8.18)

This expression suggests that we may regard the function E(k) as the
energy spectrum of turbulence. Just as the blackbody radiation in a
region can be thought of as made up of contributions at different
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wavelengths, similarly the turbulence field can be thought of as being
made up of different Fourier components and E(k) has to be regarded
as their energy spectrum such that the integration over it gives the
total energy in the unit volume.

Before leaving the subject of the kinematics of isotropic turbulence,
we note the possibility of adding a term proportional to €;;7; in (8.5)
or a term proportional to €;;k; in (8.14). It is easy to see that such
a term would preserve isotropy, but would not be invariant under
reflection (i.e. parity inversion). We normally expect turbulence to
be reflectionally symmetric and hence omit such a term, as we are
doing in this chapter. Turbulence in a rotating frame, however, may
not be reflectionally symmetric, and it may be necessary to keep that
extra term for such turbulence. Work out Exercise 8.2 to learn more
about this. We shall see in Chapter 16 that dynamo action in plasmas
requires turbulence which is not symmetric under reflection.

We want to emphasize that all the deductions in this section have
been based on purely geometrical considerations. Apart from the
incompressibility condition, we have never used any physical law. We
find that homogeneous isotropic turbulence can be described either
by a scalar function f(r) or a scalar function E(k). These two scalar
functions are of course related to each other, which we ask the reader
to show in Exercise 8.1. This is as far as we can go on the basis of
geometrical arguments. In order to draw some inferences about the
functions f(r) or E(k), we need a physical theory. We now turn to the
discussion of such a theory.

8.3 Kolmogorov’s universal equilibrium theory

When developing the statistical theory of a gas kept in isolation,
we calculate the equilibrium distribution of energy amongst different
molecules by assuming that the most probable distribution corre-
sponds to equilibrium. A turbulent fluid kept in isolation, however,
cannot have an equilibrium distribution, because turbulence is inher-
ently a dissipative process. The total energy of the molecules in an
isolated gas remains constant in time. On the other hand, the total
kinetic energy of an isolated turbulent fluid decreases with time due
to viscous dissipation. Hence a turbulent fluid can be maintained in
a steady state only if energy is continuously fed into the system such
that the energy input rate equals the rate of energy dissipation. If the
energy is fed by stirring the fluid in such a fashion that the turbulence
produced is homogenous and isotropic, then such a system provides
perhaps as close an analogy with a gas in thermodynamic equilibrium
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Figure 8.4 The
stretching of a vortex
tube by turbulence.

as we can have in the present context. Kolmogorov (1941a,b) proposed
a bold theory to calculate the energy spectrum of such a system and
thereby heralded a new era in the theory of turbulence.

The turbulent velocity field can be thought of as being made of
many eddies of different sizes. The input energy is usually fed into the
system in a way to produce the largest eddies. Kolmogorov (1941a,b)
had the great intuition to realize that these large eddies can feed
energy to the smaller eddies and these in turn feed the still smaller
eddies, resulting in a cascade of energy from the larger eddies to the
smaller ones. To have an understanding of exactly how this cascade
may take place, consider the following simple application of Kelvin’s
vorticity theorem (proved in §4.6), which should hold for the larger
eddies for which viscous dissipation is not very important. Let P and
Q be two fluid elements on a vortex tube as shown in Figure 8.4(a).
Any fluid element in a turbulent situation moves randomly. When the
two fluid elements P and Q move randomly, the separation between
them will increase in most cases. According to Kelvin’s theorem, these
fluid elements should ‘carry’ the vorticity they had. Hence the vortex
tube will be stretched as shown in Figure 8.4(b). If the fluid is assumed
incompressible, then the cross-section of the vortex tube must decrease
in size. In other words, the size of the vortex, as estimated from its
transverse dimensions, becomes smaller. This simple argument shows
how larger vortices or eddies in a turbulent fluid can give rise to
smaller ones.

Eddies of a certain size I are expected to have some typical velocity
v associated with them. The corresponding Reynolds number lv/v
should be large for the larger eddies, as we anticipate the viscosity to
be not very important for them. The energy is cascaded from these
large eddies to smaller and smaller eddies. We, however, cannot have

(%
FeS¥e?
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eddies of indefinitely small size. For sufficiently small eddies of size I;
and velocity vy, the Reynolds number is of order unity, ie.

ldvd ~9V, (8.19)

and the energy in these eddies is dissipated by viscosity. Hence (8.19)
sets a rough limit to the smallest size eddies possible. Now we have
the following scenario of the turbulence. Energy must be fed at some
rate e per unit mass per unit time at the largest eddies of size L and
velocity V, for which the Reynolds number is

R~ P—VK > 1. (8.20)
This energy then cascades to smaller and smaller eddies until it reaches
eddies satisfying (8.19), which dissipate this energy e per unit mass per
unit time in order to maintain the equilibrium. The intermediate eddies
merely transmit this energy e to the smaller eddies. These intermediate
eddies are characterized only by their size I and velocity v. Since they
are able to transmit the energy at the required rate e, Kolmogorov
(1941a,b) postulated that it must be possible to express € in terms of
I and v. On dimensional grounds, there is only one way of writing e
in terms of ! and v:

(8.21)
from which
v~ (e)/3. (8.22)

This means that the velocity associated with eddies of a particular
size is proportional to the cube root of the size—a result known as
Kolmogorov’s scaling law. Since (8.21) should be valid for eddies down
to the smallest size, we have

e~ (8.23)

From (8.19) and (8.23), the characteristics of smallest eddies are given
by

v3 1/4
u~(?), vg ~ (ve)l/4, (8.24)
Noting that (8.21) implies ¢ ~ V3/L and using (8.20), we get from
(8.24) that

Lopn Y p (8.25)
I vq

In other words, the Reynolds number associated with the largest
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Figure 8.5 A typical
spectrum of
turbulence according
to Kolmogorov’s
theory.

eddies determines how small the smallest eddies will be compared to
them.

We now at last come to the question of the spectrum E(k). Since
the largest eddies have the size L corresponding to some wavenumber
ki ~ 1/L, we expect that there will be a cutoff at wavenumbers smaller
than k; as indicated in the sketch of the spectrum in Figure 8.5. On
the other side also, there will be a cutoff at wavenumbers larger
than k; ~ 1/l; associated with the smallest eddies. The range of
wavenumbers from kg to k; is called the inertial range. Within this
range, the energy e per unit mass per unit time is transferred to smaller
eddies (i.e. larger wavenumbers). Hence E(k) in the inertial range is
expected to depend only on the two quantities ¢ and k. Dimensional
considerations again dictate that this dependence can only be of the
form

E(k) = Ce*3k—53 (8.26)
in the inertial range. This dependence of E(k) on the —5/3 power of
k is the famous —5/3 law of Kolmogorov.

We now argue that (8.26) expresses the same thing as (8.21). It is
implied by (8.18) that the kinetic energy density v? associated with

some wavenumber around k is E(k)dk, which we roughly write as
E(k)k. Then

E(k)k ~ v?.
Substituting for v from (8.22) with I replaced by 1/k, we get
E(k)k ~ k=23,

from which (8.26) readily follows.
Many readers may quite justifiably feel somewhat uncomfortable

k"5/ 3

log E(k)

log k
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Figure 8.6 The
spectrum of
turbulence obtained
by Grant, Stewart
and Moilliet (1962).
(©Cambridge
University Press.
Reproduced from
Journal of Fluid
Mechanics.)

and unsure with what we are doing in this section. What we have
presented cannot qualify to be called a ‘derivation’. We have merely
presented a string of plausible arguments that certain things could be
true. But are they really true? Since we do not have a proper theory
of turbulence, it is not possible to put Kolmogorov’s theory on a
completely rigorous theoretical foundation. The only way of checking
the validity of the theory is to go to Mother Nature directly and
determine whether experiments confirm the theoretical predictions.
The —5/3 power law can be verified only by doing experiments on a
turbulent fluid with a sufficiently large inertial range over which mea-
surements can be made. It follows from (8.25) that a larger Reynolds
number associated with the biggest eddies will give rise to a larger
inertial range. In laboratory experiments, it is very difficult to reach
high enough Reynolds numbers to produce a sufficiently broad iner-
tial range. One of the first confirmations of Kolmogorov’s theory was
reported by Grant, Stewart and Moilliet (1962) by conducting exper-
iments in a tidal channel between Vancouver Island and mainland
Canada. Figure 8.6 shows the spectrum obtained by them. Since they
had too many data points within the region indicated by the square,
that region was enlarged into a separate figure in their paper. We,
however, are more interested in the inertial range where the straight
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line corresponds to the k=53 dependence, and we note that data fit
the straight line quite well. After this pioneering work of Grant, Stew-
art and Moilliet (1962), many experiments have established the basic
soundness of Kolmogorov’s ideas, and the dimensionless constant C
in (8.26) appears to be a universal constant with a value close to 1.5
(Monin and Yaglom 1975, p. 485).

8.4 Turbulent diffusion

Although the theory of homogeneous isotropic turbulence may have
great mathematical elegance, it is somewhat of an idealized subject
and often not very useful in handling practical problems involving
turbulence, in which inhomogeneities often play important roles. So
we now turn to turbulence in inhomogeneous systems. One of the
consequences of inhomogeneity in a fluid system is that it gives rise to
transport phenomena. What does turbulence do to these phenomena?
Since fluid elements carrying different physical quantities move around
randomly in a turbulent situation, we expect turbulence to enhance
the transport processes. The theory of turbulent diffusion was first
formulated by Taylor (1921a). Even people who have never heard of
Taylor’s theory make use of the notion of turbulent diffusion whenever
they stir coffee to mix sugar in it. If one puts sugar in the coffee and
does not stir it, then the sugar mixes with the coffee only by molecular
diffusion, which takes a very long time. On the other hand, if the coffee
is stirred, then we generate turbulence inside it and turbulent diffusion
mixes up the sugar much more efficiently than molecular diffusion.

We assume that some markers are introduced in a region in a
turbulent fluid at time ¢ = 0. If the markers are carried along with the
fluid velocity, then the displacement of a marker after time t = T is
given by

T
x(T)=/0 vi(t) de, (8.27)

where v (2) is the fluid velocity at the position of the marker at time
t. The subscript L is a reminder that we are employing a Lagrangian
approach by following a marker in the fluid. It is obvious that the
mean displacement averaged over all the markers must be zero. The
mean square displacement, however, is not zero and is given by

XX(T) = /0 " /0 Tdt——_vL(t)-vL(t). (8.28)

Here v (1) - vo(7) is again a velocity correlation function, which is, how-
ever, quite different from the correlation functions we have considered



170

8 Turbulence

previously. It is a measure of the correlation between the velocities at
the positions of a marker at times ¢t and 7. If we have a steady state
turbulence, then this correlation function depends on the difference of
time T — t alone. Hence we write

VL) - vL(r) = V2 R(x —1). (8.29)
It is clear from this definition that
R(0) =1. (8.30)

We also assume the symmetry R(—t1) = R(t). We expect the turbulence
to have some correlation time 7., such that R(r) is substantially
different from zero only if 7 is of the order or smaller than tc,.
Substituting (8.29) in (8.28), we have

xA(T) = /0 Tdtv_2 /0 Tdt R(z —¢). (8.31)

If we allow the markers to move for some time much shorter than the
turbulence correlation time, i.e if T < 7or, then we write R(t —¢) = 1
during that time such that

xX(T)=v2T> (8.32)

We, however, should look at the other limit of T > 7, in order to
study the statistical effects of turbulence. In that limit, we can change
the limits of integration of t in (8.31) to —oo and oo without much
errot, since the integrand does not contribute much when |t — ¢ is
much larger than the correlation time. Hence

T __ po
x(T) = / dtv? | diR(t—1). (8.33)
0 —0
Writing
Dy = 1o? / R(z)dr (8.34)
0

and neglecting its spatio-temporal variations, we have from (8.33) that
x3(T)=6DrT. (8.35)

The linear dependence of the mean square displacement on time is a
clear signature of a diffusive process. We now argue that D can be
interpreted as a diffusion coefficient.

Let n(x,t) be the density of the markers. If the dispersion of the
markers is a diffusive process, then n(x,t) should satisfy a diffusion
equation

on

—_ = 2
n DV-n, (8.36)
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where D is the diffusion coefficient. Let the markers be introduced near
the origin of the coordinates in a symmetric fashion such the evolution
is spherically symmetric. Then the mean square displacement at some
time ¢ is given by

o rin(r,t)dnrt dr
Jo n(r,)4nr2dr

x2(t) = (8.37)

It readily follows from (8.36) that

(e o] 00
% / r’ndnr’dr =D / % (rzg—:) 4nr? dr. (8.38)
0 0

Integrating by parts, the R.H.S. of (8.38) is found to be 6D f;° n4nr?dr
so that

00 o0
/ r*ndnrt dr = 6Dt / nénr? dr.
0 ()}

Therefore (8.37) implies
x2(t) = 6Dt,

which is the same as (8.35). Therefore Dr, as defined in (8.34), can
justifiably be interpreted as a diffusion coefficient and is called the
coeflicient of turbulent diffusion.

When we derived the expressions for molecular transport processes
by kinetic theory, we found that the different transport coefficients
have different expressions. For example, look at the expressions (3.36)
and (3.40) for thermal conductivity and viscosity. The coefficients for
different turbulent transport processes, however, are believed to be the
same. The cause for this contrast between molecular and turbulent
transport is that molecular motions are related to the quantities they
transport. Molecules carrying more thermal energy move faster. This
is not true in the case of a turbulent fluid. The temperature of a blob
of fluid does not have a direct functional relation with the turbulent
velocity of the blob. Hence all the diffusion coefficients for the passive
transport of any quantity in a turbulent fluid have the approximate
value

Dr =~ %_v_z‘rco, (8.39)
from (8.34), since f0°° R(z)d7 = 1. We may mention that a turbulent

transport coefficient can have a value different from that given by (8.39)
if the quantity being transported can react back on the turbulence.
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8.5 The mean equations

Let us now consider how the turbulent viscosity may affect the Navier—
Stokes equation. For an incompressible fluid, we can write (5.10) in
the form

0 0 v
Son) =Pt 5 (=pdy—puey+ugl ). (840)

To apply this equation to a turbulent situation, we follow Reynolds
(1895) and break up all the quantities into mean and fluctuating parts:
v =0 +v), p=p+p, F; =F + F.. Let us now substitute them in
(8.40) and then take an average. All the terms linear in fluctuating
variables give zero on averaging. We have to be a little bit careful
about the only nonlinear term

p10; = p(@i + )T + v)) = p(Fi 05 + v} + [T + vjv]).
Although v = v = (), the term v 1s generally non-zero. Hence
pOD; = p(55 T} + o). (8.41)

On taking the average of (8.40) applied to a turbulent situation, we
therefore have

o, .3 _ e - 0y
a(pvi)—pFﬁa—xj( Poij — poi ; pvivj+uaxj)~ (8.42)

This equation was first derived by Reynolds (1895) and is often called
the Reynolds equation. It is very similar to the original equation (8.40)
apart from the additional term vv’. This additional term v;v}, however,
is the crucial term which descnbes how turbulence affects the mean
quantities and is known as the Reynolds stress. If we want to study
the evolution of the mean quantities by using (8.42), then we have to
evaluate the Reynolds stress.

One possibility of evaluating v 1s to employ the equation

0 ~— KT

3 ) =i at] M
On substituting for dv}/dt and dv;/0t (obtained by subtracting (8.42)
from (8.40)), it is straightforward to see that this equation will involve
the three-correlation functions v/v’v}. iy~ If one tries to derive an evolution
equation for the three- correlatlon function, that will in turn involve
four-correlation functions. This goes on indefinitely, posing what is
called the closure problem. Much work was done in the 1960s and 1970s
on various approximation schemes to handle the closure problem. This

is a highly technical subject and its achievements are of questionable

(8.43)
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value as far as practical applications are concerned. Since one effect of
turbulence on the mean quantities is to introduce turbulent transport
processes, one crude closure scheme is to assume that the Reynolds
stress has a form resembling (5.7) with the ordinary viscosity replaced
by turbulent viscosity. Many astrophysics, geophysics and engineering
problems are often tackled by using (8.42) with the Reynolds stress
given by
— oy 0v;

vppj = —Dr (5;; 6—3:,) . (8.44)
This approach usually gives results in fair agreement with experiments
or observations, thus giving us confidence that this approach is not
completely unreasonable. But one should keep in mind that this very
crude closure scheme can occasionally lead to erroneous conclusions in
complicated situations. Chapters 4-5 of Tennekes and Lumley (1972)
discuss many examples how the mean equations can be applied to
study practical problems.

8.6 Turbulence in astrophysics

Turbulence appears quite ubiquitous in the astrophysical Universe. If
we ever have a full theory of turbulence in future, then that will make
a tremendous impact on many areas in astrophysics.

We saw in §7.2 that if the temperature gradient of an atmosphere
goes beyond a critical value, then the atmosphere becomes unstable
to convection. Inside most main-sequence stars, there is some region
where the temperature gradient is unstable and we have turbulent
motions associated with convection. In the case of very massive stars,
the central temperatures are very high. Since the nuclear energy gen-
eration rate is a rather sensitive function of temperature at those
temperatures, the energy production rate increases very sharply as we
move towards the centre. This tends to produce a steep temperature
gradient in the central region, and the massive stars, as a result, have
convectively unstable cores. In the case of lighter stars, the outer lay-
ers are relatively cool (by stellar standards!). Stellar matter at such
temperatures happens to be rather opaque to radiation. If energy had
to be transported by radiation in these outer layers, then it would have
been a rather inefficient process and the temperature gradients would
have to be pretty large. Since such temperature gradients would make
the system convectively unstable, we expect the lighter stars to have
convectively unstable outer envelopes full of turbulent motion. This is
the case for the Sun. We presented a photograph of the solar surface
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in Figure 7.5, which shows clear evidence of convective turbulence just
below the visible surface.

Since most stars have some region of turbulent convection, it is es-
sential to handle that region in an adequate fashion in order to develop
stellar models, i.e. models which tell us how quantities like density p(r)
or temperature T'(r) vary with radius inside the star. Biermann (1948)
and Vitense (1953) adapted some ideas of Prandtl (1925) to the as-
trophysical situation and developed the mixing length theory, which
has become the standard tool of modelling stellar convection zones.
Any textbook on stellar structure provides an account of the mixing
length theory (see, for example, Schwarzschild 1958, §7; Kippenhahn
and Weigert 1990, Chapter 7). We shall not discuss this theory here.
The basic idea is the following. A hot blob of gas is assumed to rise
through a typical distance [ before it mixes with the surroundings and
gives up its excess heat to the regions around. Similarly a cold blob
of gas also descends through a distance ! before it is mixed up with
the surroundings. Taking the mixing length !/ to be a fraction of the
pressure scale height, one can carry out calculations to derive models
of stellar structure. When the convective energy transport is very ef-
ficient, the temperature gradient can be shown to be rather close to
the critical value given in (7.5). In other words, we can get reasonably
good stellar models if we use the equation

ar = (1 - l) Z@ (8.45)
dr y) pdr

So the stellar structure models are not sensitively dependent on the

details of turbulence. This is something very lucky. Stellar structure

happens to be one of the most solid and well-understood areas of

modern astrophysics, even though our understanding of turbulence in

the interiors of stars is very primitive.

Understanding stellar structure, however, is not the only concern in
stellar astronomy. Turbulence may play an important role in trans-
porting and distributing angular momentum in different parts of a
rotating star. We have pointed out in §7.6 that the angular velocity
varies inside the Sun in a complicated fashion. It is believed that the
Reynolds stress associated with turbulence in the solar convection
is what causes this distribution of angular momentum, although we
are very far from having a proper understanding of the subject. We
shall further see in Chapter 16 that turbulence is the cause of the dy-
namo effect, which produces magnetic fields in astronomical objects.
In contrast to the stellar structure theory which is insensitive to the
details of turbulence, the theory of stellar rotation and the dynamo



Exercises 175

theory depend crucially on some subtle aspects of turbulence. In these
subjects, one usually proceeds with some suitable mean equations like
the ones discussed in the previous section. Not only are we unable
to ascertain the values of some important terms in the equations,
sometimes we are even unable to conclude if they are positive or
negative (see §16.6)! The theory of rotating stars and the theory of
magnetic stars are still at very unsatisfactory stages of development.
Unless there is a breakthrough in our understanding of convective tur-
bulence, these subjects will remain of the nature of parameter-fitting
exercises.

Stars are not the only astrophysical systems within which we find
turbulence. The interstellar medium between the stars also seems to
be usually in a turbulent state. Turbulence in the interstellar medium
gives rise to the dynamo action in the galaxy, thereby producing
the galactic magnetic field. One of the very strange effects of the
galactic magnetic field is that a few particles get accelerated to very
high energies. We shall discuss this curious problem of cosmic ray
acceleration in §10.5. The kinetic energy density of turbulence in the
interstellar medium, the energy density of the interstellar magnetic field
and the energy density of the cosmic ray particles per unit volume
appear to have fairly close values. In the interstellar space around
the solar system, all these different energy densities have values of the
order of 10712 erg cm™3. In other words, an equipartition of energy
takes place in the interstellar medium amongst the turbulence, the
magnetic field and the cosmic rays. We are still far from having a
proper theoretical understanding of interstellar turbulence with its
different manifestations.

Exercises
8.1 Define R(r) as

R(r) = %Rii(r)a

where R;;(r) is the correlation function introduced in (8.3) and
show that

1= 1 df

—_— = 2 —_p —
R(r) = 50 [f(r) + 3rdr] :
where f(r) is the scalar function introduced in (8.6).

Prove that the energy spectrum E(k) has the following
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82

83

reciprocal relations with R(r):

Ek) = % /0 B R(r)kr sin(kr)dr,

R(r) = /0 E(k)Si’;g") dk.

If the turbulence is isotropic, but not reflectionally symmetric,
then one can introduce an additional term

in the expression of ®;;(k) in (8.16). Define helicity as the dot
product of the velocity v and the vorticity @. Prove that the
average helicity

m:/wF(k)dk
0

so that F(k) can be interpreted as the helicity spectrum. Justify
that the average helicity and, therefore, F(k) will be zero if
the turbulence is reflectionally symmetric.

The convective granules near the solar surface have the typical
size of about 103 km and the typical velocity of about 1 km
s~1. Make an estimate of the coefficient of turbulent diffusion.
Sunspots are structures on the solar surface with sizes of
about 10* km. If the sunspots decay due to turbulent diffusion,
estimate the lifetime of a sunspot.



9 Rotation and
hydrodynamics

9.1 Introduction

Most astrophysical bodies have some angular momentum associated
with them. Hence, in many astrophysical problems, we have to consider
fluid flows in the presence of rotation.

Suppose we take water in a bucket and start rotating the bucket
around its axis. Initially only the water near the walls of the bucket
starts rotating with the bucket, whereas the water in the central part
still remains at rest. In other words, the angular velocity varies within
the water. Such a variation of angular velocity within a rotating fluid
is referred to as differential rotation. If we wait for some time, then
viscosity eventually stops the relative motions amongst different layers
of water, and the whole water spins with the same angular velocity
as that of the bucket. When a fluid mass rotates with the angular
velocity constant within it, we call it solid-body rotation, since a rigid
solid body rotates with constant angular velocity inside.

In the astrophysical Universe, we find many objects rotating not
like a solid body, This may be due to two reasons. Firstly, viscous
forces may not have enough time to establish a solid-body rotation.
Secondly, there may be some physical mechanism which maintains the
differential rotation. To understand more about this, let us consider
how the centrifugal force in a rotating body of fluid is balanced. Let
us think of a steady, axisymmetric rotation such that we can put
0/0t =0, 0/60 = 0 and v, = 0 in the r component of the Navier—
Stokes equation in cylindrical coordinates, as given in equation (C.5).
This leads to

v 10p

r 8 — ;E’ 9.1)
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where g, is the r component of the gravitational field. In some astro-
physical systems such as accretion disks or the disk of a spiral galaxy,
the pressure gradient force may be quite unimportant. In such situa-
tions, the centrifugal force is balanced by gravity so that the angular
velocity given by vg/r = 1/|g,|/r generally varies with radius, making
differential rotation inevitable in such systems. The effect of viscosity
in such systems is to induce a slow radial inflow of matter rather
than to produce solid-body rotation, as we have seen in our discussion
of accretion disks (§5.7). The situation is completely different inside
a slowly rotating star, where the gravitational field and the pressure
gradient nearly balance each other. But the pressure can adjust itself
in such a fashion that there remains an unbalanced part of pressure
gradient, which counteracts the centrifugal force. Since there is no
obvious mechanism within such stars to sustain differential rotation,
we may expect such stars eventually to rotate like solid bodies due
to the effect of viscosity. Usually, however, the effect of molecular
viscosity inside stars is completely negligible. Viscosity appears in the
Navier-Stokes equation in the term vV2v, which is insignificant in
systems with large length scales. If, however, there is convection inside
a star, we expect the turbulent diffusion of various quantities like
the angular momentum as pointed out in §8.4. The effect of turbulent
diffusion may not be like a scalar viscosity in all respects. It may some-
times be appropriate to introduce an anisotropic viscosity to model
the turbulent diffusion. The theory of rotating stars with anisotropic
viscosity was formulated by Kippenhahn (1963). The steady state with
anisotropic viscosity is usually a state of differential rotation. If the
viscosity is made more isotropic, then the star rotates more like a solid
body. The Sun happens to be the only star of which the differential
rotation is observationally well studied, as pointed out in §7.6. The
angular velocity between the pole and the equator of the Sun differs
by more than 10%.

It should be noted that all types of differential rotation are not
stable, an important result obtained by Rayleigh (1917). Let us con-
sider a fluid of uniform density rotating differentially around an axis
of symmetry. To find the codintion for its stability, we suppose that
a fluid ring at a distance ro from the axis moving with velocity vy is
interchanged with a fluid ring at a greater distance ry (ie. ry > rp)
moving with velocity v;. The system is stable if the displaced fluid
rings tend to return to their initial positions, whereas it is unstable if
the displaced rings move further away. Assuming the conservation of
angular momentum, we conclude that the fluid ring displaced from
ro to ry acquires a velocity (ro/ri)ve. The ring previously at ry had a
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centripetal acceleration v?/r;, which must have been provided by the
various forces there such as the part of the pressure gradient left after
balancing gravity. The ring brought to r; now requires a centripetal
acceleration r3v3/ri to remain in its new position. If this is less than
v}/r1, then we expect the forces present there to push the ring inward
towards its initial position. The condition for stability is then

2,2 2

oo _ Ui

..._3_ < —,
rl r

so that
(r3Q)* < (1),

where Qp = vorg and ) = v;ry are the angular velocities at ro and r;.
This stability condition can be written more conveniently as

%[(r29)2] > 0. 62)

This is known as Rayleigh’s criterion (Rayleigh 1917).

When an astronomical object rotates like a solid body, it is often
convenient to study hydrodynamic phenomena from a frame of refer-
ence rotating with the same angular velocity. For the Earth, one can
introduce a rotating frame of reference without any difficulty. Even
for stars like the Sun which do not rotate exactly like a solid body,
it is useful in many problems to introduce a frame rotating with an
average angular velocity. The next section will provide an elementary
introduction to hydrodynamics in rotating frames. Then §9.3 will be
devoted to a topic which has a long and distinguished history of re-
search starting with Newton (1689). It is the problem of finding the
shape of a self-gravitating rotating body of fluid, which we anticipate
to be flattened near the poles. We shall restrict ourselves mainly to
incompressible and ideal fluids in §9.2 and §9.3. We pointed out in
§4.2 that we can avoid thermodynamic considerations when a fluid is
incompressible. This simplification turns out to be particularly conve-
nient in rotating frames, since the thermodynamics of a moving gas
in a rotating frame is a problem of formidable difficulty. The subject
of compressible rotating fluids is outside the scope of this elemen-
tary textbook, although it is a subject of considerable importance in
astrophysics and a few comments will be made in §9.4.

9.2 Hydrodynamics in a rotating frame of reference

Suppose we are in a frame of reference rotating with constant angular
velocity Q. It is well known that the usual acceleration has to be
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replaced in the rotating frame by

dv dv
o= TRV x@xi), ©:3)

where r is the position vector with respect to some origin on the
axis of rotation (see, for example, Goldstein 1980, §4-10). Making
this replacement in the Navier-Stokes equation (5.10), we obtain the
equation of motion in the rotating frame

%+(v-V)v=—%Vp+F+vV2v—29xv—Qx(ﬂxr), 9.4)

where —2Q x v is the Coriolis force and —Q x (€2 x r} is the centrifugal
force, which can also be written as %V(lﬂ x 1}?). If the body force
F is of gravitational origin, we can write it as —V®, where @ is the
gravitational potential. Then (9.4) becomes

1
@+wwm=—ﬂl- O— Qx> ) +vWiv—2Q xv. (9.5)
at p 2
This is the basic equation of motion for fluids in a rotating frame
of reference. It is clear that the effect of the centrifugal force is to
introduce a potential force that modifies gravity. Equation (9.5) readily

suggests that we can introduce an effective gravitational potential
Py = & — 1Q x 1% (9.6)

The effect of the Coriolis force, which comes into action only when
there are motions relative to the rotating frame, is more complicated.
When considering fluid flows through pipes in the laboratory, we
do not usually have to be concerned that the Earth is a rotating frame
of reference. On the other hand, large ocean currents and monsoon
winds are very much influenced by the Earth’s rotation. We can get
an idea from (9.5) when rotational effects become important. It is easy
to see that the centrifugal force has to be taken into account when
it modifies the effective gravitational potential significantly (which is
not the case for the Earth’s rotation). To figure out how important
the Coriolis force is, we should compare it with the other term (v- V)v
in (9.5) which, like the Coriolis force, is non-zero only when there
are motions with respect to the rotating frame. If V and L are the
typical velocity and length scales, then (v - V)v is of order ¥2/L and
the Coriolis force —2Q X v is of order QV. The ratio of the two

_ VL vV

Qv QL
is a dimensionless number known as the Rossby number (named after
C. G. Rossby, a pioneer in geophysical fluid dynamics). The Coriolis

©.7)



9.2 Hydrodynamics in a rotating frame of reference 181

force is then important if the Rossby number is of order unity or
less. This is the case for large-scale motions in the atmosphere or the
oceans, but not for most fluid phenomena in the laboratory. The study
of large-scale motions in the atmosphere and the oceans is the subject
of geophysical fluid dynamics, where one considers the dynamics of a
thin spherical shell of fluid with small Rossby number.

9.2.1 The geostrophic approximation

When considering large-scale atmospheric or oceanic circulations, one
can usually simplify the equations in the following way. The fluid
flows associated with such large-scale circulations are nearly horizontal
because of the the thinness of the atmosphere or the ocean compared
to the overall dimensions of the Earth. If the flows are changing slowly
and have low Rossby numbers, then the terms on the L.H.S. of (9.5)
are very small compared to the leading terms on the R.H.S.. Amongst
the terms on the R.H.S. also, the centrifugal and viscosity terms are
small and can be neglected. Then (9.5) reduces to

_¥ —g& —2Q xv=0, 8)

where we have written —V® = —gé, for gravity.

We now consider the vertical and the horizontal components of
this equation. The magnitude of the Coriolis force is usually small
compared to the gravity. Hence the Coriolis force does not play an
important role in the force balance in the vertical direction, in which
the gravity, therefore, has to be balanced by the pressure gradient, i.e.

10p
Since gravity is absent in the horizontal direction, the weaker Coriolis
force gets the chance to play a dominant role in the horizontal force
balance. According to (9.8), it has to be balanced by the horizontal
component of pressure gradient, i.e.

Vop = —2p(Q X V), (9.10)

where the subscript h implies the horizontal component. We expect
the horizontal pressure gradient to be much smaller in magnitude
compared to the vertical pressure gradient. The large vertical gradient
balances the large force of gravity, whereas the smaller horizontal
gradient balances the much weaker Coriolis force.

Equations (9.9) and (9.10) for the vertical and the horizontal direc-
tions constitute what is known as the geostrophic approximation. It is
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Figure 9.1 The
spreading of a
volume of fluid into
a thinner layer in a
rotating frame of
reference.

used extensively in geophysical fluid dynamics, and its consequences
are discussed in standard textbooks on the subject such as Pedlosky
(1987). We merely point out one intriguing consequence. It should
be obvious from (9.10) that the horizontal flow velocity v has to be
perpendicular to Vyp if its cross product with Q is to balance Vyp.
This is contrary to what we expect in common situations. If pressure
drops in a region, we normally expect the surrounding fluid to flow
into that region. In other words, we expect the velocity v to be in the
direction of —Vp. In geophysical circulations, however, we find v to
be perpendicular to —Vp! Hence, if there is a depression in a region
of the atmosphere, then the air in the surrounding regions, instead of
rushing towards the depression, skirts around it.

9.2.2 Vorticity in a rotating frame

In the rest of this section and the next section, we want to consider
ideal, incompressible fluids. We therefore drop the viscosity term in
(9.5) and write Vp/p as V(p/p). Making use of the vector identity
(4.16), we can write (9.5) in the form

1

@—vxw=——V<£+-—v
p 2

1
2 _ 2y _ ) 11
o + 2|ﬂ><r|) 2@ xv.  (9.11)

On taking the curl of this equation, we get
%?=Vx(vxw)+Vx(vx2ﬂ).

Since Q is constant in time, this equation can be put in the form

%(w +2Q) =V x [V X (@ +29)]. (9.12)

2 2

(@) (b) |
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This equation has the same form as (4.42), and we at once conclude

d
y
This is the generalization of Kelvin’s vorticity theorem in rotating
frames and is often known as Bjerknes’s theorem (Bjerknes 1937).
This theorem gives an idea how vortices are generated quite natu-
rally in rotating frames. Figure 9.1(a) shows a volume of fluid which
is at rest in a rotating frame. Suppose the fluid is squeezed to spread
into a thinner layer as indicated in Figure 9.1(b). The flux [;Q-dS
associated with the fluid certainly becomes larger after the fluid has
been spread into the thinner layer. Even though there was no vorticity
initially, the fluid after spreading must develop a vorticity @ opposite
to Q so that the integral [((w + 2Q) - dS remains conserved. This
gives an idea how cyclonic storms may be produced in the Earth’s
atmosphere.

/ (@ +29).dS = 0. (9.13)
S

9.2.3 Taylor-Proudman theorem

Often we have fairly steady fluid flows in a rotating frame of reference.
It follows from (9.12) that for such flows

Vx[vx(w+2Q)] =0.

Suppose the flows are slow such that any vorticity associated with the
flow is small compared to €. Then we must have

V x (vx Q) =0, 9.14)

from which
Q-Viv=0. (9.15)

This means that v does not change in the direction of . In other
words, slow steady flows in rotating frames tend to be invariant parallel
to the rotation axis. This result is known as the Taylor—Proudman
theorem (Proudman 1916; Taylor 1921b).

Suppose we have water in a cylindrical vessel rotating about its axis
with a solid object fixed to the bottom of the vessel. In the steady state,
the water rotates like a solid body. Suddenly we increase the rotation
speed of the vessel slightly. Water will take some time to pick up the
increased rotation (due to the small viscosity of water). During that
time, we have a slow rotation of the body of water with respect to the
vessel and we expect the Taylor—Proudman theorem to hold. Figure 9.2
shows a photograph of the system in which there is a suspension of
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Figure 9.2 A
photograph showing
a Taylor-Proudman
column in a rotating
fluid. Reproduced
from Greenspan
(1968). (©Cambridge
University Press.)

reflecting powder in the water so that a light shining on it makes the
flow pattern visible. The water at the bottom naturally skirts around
the solid object. Since the Taylor-Proudman theorem suggests that the
flow pattern should be invariant parallel to the rotation axis, we find
the striking phenomenon of water even in the higher layers moving in
a way as if it is skirting around an invisible obstacle.

9.3 Self-gravitating rotating masses

Let us consider a self-gravitating fluid mass of constant density p. If
there is no rotation in the system, we know from symmetry that the
equilibrium configuration of the system must be spherical. Now sup-
pose we put in some angular momentum. We expect that the rotation
would cause some flattening near the poles. The calculations become
somewhat manageable if the fluid undergoes solid-body rotation and
we can go to a frame with angular velocity  in which the fluid is
everywhere at rest. Then, from (9.11),

v(3+<p—1|nxr|2) —0,
p 2
which implies
1
% +&— EIQ x r|?> = constant. (9.16)

On the outer surface of the fluid mass, the pressure can be taken to
be zero. Choosing the z axis along the axis of rotation, we then have
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from (9.16) that
@ — 1Q%(x* + y*) = constant (9.17)

on the outer surface.

We now want to establish that the fluid takes up the shape of
an ellipsoid. To proceed further, we have to obtain the gravitational
potential @ due to an ellipsoid. It is one of the triumphs of potential
theory that this problem can be solved exactly for an ellipsoid of
uniform density. Let us consider an ellipsoid with uniform density p
inside the boundary surface

2y 2

F+ﬁ+c—2=1. (9.18)
The gravitational potential at any point inside this ellipsoid is given
by

@ = nGp(aox” + Poy* + 10z* — 20), (9.19)
where
©d) ©d)
% = “bc/o @+tna Po= "bc/o B+ A"
©  dj
Yo = abc /O @i0a (9-20)
and .
00
Xo = abc / ﬂ, (9.21)
o 4
A4 being given by
A = [(a® + DB + (S + )]V2 9.22)

Here we merely quote this famous result without proof. The reader is
referred to Chandrasekhar (1969, Chapter 3) or Binney and Tremaine
(1987, §2.3) for further details.

If the rotating mass of fluid takes up the shape of an ellipsoid, then
the expression (9.19) for the gravitational potential @ at the bounding
surface has to satisfy (9.17). In other words, we must have

2 2
(ao _0 ) x*+ (ﬂ — Q—) y* + 7022 = constant  (9.23)

2nGp 2nGp

on the surface given by (9.18). In order for (9.18) and (9.23) to hold
simultaneously, the coefficients of x2, y? and z? in these two equations
must be proportion This implies

ap — 2 a?={po— L b? = yoc? (9.24)
0" 27Gp ~\"*7 276Gp = Yo ’
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Figure 9.3 The
relation between
Q?/nGp and
eccentricity e of

Maclaurin spheroids.

Adapted from
Chandrasekhar
(1969).

If we can find solutions of this equation, then we would have estab-
lished that rotating fluids take up ellipsoidal configurations.

9.3.1 Maclaurin spheroids

We intuitively expect the rotating fluid to take up a symmetric and
flattened configuration around the rotation axis. This means that the
axes of the ellipsoid given by (9.18) must satisfy

a=b>c. 9.25)

An ellipsoid with such axes is called a spheroid, of which the eccen-
tricity e is defined by
2 ¢
ee=1— =z 9.26)
We now wish to solve (9.24) for such a spheroid. Since Maclaurin
(1740) first demonstrated the existence of such spheroidal solutions,
they are called Maclaurin spheroids in his honour.

When a = b, the integrals in (9.20) can be worked out in closed
forms. They are

-2  _, 1=
t = fo="————sin" e———, (9.27)
2 sin"le
N=> [1 —-(1- ez)l/ZT] . (9.28)
0.5
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Figure 9.4 The
relation between
dimensionless
angular momentum
L and eccentricity e
of Maclaurin
spheroids. Adapted
from Chandrasekhar
(1969).

On substituting (9.27) and (9.28) into (9.24), we obtain

Q2 2(1—e)?
nGp e

If the fluid mass is made to rotate with angular velocity Q, then it
takes up a spheroidal configuration with eccentricity e, the relation
between Q and e being given by (9.29). The expression is somewhat
complicated. To understand its nature, a plot of Q?/nGp is shown
against e in Figure 9.3. As expected, a spherical configuration (e = 0)
corresponds to no rotation (Q = 0). Initially we see that e increases
with increasing Q so that the spheroid becomes more flattened with
more rotation. It may at first seem surprising that eventually Q?/nGp
reaches a maximum value of 0.449 at e = 0.930 and then decreases
with further increase of e. In other words, less rotation makes the
system more flattened. To understand what is happening, we have to
look at the angular momentum. Since the moment of inertia of a
spheroid of mass M and equatorial radius a is (2/5)Ma?, the angular
momentum is

(3—2¢%)sin"le— e%(l —é). (9.29)

= IMd’Q, (9.30)
where M is given by
M= %nach = %na3(,1 —eH)V2p. (9.31)

The angular momentum can be made dimensionless by dividing (9.30)
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by [GM?3(a%c)!/3]'/2, which has the dimension of angular momentum
and is a constant for a given mass of rotating fluid. Then the dimen-
sionless angular momentum is

- b 20 (2) o
[GM3(ac)1/3]1/2 5 \c¢ nGp ) ’
On substituting for a/c from (9.26) and for Q?/nGp from (9.29), we
can express L as a function of e alone. This functional dependence
is plotted in Figure 9.4. We see that angular momentum and eccen-
tricity are monotonically increasing with each other. So more angular
momentum always makes the system more flattened. Beyond a cer-
tain stage, however, additional angular momentum makes the system
so flattened and increases the moment of inertia at such a fast rate
that the angular velocity goes down in spite of the increasing angular
momentum (which is the product of moment of inertia and angular
velocity). This explains the decrease of rotation with eccentricity when
the system has become sufficiently flattened, as seen in Figure 9.3.

9.3.2 Jacobi ellipsoids

Jacobi (1834) established the surprising fact that (9.24) can admit of
ellipsoidal solutions with three unequal axes under certain circum-
stances. It easily follows from (9.24) that

(0 — Po)a*b? + yock(a® — b?) = 0. (9.33)
On substituting for ay, fo and y from (9.20) into (9.33), we get
o 212 2
2 2 a’b _ ¢ i _
(a” —57) /0 [(a2+l)(b2+l) Z+i|a=" (9:34)

To demonstrate the existence of Jacobi ellipsoids, we have to show
that this integral equation can be satisfied for real and unequal values
of a, b and c. We shall not go into the details of that calculation
here. We only mention the result that, if the dimensionless angular
momentum L is less than 0.304 (corresponding to e < 0.813), then
Maclaurin spheroids are the only possible solutions of the probiem.
Only when the angular momentum is increased beyond 0.304, does a
Jacobi ellipsoid with three unequal axes become a possibility.

When L is larger than the critical value 0.304, we then have two
possible solutions: a Maclaurin spheroid and a Jacobi ellipsoid. Which
of these solutions do we expect to be realized in Nature? For a given
angular momentum, it can be shown that the Jacobi ellipsoid has
less rotational kinetic energy compared to the Maclaurin spheroid. If
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there is some dissipation mechanism like viscosity, then the Maclau-
rin spheroid may become unstable and ultimately relax to a Jacobi
ellipsoid after some dissipation of energy. This is a subject of im-
mense complexity and richness, and has been investigated by some of
the greatest mathematicians and physicists of the nineteenth century.
We refer the reader to Chandrasekhar (1969) for a full account of
the subject. The first chapter of the book traces the fascinating his-
tory of the subject as well. The intriguing aspect of Jacobi’s result
is that we get solutions without axisymmetry even though we had
originally posed a problem with axisymmetry. In other words, the
solution spontaneously breaks the symmetry which was present in the
formulation of the problem. Nowadays we know many other examples
of spontaneous symmetry-breaking in physics.

Are there some objects in the astronomical Universe which are
examples of Jacobi ellipsoids? There is evidence that some elliptical
galaxies are triaxial in shape (see Mihalas and Binney 1981, pp. 329—
333). One might have been tempted to regard these galaxies as stellar
dynamic analogues of Jacobi ellipsoids. Elliptical galaxies, however,
are known to have very little angular momentum. It appears that
the triaxial nature of these galaxies is due rather to the anisotropic
velocity distribution of the stars than to rotation.

9.4 Rotation in the world of stars

The discussion in the previous section should make it clear that
any problem involving rotation along with self-gravity is extremely
complex. We have given an outline of the simplest situation where
we consider the solid-body rotation of a mass of incompressible fluid.
Most stars are made of compressible gases with differential rotation
and other types of internal motion so that the whole star may not be at
rest in any frame of reference. The differential rotation in the interior
of the Sun was shown in Figure 7.8. The theory of rotating stars is
a notoriously difficult subject. Although most stars are rotating, the
majority of the stellar structure textbooks proceed as if there is no such
thing as rotation in the world of stars. One exception is the excellent
book by Kippenhahn and Weigert (1990), in which Part IX provides a
comprehensive introduction to the subject of stellar rotation. Although
this subject is beyond the scope of this book, we make a few brief
remarks.

If we assume that a compressible star can be completely at rest in
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a rotating frame of reference, then (9.5) gives us
Vp

= —Vd.q, (9.35)

where @ is given by (9.6). On taking the curl of this equation, we get
VpxVp=0.

This implies that the contours of constant p and constant p must
coincide. It is then clear from (9.35) that these contours should also be
the contours of constant @z, which are expected to be of spheroidal
shape. It follows from the perfect gas law that these must be contours
of constant temperature as well. Because of the spheroidal shapes
of these contours, the temperature gradient near the pole of a par-
ticular contour should be larger than that near the equator. Hence
the radiative energy flux coming through the poles of a star must
be larger than that coming through the equator. Thus purely hydro-
dynamic considerations make some demands on the energy flux in
different parts of the star. Now the energy flux is ultimately generated
by nuclear reactions in the interior, which have no connections with
hydrodynamics. Are the demands on energy flux from hydrodynamic
considerations consistent with the nuclear generation rates? A simple
calculation by von Zeipel (1924) showed that these hydrodynamic and
nuclear requirements are mutually incompatible! This is known as
the von Zeipel paradox. We refer to Chapter 42 of Kippenhahn and
Weigert (1990) for a derivation of this paradox and a discussion of
its consequences. How do we get around this paradox? If there is an
internal flow in the meridional plane of the star, then there would
be extra terms in (9.35), and Eddington (1925) showed that one can
get around the von Zeipel paradox in this fashion. Such a meridional
flow driven by the requirements of force balance is known as the
Eddington—Sweet circulation (Eddington 1925; Sweet 1950).

In the case of the Sun and most main-sequence stars, the rotation is
not too strong, in the sense that the centrifugal force is a small fraction
of gravity. Hence stellar models neglecting rotation are expected to give
reasonably good results. But rotation becomes increasingly important
in collapsed stars. As we decrease the radius a of a star, the moment
of inertia decreases as a®. If the angular momentum is conserved,
then the angular velocity Q goes as a2 and the centrifugal force
Q%a goes as a~3. Hence the centrifugal force increases faster with
decreasing radius than gravity, which increases only as a~2. Even if
the centrifugal force is initially negligible compared to gravity in a
star, it may become important after the star has collapsed sufficiently.
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Suppose we collapse a star like the Sun with a radius of about 10!!
cm such that its final radius becomes about 10° ¢m, the typical radius
of neutron stars. An initial rotation period of about a month (as the
Sun has) would then decrease by a factor of 10'° to become less than
10~ s. The centrifugal force for such a rotation is so large that it
would overcome the gravity and make the stellar material fly away,
leading to a disruption of the star.

We have seen in §9.3.1 that there is a maximum limit of the rotation
rate for a mass of incompressible fluid. It is

Q% < 0449 1Gp. (9.36)

The fluid mass would fall apart if it is made to rotate faster. The
corresponding condition for the period T = 2n/Q comes out to be

4
7> 2010 (9.37)

JP

if p is in gm cm™3. Taking the density of white dwarfs to be about
10® gm cm™3, the lower limit of period turns out be about 2 s. On the
other hand, the rotation period of neutron stars with density 10! gm
cm™ has the limit of about 2 x 10~ s. When Hewish et al. (1968)
discovered the first pulsar with a period of 1.377 s, almost immediately
Gold (1968) suggested that pulsars must be rotating neutron stars. One
can rule out the possibility that the period of a pulsar is an oscillation
period rather than a rotation period, since the observed periods do not
match the fundamental oscillation periods of either white dwarfs or
neutron stars. The most plausible explanation is that the period of a
pulsar is a rotation period. It is not possible for a white dwarf to rotate
as fast as many of the puisars. We need something with higher density,
and the neutron star seemed the natural candidate. This was one of the
first convincing identifications of some observed astronomical objects
as neutron stars, which were theoretically proposed long time ago
(Baade and Zwicky 1934). The fastest rotating pulsar known today
is the so-called millisecond pulsar with a period of 1.558 x 1073 s
discovered by Backer et al. (1982). It seems that this period is lower
than the rough limit of 2 x 103 s estimated above. It should be kept in
mind that the material inside a neutron star is not an incompressible
fluid. So an accurate estimate of the limit of rotation period can be
made only by using appropriate equations of state and incorporating
general relativistic corrections. The point to note is that the period of
the millisecond pulsar must be close to the theoretical lower limit and
can be used to put constraints on possible equations of state.

Just as rotation is important in the end stages of a star’s life, it
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seems that rotation must be important during the star’s birth as well.
We have pointed out in §7.5 that stars are born out of interstellar
clouds due to the Jeans instability. Now a typical interstellar cloud has
some angular momentum. Since the effect of rotation is enhanced on
the shrinking of size, we expect that eventually the collapsing cloud
should rotate so fast that further gravitational collapse is halted by
the centrifugal force. We therefore need some mechanism for removing
the angular momentum in order for the star to form. We shall discuss
in §14.9.1 the possibility that magnetic stresses may carry away the
angular momentum from the inner parts of the collapsing cloud,
thereby allowing the gravitational collapse to proceed till stars are
formed.

9.5 Rotation in the world of galaxies

If a galaxy is regarded primarily as a collection of stars, then we have
to apply the equations of stellar dynamics rather than the equations
of hydrodynamics to study galactic rotation. We have seen in (9.1)
that the gravity in a hydrodynamic system can be balanced either
by the pressure gradient or by the Coriolis force. The same holds
for a stellar dynamical system, where the analogue of pressure is the
random velocities of stars.

The reader was asked to derive the appropriate stellar dynamical
force balance equation in Exercise 3.3. It is

2 i) + £ Z) + () — @ =gy, (939)

where II, ® and Z are the r, 8 and z components of the velocities
of stars, which have the number density n. Now consider a situation
in which all stars move in regular circular orbits without any random
motion. Then we have I1 = Z = 0 with

0 =0, =/rlgl (9.39)

from (9.38). In this case, the gravity is completely balanced by the cen-
trifugal force. On the other hand, if the stars have random velocities,
then the gravity can be partially or fully balanced by the ‘pressure’
forces arising out of these random motions. In such a situation, only a
part of the gravitational force remains to be balanced by the centrifu-
gal force, and we expect (®) to be less than ©,. This can actually be
shown by suitably manipulating (9.38) with some reasonable assump-
tions. See Binney and Tremaine (1987, §4.2) for details.

By analyzing the random motions of stars in the solar neighbour-
hood, Oort (1928) drew the fundamental conclusion that these stars
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can be divided into two categories: (i) stars with low random velocities
which move in nearly circular orbits; and (ii) stars with high random
velocities. For the stars in category (ii), it was found that they have a
much less average rotation around the galactic centre compared to the
stars in category (i), presumably due to the fact their random motions
balance the gravity and they need not have as much rotation as the
stars in category (i). Our Galaxy then appears to be a combination of
two stellar systems. Even within category (i), there are some groups
of stars having more velocity dispersion compared to the others. The
groups of stars with more velocity dispersion seem to lag behind the
other stars while going around the galactic centre (Mihalas and Bin-
ney 1981, §6-4). In contrast to the spiral galaxies like our Galaxy, the
elliptical galaxies appear to have much less rotation and the gravity is
balanced mainly by the velocity dispersion of stars.

Let us end by making one final comment on the rotation patterns
of spiral galaxies. In these galaxies, most of the visible stars in the disk
move in nearly circular orbits with @ given by (9.39). If the gravity
drops as r~2 in the outer regions of the galaxy, then we expect © to
fall off as r~'/2. In the majority of spiral galaxies, however, such a
fall in rotation velocity has not been observed (Mihalas and Binney
1981, §8-4). The most plausible explanation is that these galaxies have
large amounts of unseen dark matter in regions beyond the visible
disk so that the gravitational field does not fall off as rapidly as we
may naively expect.

Exercises

9.1 Suppose a cylindrical vessel containing water is rotated around
its axis with a constant angular velocity. Show that the water
surface eventually takes up the shape of a parabola.

9.2 Consider fluid displacements in a rotating fluid body such
that the Coriolis force is the dominant force on the R.H.S. of
(9.5). In the linear theory, show that such displacements lead
to circularly polarized oscillations with frequency 2Q. Such
oscillations are known as inertial oscillations.






Part 2 Plasmas

It seems very probable that electromagnetic phenomena will prove to be of
great importance in cosmic physics. Electromagnetic phenomena are described
by classical electrodynamics, which, however, for a deeper understanding must
be combined with atomic physics ... No definite reasons are known why it
should not be possible to extrapolate the laboratory results in this field to
cosmic physics. Certainly, from time to time, various phenomena have been
thought to indicate that ordinary electrodynamic laws do not hold for cosmic
problems. For example, the difficulty of accounting for the general magnetic
fields of celestial bodies has led different authors, most recently Blackett
(1947 ), to assume that the production of a magnetic field by the rotation of a
massive body is governed by a new law of nature. If this is true, Maxwell’s
equations must be supplemented by a term which is of paramount importance in
cosmic physics. The arguments in favour of a revision are still very weak. Thus
it seems reasonable to maintain the generally accepted view that all common
physical laws hold up to lengths of the order of the ‘radius of the universe’ and
times of the order of the ‘age of the universe’, limits given by the theory of
general relativity.

— H. Alfveén (1950)

In many respects the astronomical universe has reached the stage of
middle-age, with its violent youth behind it and its final stages of senility still
safely in the future ... It is with some surprise, therefore, that examination of
the universe on a small-scale shows so much activity. After 10 billion years new
stars are still being formed. After 5 billion years, the sun is still popping and
boiling, unable to settle down into the decadent middle age that simple
theoretical considerations would suggest. Perhaps the most singular property of
the general activity is the continual acceleration of a small fraction of atoms to
high speeds ...

It appears that the radical element responsible for the continuing thread of



cosmic unrest is the magnetic field. Magnetic fields are familiar in the
laboratory, and indeed in the household, where their properties are well known;
they are easily controlled, and they serve at our beck and call. In the large
dimensions of the astronomical universe, however, the magnetic field takes on a
role of its own, quite unlike anything in the laboratory. The magnetic field
exists in the universe as an ‘organism’, feeding on the general energy flow from
stars and galaxies. The presence of a weak field causes a small amount of
energy to be diverted into generating more magnetic field, and that small
diversion is responsible for the restless activity in the solar system, in the
galaxy, and in the universe. Qver astronomical dimensions the magnetic field
takes on qualitative characteristics that are unknown in the terrestrial
laboratory. The cosmos becomes the laboratory, then, in which to discover and
understand the magnetic field and to apprehend its consequences.

— E. N. Parker (1979)
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10.1 Introductory remarks

We now begin the study of plasmas, which are gases in which the con-
stituent particles are charged. In a gas made up of neutral particles,
two particles are assumed to interact only when they collide, i.e. are
physically very close. Between collisions, the neutral particles move
along straight lines. In contrast, the particles in a plasma always inter-
act with each other through long-range electromagnetic interactions
and the trajectories of individual particles can be quite complicated.
Before investigating how collections of charged particles behave, it is
worthwhile developing some ideas about the motions of individual
charged particles in electromagnetic fields. This topic is referred as the
plasma orbit theory and often turns out to be very useful in handling
problems involving plasmas. While developing the theory of neutral
gases in Chapters 2-3, it was not necessary to pay much attention
to motions of individual neutral particles, as these motions are quite
simple. After discussing motions of individual plasma particles in this
chapter, we shall, however, follow a course of development roughly
similar to that which we followed for neutral fluids. In the next chapter,
we shall begin developing theoretical techniques for treating plasmas
as collections of charged particles and eventually we shall end up with
continuum models in Chapters 14-16.

As soon as we start discussing electromagnetic quantities, we face the
vexing question of choosing units. Two different systems of units—the
Gaussian system and the SI system—are of wide use, and each system
has its strong advocates claiming its superiority over the other system.
Several of the pioneers in the study of astrophysical plasmas such as
Alfvén, Cowling, Chandrasekhar, Spitzer and Parker used Gaussian
units. Due to the influence of these pioneers, the Gaussian system
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still seems to be more widely used than the SI system, especially by
theoretical astrophysicists. Hence we have decided to use the Gaussian
system, with apologies to those readers who might have been more
comfortable with the SI system. All electrical quantities including
the current density j will be assumed to be in e.s.u., whereas all the
magnetic quantities will be assumed to be in e.m.u.

A particle of mass m and charge ¢ moving in an electromagnetic
field satisfies the equation of motion

mi—ltl - (E+; x B). (10.1)

A plasma particle is subjected to the electromagnetic fields produced
by the other particles in the plasma. In addition, there may be ex-
ternal magnetic fields imposed on the plasma. As we shall see in the
discussion of Debye shielding in the next chapter, the interior of a
plasma is usually shielded from external electric fields. In this chapter,
we shall concentrate on the motion of a charged particle due to given
electromagnetic fields. It may be worthwhile pointing out that (10.1) is
incomplete in one sense. It is a well-known result of classical electro-
dynamics that an accelerated charged particle emits electromagnetic
radiation. The emission of radiation involves a loss of energy, which
introduces an effective drag in the equation of motion known as the
radiation reaction. A proper treatment of the radiation reaction is no-
toriously difficult (Panofsky and Phillips 1962, §21-6; Jackson 1975,
§17.2). For most of the applications to be discussed in this book, the
radiation reaction happens to be unimportant, and we shall use (10.1)
which neglects the radiation reaction.

Let us consider a uniform magnetic field B and a particle moving
with velocity u) perpendicular to B. The simplest way to study the
motion of the particle is to choose the plane of motion as the xy plane,
write down the x and y components of the equation of motion

md:;—tl = %u L XB
and solve these equations. This is given as Exercise 10.1. It is easy to
see that the particle moves in a circle lying in the plane transverse
to B, the circular frequency being the gyrofrequency or the cyclotron
frequency

o, =148 (10.2)
mc

If the particle has a component of velocity u) parallel to B, it is easily
seen from (10.1) that the magnetic field does not affect this component.
Hence this component leads to a uniform translation of the circular
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trajectory with velocity u, making the path of the particle helical.
Thus we can think of the motion of the particle as resulting from the
combination of two motions: (1) a circular motion around a central
point we call the guiding centre; and (2) a translatory motion of the
guiding centre.

Even when a charged particle moves in a non-uniform magnetic
field, it is often possible to break up the motion into (1) a circular
motion around the guiding centre and (2) the motion of the guiding
centre. In order for this to be possible, the non-uniformities of the
magnetic field have to be small over the region through which the
particle is making the circular motion. In other words, the length
scale of the magnetic field inhomogeneities has to be larger than
the gyroradius (i.e. the radius associated with the circular motion
of the particle), also called the Larmor radius—a slightly confusing
terminology in view of the fact that there is something called Larmor
frequency (see, for example, Goldstein 1980, §5-9) which is different
from the cyclotron frequency w. associated with the motion (actually
the Larmor frequency turns out to be half of the cyclotron frequency,
although it arises out of very different considerations!). If the magnetic
field does not change much within the gyroradius, then the particle
moves through a nearly uniform magnetic field while making a circular
round. The non-uniformities, however, can make the guiding centre
move in a way different from a simple translatory motion. The aim of
the plasma orbit theory is to find equations describing the motion of
the guiding centre, which we expect to be simpler to handle than the
full equation (10.1) for the charged particle.

Unfortunately, no general equation of motion exists for the guiding
centre in an arbitrary electromagnetic field. We have, rather, a set of
rules prescribing how the guiding centre moves in a few particular
situations. Some of the more important rules will be derived in this
chapter. Once these rules have been mastered, one can often figure
out the motion of the guiding centre in complicated magnetic con-
figurations by a judicious combination of the basic rules. Figure 10.1
is taken from the classic monograph Cosmical Electrodynamics of
Alfvén (1950), who laid down the foundations of the guiding centre
theory (Alfvén 1940). This figure shows the trajectory of a charged
particle in a dipolar magnetic field. The detailed trajectory was cal-
culated by Stormer (1907) by integrating (10.1). Before the advent of
electronic computers, such numerical integrations were tedious and
time-consuming. Alfvén (1940) used his guiding centre theory to cal-
culate an approximate trajectory of the charged particle. The guiding
centre calculations involved considerably less amount of numerical
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Figure 10.1 Motion
of a charged particle
in a dipole field
calculated by
Stormer from the full
equations (dashed
lines) and by Alfvén
using the guiding
centre theory (solid
lines indicate the
trajectory of the
guiding centre).
Projection upon a
plane through the
axis of the dipole
(above) and upon the
equatorial plane
(below). (©Oxford
University Press.
Reproduced with
permission from
Alfvén’s Cosmical
Electrodynamics
1950.)

work and produced trajectories in good agreement with Stormer’s
detailed calculations.

When the guiding centre theory was first introduced by Alfvén
(1940), one of its main appeals was that it was a labour-saving trick.
Nowadays, however, electronic computers can solve equations like
(10.1) in a routine manner and provide trajectories of charged particles.
So should one still bother to learn the guiding centre theory? Although
no longer so useful as a short cut to numerical computations, the
guiding centre theory helps us to develop an intuition about the
motions of charged particles and this intuition turns out to be very
useful in solving many practical problems. We all have an intuition
about how masses move in gravitational fields. When we see a ball in
motion, we instantly form an idea where the ball is going to hit the
ground and hence we can play ball games. But imagine a group of
players playing with a charged ball in a non-uniform magnetic field!
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Figure 10.2 The
trajectory of a
positively charged
particle subjected to
a magnetic field B
and a perpendicular
force F.

This will be a much harder game, as it will be much more difficult to
figure out where the charged ball will end up by watching its present
movements. The results of guiding centre theory give us some feeling
for such motions.

As we have already pointed out, the guiding centre theory is more
like a bag of tricks rather than a general theory. Its results exist in the
form of a few rules, some of which will be derived in the next sections.

10.2 The effect of a perpendicular force

We begin our discussion of the motion of the guiding centre by
considering a situation where there is a uniform force F acting on a
charged particle in a direction perpendicular to a uniform magnetic
field. The results of this analysis will be applicable to many problems
as we shall see below.

The equation of motion is

du q
mE =F+ zu x B, (10.3)

where F and B are perpendicular. In the absence of a magnetic field, the
effect of F would have been to accelerate the particle in the direction
of F. It is easy to see that the motion of the guiding centre is going
to be quite different. Figure 10.2 sketches the trajectory of a positively
charged particle with B coming out of the page perpendicularly and
F in the upward direction. When the particle is at some point P at the
bottom of its trajectory, F and the Lorentz force (q/c)u x B both act
in the upward direction. This enhanced normal acceleration makes the
trajectory more sharply bent than it would have been in the absence
of F. On the other hand, when the particle is at some top point Q, the
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Lorentz force is diluted by F, thereby causing the trajectory to be less
sharply bent. As a result, we expect the trajectory to appear as shown
in Figure 10.2, clearly indicating that there is a drift ug of the guiding
centre in a direction perpendicular to both B and F. We now derive
an expression for ug.

It is easy to see from (10.3) that there is no acceleration parallel
to B. So, if there is any initial velocity in that direction, it remains
unaffected. Let us therefore focus our attention on the velocity u; in
the plane perpendicular to B. We now break up u; into two parts

UL = U + Wy, (10.4)

where u, is the velocity of circular motion in the magnetic field
satisfying

du; g
and g is the drift of the guiding centre. Since ug is expected to be
uniform, it must satisfy

0=F+ %ugc x B (10.6)

such that the sum of (10.5) and (10.6) give the transverse component
of (10.3). To obtain u, from (10.6), we take a cross product of it with
B, which gives

FxB= %B X (ge X B) = %B2ugc

so that

g = g%. (10.7)

Since the expression of uy has the charge g in it, we expect positive
and negative particles to drift in opposite directions if the force F does
not depend on the charge (as in the case of a gravitational force). If,
however, the force is due to an electric field, then we substitute F = gE
in (10.7) and obtain

ExB
B2
It is clear from this expression that the drift is the same for all charged

particles, depending only on the electric and magnetic fields.
We now discuss how the general expression (10.7) can be applied to
a few other not so obvious cases.

(10.8)

Uy =¢
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Figure 10.3 The
trajectory in the xy
plane of a positively
charged particle
subjected to a
non-uniform

magnetic field B(y)é,.

10.2.1 Gradient drift

Consider a uni-directional magnetic field B(y)é, of which the strength
is varying in the y direction. Figure 10.3 shows a positively charged
particle moving in the xy plane. If B(y) increases with y, then we expect
the Lorentz force to be larger in the upper part of the trajectory so that
the curvature at the uppermost points is larger (ie. the trajectory is
more sharply bent) than that at the lowermost points. The trajectory,
therefore, looks as shown in Figure 10.3, ie. there is a drift in the
negative x direction.

It is clear from the symmetry of the problem that the average force
on the particle in the x direction is zero, although there is an average
force in the y direction. The instantaneous y component of the Lorentz
force is

Fy = —%usz(J’)-

If the y coordinate is measured from the position of the guiding centre
and the variation of B;(y) over the trajectory of the particle is small,
then we write

dB,

dy

within the region of the particle trajectory where we keep only the

first-order term in the Taylor expansion. Hence the instantaneous
Lorentz force is

B.(y)=Bo+y

(10.9)

B
F,=—2u, [Bo+yd ]

dy

which we now want to average. For a circular motion (i.e. if we neglect
the effect of drift while calculating averages), the average of qu, By is
clearly zero, since #; = 0. It is easy to show that the average of u,y is

YA
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Figure 104 A
charged particle
gyrating around
magnetic field lines
with constant
curvature.

i%u 1 rp, where rp is the gyroradius (or the Larmor radius) and the +
signs depend on whether the trajectory is clockwise (for positive g) or
anti-clockwise (for negative q). Hence the average of (10.9) gives

%ulrLVB. (10.10)

Substituting this average force in (10.7), we get the expression of the
drift

F=7F

Uyp = +—uJ_rL—B x VB

-2 Bz °

which is often called the gradient drift, since it is caused by the gradient
of the magnetic field.

It may be noted that the gradient drift has opposite signs for
positive and negative charges. Hence, if ions and electrons are present
in a region of transverse magnetic gradient, the ions and the electrons
would drift in opposite directions and give rise to a current.

(10.11)

10.2.2 Curvature drift

Let us consider the magnetic field to be constant in magnitude in
a certain region, but to have a constant radius of curvature Rc.
Such a magnetic configuration is sketched in Figure 10.4. Since a
charged particle gyrates around a field line, there should be an average
centrifugal force

R
Fc = —mu} é (10.12)

acting on it as it moves along the field line. Here u is the component
of the velocity parallel to B and R¢ is the radius of curvature vector
directed towards curvature centre. Since this force F¢ is perpendicular
to B, we obtain the corresponding drift by substituting it for F in
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Figure 10.5 A
magnetic mirror
configuration.

(10.7), ie.

2
cmu
ue = — o Re x B, (10.13)

qB*>  R%

This drift is known as the curvature drift. It may be noted that the field
configuration sketched in Figure 10.4 does not satisfy Vx B = 0. In
vacuum, a curved magnetic field should have some non-uniformities
associated with it. If this is so, then some gradient drift is present
in combination with the curvature drift (see Exercise 10.2). Like the
gradient drift, the curvature drift is also in opposite directions for
opposite charges and can give rise to a current by making the electrons
and ions drift in opposite directions.

10.3 Magnetic mirrors

Let us consider a magnetic configuration symmetric around a field
line in such a way that the strength of the magnetic field varies as we
move along the central field line. Figure 10.5 shows such a magnetic
configuration in which we want to study the motion of a charged
particle.

We use cylindrical coordinates with the z axis along the central field
line. Although the predominant component of the magnetic field is
B,, there is a small B, component which can be found out from the
condition V - B = 0, which here gives

19 0B,

We neglect the small radial variation of dB,/0z in the neighbourhood
of the central axis and take it to be constant there. Then B, in the
central region can be readily obtained by integrating (10.14):

.
rB, = _/ r/aBZ dar' = _1,29B:
0

0z 2r oz
so that
1 0B,
B, =—3r=". (10.15)
«:. s;\/\_’
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For a particle gyrating around the central field line, the z component
of the Lorentz force is

F z = —gugBr.
¢
The 6-velocity u, for positively (negatively) charged particles is in

the negative (positive) 6 direction so that we can write Fu, for uy.
Substituting for B, from (10.15),

9 0B, _ _ 0B,
F, =t = —H 37’ (10.16)
where
q Imul
# == :t_zculrl‘ = B (10.17)

on using (10.2) to eliminate ri. If we eliminate 4, instead of rr, then
we get

ey P 2 1
/,t—-i_—znq nri o (10.18)

We can interpret —(w./27)q as the current associated with the gyrating
charge g. We also know that the magnetic moment associated with a
current encircling an area is obtained by multiplying the current with
the area (see, for example, Panofsky and Phillips 1962, §7-11; Jackson
1975, §5.6). Hence it is clear from (10. 18) that u is the magnetic moment
of the gyrating particle.

The z component of motion of the charged particle is

du“ aBz

" ==
from (10.16). The rate of change of the longitudinal kinetic energy is
given by

1 u dB
E(imu") = uym—— Friiatare
where we have substituted dB/dt for u (0B /0z). It may be noted that
the kinetic energy is a scalar, and we are using terms like ‘longitudi-
nal’ or ‘transverse’ kinetic energy merely to mean the kinetic energy
associated with longitudinal or transverse motion. Since the kinetic
energy of a charged particle moving in a static magnetic field cannot
change, the sum of the longitudinal and transverse kinetic energies
must remain a constant so that

(10.19)

d d
E(%m“ﬁ) + a(%m“i) =

Substituting from (10.19) and using (10.17) to write uB for %muzl,
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we have
dB d
—ut E(ﬂB) =0,
from which
du
i 0. (10.20)

This means that the magnetic moment u defined by (10.17) is conserved
during the motion of the guiding centre. The transverse kinetic energy
%muf_ then has to increase when the particle moves into regions of
stronger B. The transverse kinetic energy, however, can never exceed
the total kinetic energy. Therefore, when the particle reaches a region
of sufficiently strong B where the transverse kinetic energy becomes
equal to the total kinetic energy, it is not possible for the particle
to penetrate further into regions of stronger magnetic field. The only
possibility is that the particle gets reflected back. A region of increasing
magnetic field as sketched in Figure 10.5 can thus act as a reflector
and is known as the magnetic mirror.

It is obvious that a charged particle moving along the symmetry
axis in Figure 10.5 is unaffected by magnetic forces and hence is not
reflected by the magnetic mirror. If a magnetic mirror has a maximum
magnetic field By, at the point M as shown in Figure 10.5, then charged
particles from the point P are expected to penetrate through the mirror
if they have velocity vectors sufficiently close to the symmetry axis, say
within a critical angle a,. We can estimate this critical angle by using
the fact that a charged particle at P with the velocity vector inclined
to the central axis at the critical angle ap, is expected to be reflected
from the region of maximum magnetic field By,. Let up be the velocity
amplitude of the particle so that its starting transverse velocity at P is

U0 = Ug SN dpy. (10.21)

If B is the magnetic field at P, then the constancy of u given by (10.17)
implies

2 2
Uio _ %0

B Bn’

since the transverse velocity at the time of reflection has to equal uy.
We find from (10.21) and (10.22) that

(10.22)

. B
sin® o = —. (10.23)
Bm
We can consider a cone at P around the central axis with the opening
angle ap,. Such a cone is called the loss cone, because particles with
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Figure 10.6 (a) A
magnetic bottle
configuration. (b) A
dipolar field with a
belt of trapped
charged particles.

velocity vectors lying within that cone will pass through the mirror
and be lost from the system.

10.4 Formation of the Van Allen belt

In the previous two sections, we have presented some of the most
important results of the plasma orbit theory. We now want to discuss
how the combination of these results helps us to understand the
motion of a charged particle in a complicated magnetic field.

Let us first consider a region with two magnetic mirrors at the
two ends, as shown in Figure 10.6(a). Unless a charged particle has
its velocity vector very close to the axis of the system, it is reflected
back and forth between the mirrors, thereby remaining trapped within
the region. Hence this type of magnetic configuration is called a
magnetic bottle. Such magnetic bottle configurations are often used
in the laboratory to confine charged particles (Rose and Clark 1961,
Chapter 15).

We now look at the magnetic configuration outside a spherical
dipole shown in Figure 10.6(b). Since field lines come together near
the poles, we expect the poles to act as magnetic mirrors. Hence the
region between the points P and Q can be thought of as a magnetic
bottle which is curved. A charged particle may remain trapped in
this magnetic bottle, while moving back and forth between the polar
regions. But this is not the whole story. A charged particle gyrating
around a curved field line is subject to curvature drift. Since the
magnetic field is falling with radius, this non-uniformity gives rise to a
gradient drift as well. It is easy to see that both the curvature drift and
the gradient drift will produce a motion of the guiding centre in the

Current
carrying 4
coils

) (€

(a) (b)
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azimuthal direction. Henee the guiding centre, while moying to and
fro between the polar regions, also goes around the polar axis of the
spherical body. Figure 10.1 shows such motion of a charged particle
along with the trajectory of the guiding centre as computed by Alfvén
(1950).

Apart from giving an idea as to how the results gf the guiding
centre theory can be put together, the above discussiop should make
it clear that it is possible for charged particles to remain trapped in
the Earth’s magnetosphere. Such a region of trapped charged particles
was actually discovered by Van Allen’s group (Van Allen gt gl. 1958)
with instruments borne on spacecrafts. This belt of charged partigles is
known as the Van Allen belt. We have pointed out in §10.2.1-2 that the
gradient and the curvature drifts of electrons and ions are in opposite
directions. This gives rise to an azimuthal current through this belt
called the ring current.

10.5 Cosmic rays. Particle acceleration in
astrophysics

It was established by the balloon flight experiments of Hess (1912)
that the Earth is exposed to some ionizing rays coming from above
the Earth’s atmosphere. It was later ascertained that these cosmic rays
are actually not rays, but highly energetic charged particles—mostly
electrons and light nuclei. A question of fundamental importance is
to determine if cosmic rays are something loca] existing in the neigh-
bourhood of the Earth and the solar system, or if they fill up the
whole Galaxy or even the whole Universe. Most astrophysicists at
present hold the view that the cosmic rays are a galactic phenomenon.
These charged particles are accelerated within our Galaxy and remain
confined within it by the galactic magnetic field. For an analysis of
the arguments in support of this view, we recommend the reader to
the book by Longair (1994, §20.5). We should mention that such en-
ergetic charged particles are believed to exist in other galaxies as well.
One way of proving the existence of energetic charged particles in
extragalactic systems is to search for synchrotron radiation—a type
of radiation given out by energetic charged particles spiralling around
magnetic fields (see, for example, Rybicki and Lightman 1978, Chap-
ter 6; Longair 1994, Chapter 18). Radio telescopes have discovered
synchrotron radiation in many extragalactic systems, implying that the
acceleration of charged particles to very high energies must be a fairly
ubiquitous process in the astrophysical Universe. There is evidence for
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particles with energies as high as 10%° eV. For comparison, remember
that the rest mass energy of a nucleon is of the order of 10° eV.

The study of cosmic rays played a curious role in the development
of the twentieth century physics. Until the time of World War II,
cosmic rays were studied mainly by particle physicists. These were the
days before the gigantic particle accelerators when cosmic rays were
the only source of high-energy particles. Several new particles were
first discovered from cosmic ray studies. During this period, cosmic
rays were rarely discussed in the astrophysical literature. Since the
existence of cosmic rays could not be reconciled with the theoretical
ideas of astrophysics in that period, most astrophysicists pretended as
if these vexing particles did not exist. The famous theory of Fermi
(1949) discussed below finally paved the way for bringing cosmic rays
within the fold of astrophysics. Fermi’s theory came exactly at the
time when particle physicists felt that they had learnt what was to be
learnt from cosmic rays and started losing interest in them. From then
onwards, the study of cosmic rays became an integral part of modern
astrophysics.

Figure 10.7 shows the spectrum of cosmic ray electrons at the top
of the Earth’s atmosphere. From energies of the order of about 10
MeV to energies of the order of 10° MeV, the spectrum can be fitted
quite well with a power law

N(E)dE oc E"2%(E. (10.24)

From the study of the synchrotron radiation coming from extragalactic
sources, it can be inferred that the electrons in those sources also must
have a power-law distribution with an index close to 2.5, in fair
agreement with what is observed in cosmic ray measurements. The
aim of any particle acceleration theory is to explain the origin of this
power-law spectrum with the observed index.

We now summarize the main ideas put forward by Fermi (1949).
The interstellar clouds are known to carry magnetic fields. Since the
field lines must spread out when coming outside from the clouds,
the surfaces of the clouds should act as magnetic mirrors and reflect
charged particles. Just as a ball picks up energy on being hit by a
bat, Fermi (1949) visualized that charged particles can be accelerated
by being hit repeatedly by the moving magnetic clouds. Although a
particle gains energy in a ‘head-on’ collision with a moving cloud,
there can also be ‘trailing’ collisions in which energy is lost. Hence we
have to show that the particle on average gains energy in collisions.
To understand the basic physics, let us consider a simple model of
only one-dimensional motions of clouds and guiding centres. So all the
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Figure 10.7 The
spectrum of cosmic
ray electrons at the
top of the Earth’s
atmosphere. From
Meyer (1969).
(©Annual Reviews
Inc. Reproduced with
permission from
Annual Reviews of
Astronomy and
Astrophysics.)

collisions can neatly be divided into head-on and trailing collisions.
We present a Newtonian treatment of the problem here. Since the
energetic particles are relativistic, one should actually use a relativistic
treatment. We refer the reader to Longair (1994, §21.3) for the rela-
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tivistic treatment along with a clear discussion of several other aspects
of the problem.

Let us consider the clouds to move with velocity U in one dimension,
i.e. half of the clouds are moving in one direction and the other half
moving in the opposite direction. Let a particle of initial velocity u
undergo a head-on collision with a cloud. The initial velocity seen
from the rest frame of the cloud is u + U. If the collision is elastic,
it would appear from this frame that the particle also bounces back
in the opposite direction with the same magnitude of velocity u + U.
In the observer’s frame, this reflected velocity appears to be u + 2U.
Hence the energy gain according to the observer is

AE; = Im(u + 2UY — im? = 2mU(u + U). (10.25)
The energy loss in a trailing collision can similarly be shown to be
AE_ = -2mU(u — U). (10.26)

The probability of head-on collisions is proportional to the relative
velocity u + U, whereas the probability of trailing collisions is pro-
portional to the relative velocity u — U. The average energy gain in a
collision is therefore equal to

u+U u—U
AEave = AE+T + AE_ 2u

on using (10.25) and (10.26). We now write down the corresponding
expression for average energy gain in a relativistic treatment derived
in Longair (1994, §21.3). It is

= 4mU? (10.27)

U\2
AEq. =4 (7) E. (10.28)
It is easy to see that (10.28) reduces to (10.27) in the non-relativistic
limit on putting E = mc?. Readers good at special relativity may try
to derive (10.28) (Exercise 10.4).

The main point to note in (10.28) is that the average energy gain
is proportional to the energy. Hence the energy of a particle suffering
repeated collisions is expected to increase, obeying an equation of the
form

T aE, (10.29)
where « is a constant. The solution of (10.29) is
E(t) = Epexp(at), (10.30)

where E, is the initial energy. If all particles started with the same
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initial energy Ey, then a particle acquires energy E after remaining
confined in the acceleration region for time

1, (E
t=-In (E—0> . (10.31)

We expect particles to be continuously lost from the acceleration
region. If t is the mean confinement time, then the probability that
the confinement time of a particle is between ¢ and ¢ + drt is

N(b)dt = Mdt. (10.32)

This is exactly like the kinetic theory result of finding the probability
that the time between two collisions for a particle is in the range ¢ to
t + dt and is discussed in any elementary textbook presenting kinetic
theory (see, for example, Reif 1965, §12.1; Saha and Srivastava 1965,
§3.30) Now a particle with confinement time between ¢, ¢t + dt would
acquire the energy between E, E + dE. Substituting for ¢ from (10.31)
and for dt from (10.29), we are led from (10.32) to

exp [—u—ltln (Eio)] dE

N(E)E = - s

from which
N(E) oc E-(1+%), (10.33)

We thus end up with a power-law spectrum.

This theory of Fermi (1949), although somewhat heuristic in nature
and based on several ad hoc assumptions, gives us a clue as to how
a power-law spectrum may arise. There are, however, very big gaps
in the theory. Since it is not so straightforward to estimate « and 7,
the index of the power law cannot be calculated easily. Furthermore,
there is no indication in the theory why this index should be close to
some universal value in different astrophysical systems. We also see
from (10.28) that the average energy gain is proportional to (U/c)%.
Since the clouds are moving at non-relativistic speeds, this is a very
small number and the acceleration process is quite inefficient. Because
of this quadratic dependence on U, this process is referred as the
second-order Fermi acceleration.

If we could somehow arrange that only head-on collisions take
place, then the acceleration process would be much more efficient. For
u > U, it follows from (10.25) that the energy gain will depend linearly
on U rather than quadratically. The acceleration resulting from such
a situation is called the first-order Fermi acceleration. But is it possible
for this to happen in Nature? It was pointed out by several authors
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in the late 1970s (Axford, Leer and Skadron 1977; Krymsky 1977,
Bell 1978; Blandford and Ostriker 1978) that shock waves produced
in supernova explosions may provide sites for the first-order Fermi
acceleration. Magnetic irregularities are expected on both sides of the
advancing shock wave. It is possible that a charged particle is trapped
at the shock front and reflected repeatedly from magnetic irregularities
on both sides. Such collisions are always head-on and lead to much
more efficient acceleration compared to Fermi’s original proposal of
acceleration by moving interstellar clouds. We again refer the reader to
Longair (1994, §21.4) for a detailed discussion of this theory. Although
many questions are still unanswered, acceleration in supernova shocks
seems at present to be the most promising mechanism for producing
cosmic rays.

Exercises

10.1 Consider a charged particle moving in a uniform magnetic
field B = Bé,. Write down the x, y and z components of the
equation of motion. Solve these equations to show that the
charged particle moves in a helical trajectory.

102  Suppose a region of free space has a cylindrically symmetric
magnetic field B = By(r)éy. Show that the guiding centre of a
gyrating charged particle has a combination of curvature and
gradient drifts given by

ay = —mRe x B u2+1u2
e =" mep \Ta)

where the different symbols have the same meanings as in
§10.2.2, u) being the component of velocity in the direction of
the magnetic field and u; being the component transverse to
it.

10.3  Consider an electron in the Earth’s Van Allen belt moving
with 10% of the speed of light. If the Earth’s magnetic field
near the surface is of the order of 0.3 G, make a very rough
estimate (say, correct within a factor of 10 or so) of the time
the electron takes in going around the Earth once. How will
you justify the use of the guiding centre approximation in this
problem?

104  (For those who are good in special relativity.) Consider the
one-dimensional problem of a relativistic particle being re-
flected from a set of reflectors moving with speeds either U
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10.5

or —U. Using special relativity, show that the average energy
gained per collision is given by (10.28).
The total power radiated per unit time by a charge ¢ moving
with acceleration a is given by

_ 2q2 a2

3¢3 7

Estimate the strength of the magnetic field such that an elec-
tron moving at 1% of the speed of light in that field would
radiate away an appreciable amount of kinetic energy during
one period of gyration. Is it justified to neglect the radiation
reaction in the equation of motion (10.1) while considering
motions of electrons in astrophysical magnetic fields?




Dynamics of many
charged particles

11.1 Basic properties of plasmas

After discussing the motion of a single charged particle in the previous
chapter, we now start studying the dynamics of many charged particles.
The term plasma to denote a collection of ions and electrons was coined
by Langmuir (1928). While discussing the ionized gas produced in
the discharge tube, Langmuir (1928) wrote: “We shall use the name
plasma to describe this region containing balanced charges of ions and
electrons.” The easiest way of obtaining a plasma is to heat a gas to
sufficiently high temperature such that several atoms break into ions
and electrons. For a gas in thermodynamic equilibrium, the degree of
ionization at a given pressure and temperature can be obtained from
the Saha ionization equation (Saha 1920) derived in many standard
textbooks (see, for example, Mihalas 1978, §5-1; Rybicki and Lightman
1979, §9.5). Here we merely state the Saha equation without proof.
We write it down for the ionization of hydrogen gas. This form of
Saha equation will hold for other gases as well if we do not consider
the possibility of multiple ionization due to the loss of more than one
electron from the atom. The degree of ionization x is given by

xz = (27Tme)3/2 (K:B"T')S/2 exp(_ X ) (11 1)
x—1 h3 Pgas kT )

where pg, is the total gas pressure, m. is the mass of the electron and
x is the ionization energy, other symbols having the usual meanings.
It is clear from the Saha equation that the degree of ionization
in a gas increases with the increase in temperature. The interiors of
main-sequence stars are hot enough to ensure that the gases there exist
as highly ionized plasmas. It is to be noted that the Saha equation
holds only for plasmas which are in thermodynamic equilibrium.

216
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The regions of ionized hydrogen around the early-type stars known
as the H II regions are almost completely ionized by the ultraviolet
radiation coming from the central stars and are not in thermodynamic
equilibrium. The ionization levels inside the H II regions are not
determined by the Saha equation, but by the flux of ultraviolet photons
from the central stars. It is estimated that more than 99% of the
material in the Universe exists in the plasma state, even though the
Saha equation may not be applicable to some of this plasma.

If we consider a volume of plasma large enough to contain many
charged particles, we expect that volume to be close to charge-neutral.
Any charge imbalance would produce strong electrostatic forces to
restore the charge-neutrality. We will see later that charge imbalances
may exist only over a short distance (called the Debye length) or for
a short period of time (the inverse of the so-called plasma frequency).
What makes the macroscopic behaviour of plasmas so different from
that of the neutral gases, however, is the fact that an electromotive
force applied to a plasma can drive large currents by making the
electrons and ions move in opposite directions. Volumes of plasma
can therefore sustain large currents in spite of being nearly charge-
neutral. One often says that a plasma is a quasi-neutral gas.

Since many charged particles in a plasma can interact simultane-
ously through long-range electromagnetic interactions, there can be
many phenomena in plasmas which are caused by collective inter-
actions of many particles. The electrostatic oscillations discussed in
the next chapter is an example of such collective behaviour. We shall
see that each charged particle moves due to the electrostatic field
produced by all the particles around it. Different charged particles
moving in this way, however, can give rise to coherent oscillations. In
the next section, we shall introduce the plasma parameter, which will
provide a quantitative way of estimating the importance of long-range
interactions.

Suppose we consider the motion of one charged test particle in a
plasma. When no other particle is close enough to cause an appreciable
deflection in the trajectory of our test particle, we can assume the
electromagnetic field experienced by this test particle to be a smooth
field caused by the long-range electromagnetic interactions of many
distant particles. However, when another charged particle comes close
enough to our test particle to cause a deflection by the Coulomb
interaction, we have to treat that as a collision. We saw in §3.4 that
collisions in neutral gases play crucial roles in keeping the systems close
to thermodynamic equilibrium. We expect that collisions in plasmas
also would play similar roles. But collisions between char jed particles
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Figure 11.1 The
typical trajectory of a
charged particle in a
plasma.

are much harder to treat than collisions between neutral particles.
Hence the mathematical theory of plasmas is still in a much less
satisfactory stage of development.

If a plasma is weakly ionized, then a charged particle is more
likely to have a collision with a neutral atom rather than another
charged particle. A collision between a charged particle and a neutral
atom takes place only when they are very close and usually produces
large deflections. Hence such collisions are fairly similar to collisions
between neutral particles and the Boltzmann equation can be applied
to weakly ionized plasmas. In Chapter 13 we shall present some
discussion on the collisional processes in weakly ionized plasmas.

For highly ionized plasmas, in contrast, the Coulomb collision be-
tween charged particles is the important collisional process. Whenever
two charged particles interact in such a way that the trajectory of at
least one particle (the lighter particle, if the two particles are not alike)
shows a ‘noticeable’ deflection, we may regard it as a collision. De-
fined in this fashion, most collisions between charged particles would
take place when the separations between them are typically larger
than the separations for neutral particle collisions and a majority of
such collisions would produce small deflections in the trajectories of
the particles. Hence the velocity of a charged particle would change
appreciably more likely due to the succession of many small collisions
rather than due to one large. collision. Figure 11.1 shows the typical
trajectory of a charged particle in a plasma. It is clear that this trajec-
tory is very different from the trajectory of a particle in a neutral gas
as shown in Figure 2.1. We shall give an outline as to how one tries to
develop a kinetic theory of a gas of charged particles, which is much
more complicated than the kinetic theory of neutral gases.

As in the case of neutral gases, eventually we attempt to develop
continuum fluid models of plasmas. We saw in Chapter 3 that a hydro-
dynamic model could be developed by closing the moment equations
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if the neutral gas was close to thermodynamic equilibrium within lo-
cal regions. We even calculated departures from the thermodynamic
equilibrium, which enabled us to estimate the transport coefficients. A
similar presentation for plasmas is beyond the scope of this elemen-
tary textbook. We shall develop fluid models of plasmas merely on
the basis of the assumption that the plasmas under consideration are
close to thermodynamic equilibrium within local regions. Properties
of a plasma in complete thermodynamic equilibrium can be investi-
gated by employing the powerful techniques of statistical mechanics
through the manipulation of the partition function. But a system-
atic derivation of the continuum fluid model of a plasma which is
spatially inhomogeneous and hence not in complete thermodynamic
equilibrium—especially in the presence of a strong magnetic field—is
a formidable problem. One can perhaps give more justification for
the fluid models than we provide here. But a completely satisfactory
derivation of fluid models for inhomogeneous magnetized plasmas is
not available at the present time. We shall see that our fluid models
often give fairly reliable results in agreement with experiments, but
we do not have a good understanding of their limitations. We do not
always understand why and when the models break down. We shall
make more comments on these in appropriate places.

There is one important topic in the study of plasmas which is com-
pletely left out of this book. According to classical electrodynamics,
an accelerated charged particle emits electromagnetic radiation (see,
for example, Panofsky and Phillips 1962, Chapter 20; Jackson 1975,
Chapter 14). Hence, whenever the velocity of a charged particle in
the plasma changes (in magnitude or direction), some electromagnetic
radiation comes out of the plasma. When two charged particles col-
lide with each other and change their velocities, the type of radiation
coming out is known as bremsstrahlung (Rybicki and Lightman 1979,
Chapter 5). On the other hand, when a relativistic charged particle
spirals around a magnetic field, we get synchrotron radiation (Rybicki
and Lightman 1979, Chapter 6). Although a study of the radiation
processes in plasmas is tremendously important in astrophysics, it
requires theoretical concepts and techniques which are very different
from the concepts and techniques developed in this book. Hence a
discussion of radiation processes would have been quite a bit out-
side the main line of development in this book. We recommend the
reader to the excellent graduate textbook by Rybicki and Lightman
(1979) for an introduction to the radiation processes important in
astrophysics. The propagation of electromagnetic waves in plasmas,
discussed in §12.2 and §12.5, will be the only topic in this book pertain-
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ing to the subject of interaction between plasmas and electromagnetic
radiation.

11.2 Debye shielding. The plasma parameter

To understand how good the assumption of charge-neutrality is, let
us consider the charge separation produced by introducing a charge
Q inside a plasma. The theory of electrostatic screening of a charge
was first developed by Debye and Hiickel (1923) in their study of
electrolytic solutions. If n, is the number density of electrons and »;
that of ions (assumed singly ionized), then the charge density at a point
in space is given by (n; — ne)e. Denoting the electrostatic potential by
¢, the Poisson equation is

V¢ = —dn(n; — nee. (11.2)

If the plasma is in thermodynamic equilibrium and n is the number
density of ions or electrons far away from the charge Q, then we
expect

n= nexp(— %) , ne = nexp(%) . (11.3)
Substituting in (11.2),

V2p = 4nne [exp <—';i;;> —exp (— Ki—‘g)] .

We now expand in Taylor series and neglect terms quadratic or higher-
order in (e¢/xpT), which are expected to be small in usual circum-
stances. This gives

Vi = qu‘ (11.4)
D
where
T 1/2
p = (ﬁ) (11.5)

is known as the Debye length. The potential around the charge Q
satisfies (11.4). The appropriate solution is

exp(—r/in)

- (11.6)

¢=0Q

It thus appears that the effect of the charge is screened beyond a

distance Ap. A plasma can therefore be considered charge-neutral
when distances larger than the Debye length are considered.

Although the electric field of a charged particle in principle extends
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to infinity, the influence of a charged particle in a plasma is effectively
felt to a distance Ap, i.e. within a volume of the order 113) called the
Debye volume. Hence the number of particles on which this charged
particle would exert an influence is of order ni}. We have already
mentioned in §11.1 that a plasma can exhibit collective phenomena
arising out of mutual interactions of many charged particles. The
number nl}, gives a measure of the number of particles which can
interact simultaneously. The inverse of this number is known as the
plasma parameter
(87)¥/2e3n/2

1
=~ = T (11.7)

on substituting from (11.5). When the plasma parameter g is smaller,
there is more collective interaction in the plasma. It is to be noted
that g is smaller for smaller n. So the number of particles interacting
collectively is more for a low-density plasma. In such a plasma, the
Debye shielding is less effective so that the Debye volume 43, is much
larger. Hence, even if the number of particles per unit volume is less,
the total number of particles in the Debye volume is larger.

The average distance between the particles of a plasma is of the
order n~1/3, Therefore the average potential energy of electrostatic
interaction between a pair of nearby particles is of the order e2n!/3,
Hence the ratio of average potential to kinetic energy is

(PE) _én'? o,
RE]~ ot <8 (11.8)

Another interpretation of the plasma parameter, therefore, is that it
is a measure of the potential energy of interactions compared to the
kinetic energy. When g is small (as for a low-density plasma), the
interaction amongst particles is weak, but a large number of particles
interact simultaneously. On the other hand, a larger g implies few
particles interacting collectively, but interacting strongly. The limit of
small g is referred to as the plasma limit. Most textbooks on plasmas
take the smallness of the plasma parameter g as a condition for the
definition of a plasma.

11.3 Different types of plasmas

From the expressions (11.5) and (11.7), it is clear that, apart from the
mathematical and physical constants, the characteristics of a plasma
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Figure 11.2 Different
plasma systems
indicated on a plot
of the number
density n of charged
particles against the
temperature T.

are determined by the number density n of charged particles and the
temperature T. Now these two physical variables n and T are found
to vary over many orders of magnitude in the different types of plasma
known to us. This is clearly seen in Figure 11.2, where different plasma
systems are indicated in a plot of n against T. Since the temperature
of a plasma is often denoted in eV, the top axis of the figure gives the
temperature scale in eV. We shall see in §12.2 that the characteristic
frequency of a plasma, known as the plasma frequency, depends on the
number density n. The values of the plasma frequency are indicated
on the right axis. The plasma frequency for the Earth’s ionosphere is
about 107 Hz lying in the radio range, whereas the plasma frequency
for the electron gas in a metal is about 10! Hz which is in the
ultraviolet. For the convenience of the readers, Appendix E gives the
expressions for various plasma parameters after putting the numerical
values of mathematical and physical constants.
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The straight lines corresponding to g = 1 and g = 10~ are indicated
in Figure 11.2. We pointed out in the previous section that one often
takes the condition g < 1 as a part of the definition of a plasma. The
region excluded by this definition is shaded. It should be clear from
the figure that many plasma systems of interest to us have g < 1,
and the theoretical results which we shall derive in the following
chapters should hold for them. For the region above the line labelled
as ‘quantum limit’, the condition (1.1) is not satisfied and the wave
packets of the particles overlap with each other. Hence the electrons
inside a metal or a white dwarf star cannot be regarded as classical
particles. It would appear from Figure 11.2 that these electron gases
would have very high g and the usual results of plasma physics would
not apply to them at all. However, the expression (11.7) for g does not
hold for these systems, since we tacitly assumed a classical distribution
while applying (11.3) in our derivation. To derive the Debye length for
a quantum system, we have to replace (11.3) by expressions appropriate
for a Fermi—Dirac distribution (see, for example, Kittel 1995, pp. 280—
3; Ashkroft and Mermin 1976, pp. 340-2). On calculating the Debye
length in this way, it is found that g = (nA3))~! for these systems is
not as large as one would expect on the basis of (11.7). Hence, some
results of plasma physics are applicable to a system like the electron
gas in a metal.

According to (11.8), one implication of small g is that the potential
energy of interactions amongst nearby particles is small compared to
the kinetic energy, and the plasma can be treated as a perfect gas, i.e. a
gas of non-interacting particles with the properties listed in §6.1. This
holds even for material at the centres of stars, where the density may
be higher than the density of water. Matter of such density does not
behave as a perfect gas at terrestrial temperatures. Hence, in the early
years of stellar research, it was not clear whether matter at the centre
of a main-sequence star would behave as a perfect gas (Eddington
1926, §6-7). Only after it was realized that the perfect gas laws hold
down to the centres of stars, rapid advances were made in the study of
stellar structure. It may seem at first sight that the mutual interactions
amongst electrons would be very important inside a metal or a white
dwarf star (because of g > 1 ). However, in a system of Fermions with
most states filled up to the Fermi energy, collisions amongst nearby
particles are suppressed due to the fact that the particles may not have
free states available for occupation after the collision (Kittel 1995, pp.
294-7; Ashkroft and Mermin 1976, pp. 346-8). Hence electrons inside
a metal or a white dwarf star are often approximated as a perfect gas
made up of non-interacting Fermions.
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i 1.4 BBGKY hierarchy

We now discuss what is perhaps the most promising approach for
developing a kinetic theory for systems like plasmas in which many-
particle interactions are important. One strategy we have been follow-
ing in most parts of the present book is to give full derivations of what-
ever we are discussing. An exception will be made now. The kinetic the-
ory of plasmas is such a complex subject that a full treatment is beyond
the scope of our book. On the other hand, it is so important that we
want to give the reader at least an idea of the subject. Hence we present
an outline of the subject without full derivations of all the results men-
tioned. Some of the results of plasma kinetic theory are applicable to
stellar dynamics as well. Since collisions in both fully ionized plasmas
and stellar systems are caused by inverse-square forces, the mathemati-
cal treatments of collisions in these two systems are quite similar. There
is, however, one big difference between plasma kinetic theory and stel-
lar dynamics, as already mentioned in §3.7. The gravitational attraction
in a stellar system cannot be screened, and the large-scale gravitational
field existing over the system makes an overall thermodynamic equilib-
rium impossible. On the other hand, the electrical forces in a plasma are
screened beyond the Debye length and do not come in the way of the
plasma having a proper thermodynamic equilibrium. Hence those re-
sults of plasma kinetic theory which explicitly depend upon the plasma
being in thermodynamic equilibrium do not hold for stellar systems.

We had introduced the concept of an ensemble in §1.4. We now
consider an ensemble for a system of N particles, which means that
we have to think of a I'-space (see §1.5) in which a configuration of the
system is represented by a point. The many probable configurations
would correspond to many points in the I'-space making up the ensem-
ble. Let py(xy,uy,...,Xn, Uy, t) be the density of the ensemble points.
We now want to find the joint probability fk(xj,uy,...,Xk,ux,t) that
the particles 1 to K have coordinates (xi,w;), ..., (Xg,ux) at time t.
This can be obtained from the ensemble density by integrating over
the coordinates of the remaining particles K + 1 to N, i.e.

fx(Xp,uy, ..., Xk, Uk, t) = VK/dXK+1dllK+1 ...dxyduy py,  (11.9)

where V is the physical volume which the N particles can occupy.
The factor VX is introduced here to ensure proper normalization. We
know from §1.4 that py satisfies Liouville’s equation (1.4). By suitably
integrating Liouville’s equation, one can obtain the following equation
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for fx:
Uz Zu, Vo fx + EZ L
r=1 s=1
sr

(N K) Z/de+1d“K+l

where F,; is the force exerted by the s-th particle on the r-th particle.
In order to avoid any confusion, we have indicated all the summations
explicitly rather than using the summation convention. For a very clear
derivation of (11.10) from Liouville’s equation, we refer the reader to
Nicholson (1983, §4.3). We see from (11.10) that the equation for fx
involves fx.i. Hence it follows that the equation for f; will involve
f2, the equation for f, will involve f3, and so on. This hierarchy of
equations goes by the name BBGKY hierarchy after the scientists who
developed this formalism (Bogoliubov 1946; Born and Green 1949;
Kirkwood 1946; Yvon 1935).

The first function fi(xy,u;,t) is clearly the usual probability dis-
tribution function. The next function f»(xj,u;,X2,u,¢) is the joint
probability that the particle 1 has the coordinates (x;,u;) and the par-
ticle 2 the coordinates (x,, u;) simultaneously at time ¢. If the particle 1
does not influence the particle 2 in any way, then this joint probability
would simply be fi(xq,my, £)f1(X2, w, £). If, however, the two particles
attract each other, then the probability of their being found close by
is enhanced. On the other hand, if they repel each other, then this
probability is reduced. Hence we can in general write -

LV fre1 =0, (11.10)

fa(xp,ug, X0, 02, 1) = f1(X1, 1, )f 1(X2, W2, 2) + g(X1, Mg, X2, W2, ), (11.11)

where g(xy,u;,Xo,W,t) is the two-particle correlation function. The
above expansion can be written more compactly as

£2(1,2) = £1(D)f1(2) + g(1,2), (11.12)

where we have abbreviated by simply writing the number r in the
place of (x,,u,) and have not indicated the ¢ dependences explicitly.
Proceeding the same way, the next function can be written as

£3(1,2,3) = f1(Df1(2)f13) + f1(1)g(2,3) + f1(2)g(1, 3)
+£1(3)g(1,2) + k(1,2,3), (11.13)
where h(1, 2, 3) is the three-particle correlation function. Expansions of

the form (11.12) and (11.13) are known as the Mayer cluster expansion
(Mayer and Mayer 1940, Chapter 13).
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When a plasma is in thermodynamic equilibrium, one can apply
the principles of statistical mechanics (through the Gibbs ensemble
approach) to calculate various correlation functions and other quan-
tities of interest. We shall not discuss this approach here, but refer
the interested reader to Chapter 2 of Krall and Trivelpiece (1973). It
can be shown that f;(xy,u,¢t) for an equilibrium plasma is simply the
Mazxwellian distribution

m \* mu?
fum(uy) = <2TCKBT) exp(— 2K3T> . (11.14)

The two-particle correlation function turns out to be

4192 exp (—Ix2 — x1|/Ap)
kgT [x2 — x4

g(x1,ug, Xz, Wp) = — SFu(ur)fm(uar),
if the plasma is in thermodynamic equilibrium. As expected, this
correlation function is negative when the two charges ¢, and ¢, are
alike, whereas it is positive when the charges have opposite signs. The
real non-trivial problem is to calculate all these various correlation
functions for non-equilibrium plasmas with spatial inhomogeneities
and macroscopic motions.

To have an idea how one handles non-equilibrium plasmas, let us
look at the equation for f1(x1,u;,¢) which one obtains from the general
BBGKY hierarchy equation (11.10). Writing N/V = ny, we get

af1(1)

Fu Vo fi(D) + o [dxadu 2V [ (0A12) + ¢(1,2] =
(11. 15)
where we have substituted from (11.12). We thus see that we need a
knowledge of g(1,2) in order to calculate fi(1). One can obtain an
equation for g(1,2) from the next equation of the BBGKY hierarchy
(ie. from the equation for f»(1,2)). But this equation involves the
next correlation function h(1, 2, 3). Hence we have to truncate at some
correlation function in order to have a closed set of equations.
The simplest truncation is to ignore g(1,2). Then (11.15) gives

‘?f‘(l) (11.16)

where
F= no /ddellz F12f1(2) (1117)

is the smooth force acting on the particle 1 due to the long-range
interactions of all the other particles. Since we have neglected g(1,2)
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which arises due to interactions between neighbouring particles, F
does not include the forces exerted during collisions. Equation (11.16)
is known as the Viasov equation (Vlasov 1945) and is one of the most
important equations in plasma physics. It is sometimes also referred
to as the collisionless Boltzmann equation because of its identical
appearance with the Boltzmann equation without the collision term.
One should, however, keep in mind that there are subtle differences
between the Boltzmann equation and the Vlasov equation at a concep-
tual level. The Boltzmann equation is for particles without long-range
interactions and the force F is usually some external force. The col-
lisions are well-defined sharp events and can be neglected by setting
the collision integral equal to zero. On the other hand, the Vlasov
equation deals with particles with long-range interactions so collisions
are more difficult to define. Since g(1,2) captures the essence of in-
teractions between nearby particles, the neglect of g(1,2) in a sense
implies the neglect of collisions. But the long-range interactions due
to a smooth distribution of particles are taken into account through
F as defined by (11.17). Because of these reasons, we shall not use the
term collisionless Boltzmann equation for the Vlasov equation.

We expect that a non-equilibrium plasma left to itself will relax
to an equilibrium with the Maxwellian distribution. This cannot be
shown by the Vlasov equation where two-particle interactions are
neglected by neglecting g(1,2). Hence an arbitrary distribution func-
tion f; obeying the Vlasov equation will not relax to a Maxwellian
distribution. It is therefore essential to include g(1,2) if we want to
study plasma relaxation through collisions. As mentioned already,
g(1,2) captures the effect of collisions between particles. To calculate
g(1,2), we have to keep the next equation in the BBGKY hierar-
chy. If we neglect the three-particie correlation h(1,2,3), then we get
closed equations. But these equations are still too difficult to handle
in all generality. Impressive progress has been made in studying plas-
mas which are spatially homogeneous, though they may not have the
Maxwellian distribution in the beginning. In other words, we have to
deal with distribution functions f;(u;,t) independent of position. For
such plasmas, a formal solution for g(1,2) can be written down and, on
substituting it in (11.15), one gets a closed equation for f;(uj,t). This
equation is called the Lenard—Balescu equation (Lenard 1960; Balescu
1960), which we shall not discuss here. We recommend Montgomery
and Tidman (1964, Chapters 6-7) or Nicholson (1983, Chapter 5)
for a systematic treatment of the subject. If we begin with an arbi-
trary initial distribution function fi(uy,¢) and advance it according to
the Lenard—Balescu equation, it is found that fi(u;,t) asymptotically
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approaches the Maxwellian distribution. We may mention that the
Lenard-Balescu equation is a special case of what is known as the
Fokker-Planck equation (Fokker 1914; Planck 1917). Whenever we
have a system of many particles moving under forces which produce
mostly small deflections in the trajectories, the effect of collisions is a
diffusion in the velocity space and the Fokker-Planck equation is a
natural outcome for such systems. One is led to the Fokker—Planck
equation in the theory of Brownian motion or in collisional stellar
dynamics, where we expect the trajectories to be like that shown
in Figure 11.1. A very elementary and incomplete discussion of the
Fokker—Planck equation is given in §11.6.

To summarize, a system of particles with long-range interactions
can be treated by the BBGKY hierarchy with the Mayer cluster
expansion. To close the equations, we have to neglect the K-particle
correlation functions beyond a certain K. By neglecting the two-
particle correlation function, we get the Vlasov equation. One of the
limitations of this equation is that it will not make a plasma relax
to a Mazxwellian distribution, since we effectively neglect collisions
by neglecting the two-particle correlation function. To study plasma
relaxation, we have to go to one order higher in the equations.

11.5 From the Vlasov equation to the two-fluid
model :

If the Vlasov equation cannot even describe the relaxation of a plasma
to equilibrium, of what use is it then? We now want to argue that
the Vlasov equation is a tremendously useful equation in spite of its
limitations. Suppose we consider the disturbance of a plasma from
the equilibrium sitvation. One example is the study of waves excited
in a plasma in thermodynamic equilibrium. The waves are expected
to make the distribution functions of ions and electrons slightly dif-
ferent from the Maxwellian distribution characteristic of a plasma in
equilibrium. It is true that the Vlasov equation cannot explain why
the distribution functions are Maxwellian. If, however, the wave fre-
quency is sufficiently high so that collisions can be neglected during
an oscillation period of the wave, then the perturbations to the distri-
bution function produced by the wave can be handled by the Vlasov
equation. We have seen in Chapter 3 that a hydrodynamic description
can be introduced for a system having the distribution function close
to the Maxwellian. Hence we expect that a hydrodynamic description
should be possible for the plasma we are considering. We now discuss
how the Vlasov equation leads to the so-called two-fluid model of the
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plasma, in which a plasma is regarded as an inter-penetrating mixture
of a negatively charged fluid of electrons and a positively charged
fluid of ions.

Since the Vlasov equation cannot handle collisions, the two-fluid
model developed below will be appropriate for collisionless plasma
processes. It may be pointed out that the term ‘collisionless’ is used
in plasma physics and stellar dynamics in somewhat different senses.
The collisional relaxation time of a typical galaxy is larger than the
age of the Universe. Such systems are referred to as collisionless stellar
systems in which collisions have never played an important role since
the formation of the system. On the other hand, here we shall be dealing
with plasmas which are in thermodynamic equilibrium presumably due
to collisional relaxation. But collisions can be neglected while studying
some of the processes we are interested in.

We can introduce distribution functions fi(x,u,t) and f.(x,u,t) for
ions and electrons respectively, both of which should satisfy the Vlasov
equation. If the force F is purely electromagnetic, then we can write
the Vlasov equation (11.16) as

f’ +u-v+ L (E+— X B) - Vofi = (11.18)

where the subscrlpt I can be i or e. It is obvious that ¢ = e, ¢ =
—e, whereas m; and m. stand for the masses of ions and electrons
respectively. If we multiply (11.18) by any quantity y(u) and integrate
over u, then the derivation presented in §2.5 holds and we shall end
up with equation (2.37) with n; and m; written for n and m. Although
we now have a velocity-dependent force, it is to be noted that

0F;
6u,~ ’
because the nature of the vector product u x B is such that the i-th

component of the force does not depend on u;. Hence we write (2.37)
as

5 00) + -t = 2 (FZL) o, (1119)
It is easy to see that taking y = 1 gives us the continuity equation
%’:’ +V-(mv) = (11.20)
where
vi = (u)y

is the average velocity of the particles of type . If we put y = mu;,
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then we can manipulate the equations exactly as in §3.1 and §3.3.
Assuming the pressure to be a scalar, we then arrive at the Euler
equation as in §3.3. The Euler equation for both the ion fluid and the
electron fluid is

ov, \/
mny |:(3_tl + (v - V)Vz] = —Vp; +qmn (E + ?l X B) R (11.21)

where p; is the pressure associated with the particles of type [. It
is to be noted that this equation follows also from the macroscopic
considerations presented in §4.1.1 by noting that the volume force
acting on the charge ¢;n; per unit volume is ¢;m(E + v x B/c).

Chapter 3 presents a detailed discussion of how to close the set
of equations obtained from the moments of the Boltzmann equation
by relating the pressure to other thermodynamic variables in the
case of neutral gases. This procedure works if the system is close
to thermodynamic equilibrium. For plasmas close to thermodynamic
equilibrium, we expect that it should be possible to relate p; to other
variables. We shall not get into a detailed discussion of this point as
we did in Chapter 3 for neutral gases. In most of the cases of interest,
pi can be taken to have one of the forms

=0, (11.22a)
pr=xsnTy, (11.22b)

or
pi = Cnj. (11.22¢)

When the random thermal motions are not important in a particular
situation, we can use (11.22a) known as the cold plasma approxima-
tion. If each species of particles can be assumed to have a constant
temperature T; (T; need not be equal to T, always), then (11.22b) is
applicable. On the other hand, (11.22c) with a constant C is the ap-
propriate relation for adiabatic processes. In the presence of a strong
magnetic field, the thermodynamic properties of the plasma can be
very different in directions parallel and perpendicular to the magnetic
field. A theory for such a system was developed by Chew, Goldberger
and Low (1956).

Our aim is to construct a complete dynamical theory for the two-
fluid model. Apart from the electromagnetic fields, the other variables
appearing in the equations (11.20-11.22) are n;, p; and v,. Noting that
v; is a vector and [ has two possibilities, we have altogether ten scalar
variables. It is easy to see that the number of equations is the same. If
we count six additional scalars for the different components of E and
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B fields, then we have altogether sixteen scalars. To have a full dy-
namical theory, we have to combine (11.20-11.22) with equations for
the electromagnetic fields. The appropriate equations for the electro-
magnetic fields are Maxwell’s equations. Remembering that the charge
density is given by (n; — ne)e and the current density by (njv; — neve)e,
Maxwell’s equations are

V- E = 4n(n; — ne)e, (11.23)
V-B=0, (11.24)
4n 10E
VxB= T(nivi —neVe)e + v (11.25)
1B
VxE——Za—. (11.26)

It may be noted that usual electrodynamics textbooks distinguish
between E and D, H and B. This distinction is not useful for plasmas.
When we have well-defined conductors placed in a medium, it makes
sense to distinguish between charges and currents on the conductor
from the induced polarization charges and currents in the medium.
By combining the polarization charge in the medium with the usual
electric field, one then arrives at the concept of the electric displacement
D (see, for example, Panofsky and Phillips 1962, §2-1; Jackson 1975,
§4.3). Such considerations are not appropriate for a plasma where
we normally do not distinguish between conductors and the medium.
In the next chapter, however, we shall see that one often introduces
a ‘dielectric constant’ for the plasma, which is defined somewhat
differently from the usual definition of dielectric constant in elementary
electrostatics.

Equations (11.20-11.26) constitute the full dynamical theory of the
two-fluid model. Since there are sixteen scalar variables, it seems at
first sight to be a complicated theory. We shall see in the next chapter
that applying this theory is actually much simpler than what we may
expect by looking at the full set of equations.

11.6 Fokker-Planck equation

We have already pointed out in §11.4 that one has to go beyond
the Vlasov equation to incorporate the two-particle interactions in
the plasma. In most cases, such interactions produce small deflections
and hence small changes in particle velocities. We mentioned that the
evolution of the distribution function in such a situation is given by
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the Lenard—Balescu equation, which is a special case of the Fokker—
Planck equation (Fokker 1914; Planck 1917) applicable to systems of
particles moving under stochastic forces that keep producing small
changes in particle velocities. We give a very heuristic presentation of
the Fokker—Planck equation, which holds in different forms for such
diverse systems as Brownian particles in a liquid or a cluster of stars. A
rigorous treatment of the subject is beyond the scope of this book and
can be found in the famous review article of Chandrasekhar (1943a).
Let us consider a distribution function independent of space so that
we can write f(v,t) as a function of velocity and time only. We now
think of some initial situation in which all the particles have nearly
equal velocities. This means that the tips of all the velocity vectors
for different particles lie within a small volume dv of the velocity
space. In the presence of stochastic forces producing small changes of
velocities, the tips of many velocity vectors would diffuse out of this
small volume d°v after some time. Hence we expect f(v,t) to satisfy a
diffusion equation in the velocity space, which we can write as

a9 _ D,Vf. (11.27)
ot

This is exactly like the usual diffusion equation, except that we are
considering diffusion in the velocity space and the operator V2 appro-
priate for the velocity space appears in the place of the usual V2. The
coefficient Dy is related to the statistical properties of the stochastic
forces.

This is usually not the whole story. Suppose we think of Brownian
particles in a liquid, on which stochastic forces are exerted by the
molecules of the liquid. The velocity vectors of the Brownian particles
certainly keep on diffusing in the velocity space. But there is another
effect as well. A Brownian particle moving with velocity v through
the liquid experiences a drag opposing the motion. The resulting
deceleration can be written as a negative acceleration of the form

a(v) = —yy, (11.28)

where y is the friction coefficient. We now want to find how this
acceleration affects the distribution function. Let us forget about the
diffusion in the velocity space for the time being. We shall put it back
later. If there is no diffusion, the effect of the acceleration a(v) can
be incorporated simply by writing an equation of continuity in the
velocity space. In the usual equation of continuity (3.51), we replace
the space coordinate by velocity and the velocity by acceleration.
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Figure 11.3 An
illustration of
dynamical friction. A
star has moved from
P to Q creating a
region of enhanced
density of
surrounding stars
behind it.

This gives
of

= + Vv (fa)=0. (11.29)

To treat both the acceleration a(v) and the diffusion in the velocity
space, we have to combine (11.27) and (11.29) so that

of _

= =
where we have used (11.28) to substitute for a. Equation (11.30) is the
usual form of the Fokker—Planck equation.

To obtain the Fokker-Planck equation for a particular system, the
main task is to calculate the friction coefficient y and the diffusion
coefficient Dy from the interactions appropriate for that particular
system. It is obvious that Brownian particles in a liquid would have
a non-zero friction coefficient y. But do we expect such friction to be
present in systems like a plasma or a star cluster where the particles
interact through long-range forces? Chandrasekhar (1943b) derived
the famous result that such a friction term should indeed arise in
a stellar system. Let us qualitatively explain why this should be so.
Similar arguments can be given for plasmas as well. Suppose a star has
moved from point P to point Q as shown in Figure 11.3. While passing
from P to Q, the star attracted the surrounding stars towards itself.
Hence we expect the number density of-stars around PQ to be slightly
larger than that ahead of Q. The star at Q, therefore, experiences a net
gravitational attraction in the backward direction (i.e. in the direction
of QP). This important effect is known as the dynamical friction.

If the system is not homogeneous in space then, instead of obtaining
the Fokker—Planck equation in the three-dimensional velocity space as

¢ y
7] J @J @
) Y

7

V- (fyv) + DyV3f, (11.30)
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in (11.30), one has to obtain it in the six-dimensional space comprising
of position and velocity coordinates. Binney and Tremaine (1987, §8.3)
derive the Fokker—Planck equation for a collisional stellar dynamic
system. Nicholson (1983, Chapter 5) obtains the Lenard-Balescu equa-
tion through the BBGKY hierarchy and shows that it is a special form
of the Fokker—Planck equation. A particularly simple situation occurs
if the distribution function depends on the magnitude v of velocity
rather on the velocity v, in addition to being spatially homogeneous.
Then we write the distribution function as f(v,t), which satisfies the
scalar version of (11. 30)‘

% (3 f)+D,, o (v gf> (11.31)
If the coefficients y and D, are constant, then an arbitrary initial dis-
tribution function eventually relaxes to a Maxwellian. We shall not
prove this general result. But it is easy to see that the relaxed asymp-
totic solution of (11.31) is a Maxwellian. To obtain the asymptotic,
time-independent solution, we put the R.H.S. of (11.31) equal to zero.
The solution of the resulting equation is

_ Y 2
focexp( 2va ) (11.32)
Thus we would have a Maxwellian distribution, provided

Yy _ m.

D =TT (11.33)

Since the coefficients y and D, both ultimately arise from the same
inter-particle interactions, it is not surprising for them to have such
a relation. In the case of Brownian particles in a liquid, one can
argue that such a relation should actually exist between y and D, (see,
for example, Reif 1965, §15.7-15.12). Demonstrating the same for a
plasma is more difficult. Using the Fokker—Planck equation approach,
it was shown by MacDonald, Rosenbluth and Chuck (1957) that the
velocity distribution in a plasma eventually relaxes to a Maxwellian.

11.7 Concluding remarks

Let us consider a system of N charged particles. The equation of
motion of the r-th particle is given by

du
mr"_r =4qr EErs + — X (Bext + ZBrs)

where E,; and B, are respectively the electric and magnetic field
produced by the s-th particle at the position of the r-th particle. The
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possibility of an external magnetic field By, is indicated, although any
external electric field is assumed to have been shiclded in the interior
of the system. The most complete account of the dynamics of this
system is obtained by solving the equations of motion of all the N
particles simultaneously. As this is not possible for realistic values
of N, we develop less complete models of the system with the hope
that these simpler models will provide us all the information we may
wish to have. For a plasma, it appears that there is no simpler model
which is applicable to all situations. Any approach short of solving
the equations of motion of the N particles has its limitations. Since no
" unique simpler model serves all purposes, we have to develop different
approaches for different problems, causing considerable confusion for
the beginner. :

The most obvious simpler model is to introduce distribution func-
tions for the positive and negative charges. Apart from the theoretical
problem that the long-range interactions amongst the particles make
it very hard to derive sufficiently general equations for the distribu-
tion functions that encompass all situations, we have phenomena like
confinement of particles in magnetic mirrors or particle acceleration
which require the single-particle orbit theory approach for their un-
derstanding. So even the distribution function approach may not be
suited for all purposes.

Techniques of statistical mechanics can be used to show that a
plasma in thermodynamic equilibrium must have the Maxwellian
distribution—a fact which is amply confirmed by laboratory experi-
ments. We have seen that neutral gases admit of hydrodynamic models
when the distribution functions are close to the Maxwellian. Hence
we expect similar hydrodynamic models to hold for plasmas which
have distribution functions close to the Maxwellian. However, the
systematic establishment of such models for plasmas is a formidable
theoretical problem not yet solved adequately. For a neutral gas, the
Chapman-Enskog procedure enables us to calculate the departure
from the Maxwellian distribution. This leads to a rigorous derivation
of the hydrodynamic equations and gives an understanding when they
may break down. It is much harder to follow a similar procedure for
plasmas. Although the concept of a mean free path is not very useful
when trajectories of particles change through many small deflections,
one can define relaxation time t as the average time required for
the velocity of a particle to change appreciably. We shall discuss in
Chapter 13 how to estimate the relaxation time 7. Using the relaxation
time, we may be tempted to write down the BGK equation (3.29) for
plasmas and calculate the departure from the Maxwellian from it. This
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approach is not very reliable for plasmas, especially in the presence
of strong magnetic fields. To see the limitations of this approach, let
us look at (3.33) giving the departure from the Maxwellian distribu-
tion. One term in the expression is tu - Vf©. This is the difference in
the value of f© between the points x and x + tu. This term arises
from the tacit assumption that a particle with velocity u traverses a
distance tu between collisions and thereby carries information from
the point x to the point x + tu. A charged particle in a plasma does
not traverse a straight distance tua in the relaxation time. Especially,
if there is a strong magnetic field, the charged particle moves in a
circular trajectory. Hence the approach of §3.4 is not very reliable for
inhomogeneous plasmas with magnetic fields, and the derivation of
the hydrodynamic equations is a much more complicated problem.

Since it is so difficult to derive hydrodynamic models of plasmas
rigorously, we do not have a very clear understanding when they
break down. For a neutral gas, the hydrodynamic model holds if the
mean free path 1 is much smaller than the length scale L. A volume
of the neutral gas of size larger than A but small compared to L can
be regarded as a genuine fluid element, because most particles inside
this volume remain inside for a sufficiently long time due to the many
collisions and therefore the volume retains a physical identity. In a
magnetized plasma, charged particles revolve around magnetic field
lines and a typical particle may spend a considerable amount of time
in a region of size of the order of the gyroradius r.. Hence, if the length
scale of the plasma is much larger than the gyroradius r, we may
expect the hydrodynamic model to work. It is, however, a formidable
task to translate this qualitative idea into rigorous mathematics, and
it has still not been possible to do this completely satisfactorily. There
is ample experimental evidence that strong magnetic fields do indeed
make plasmas behave like hydrodynamic fluids. For many astrophys-
ical plasma systems with magnetic fields, we expect fluid models to
hold even though collisions may be unimportant in the system.

If the scale of spatial inhomogeneities is sufficiently large, neutral
gases are adequately modelled by hydrodynamic equations. In the case
of a plasma, however, even when the system is spatially homogeneous,
the hydrodynamic description may be inadequate due to more subtle
reasons. The hydrodynamic description is based on the moments of
the distribution function f like p = m [ f d®u, pv = m [ fud’u, and
so on. The hydrodynamic model works only when a finite number
of such low-order moments are sufficient to provide all the essential
information about the system. If the the distribution function f has
some unusual features, then a few low-order moments may not carry
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all the necessary information and we may lose important physics by
restricting ourselves to hydrodynamic equations. An example of this
will be provided in the next chapter when we consider Landau damp-
ing. We shall see that the two-fluid model predicts that electrostatic
waves in collisionless plasmas have no damping. On applying the
Vlasov equation, however, we find subtle effects depending on the de-
tailed pathologies of the distribution function out in the Maxwellian
tail. These effects are not reflected in the first few low-order moments.
Only by studying the distribution function fully, do we find out that
the system has damping.

Since there is no unique simple model of a plasma which encom-
passes all situations, we have to familiarize ourselves with different
models applied to different situations. What makes life particularly
hard is that we are often unable to provide clear guidelines when a
model works and when it does not work. Hence the best strategy is
to develop an intuition about plasma physics by working out some
examples of different models. This is done in the next few chapters. We
are often like the blind men who visited an elephant and gave different
descriptions of the elephant depending on the part of the elephant a
particular blind man touched. Often a beginning student is completely
disconcerted by this state of affairs. Ever since Galileo and Newton
figured out that falling apples and planets are governed by simple laws,
physicists have been on the lookout for simple laws to make sense
out of diverse phenomena. Most of the elementary physics textbooks
emphasize those topics for which simple and elegant solutions are pos-
sible. Hence a physics student raised on textbook problems often feels
at a loss when encountering a system like a plasma which stubbornly
refuses to admit of an all-encompassing simple model. We should keep
in mind that there is no fundamental reason why everything in Nature
should be governed by simple laws. There are systems and processes in
Nature which are inherently complicated. The growth of a plant from a
seed is an example of such a process. A plasma also appears to be an in-
herently complicated system, and we have to learn to live with this fact.

Exercises

111 Estimate the Debye lengths for the different types of plasmas
shown in Figure 11.2.

11.2 Read about the BBGKY hierarchy from a book like Mont-
gomery and Tidman (1964) or Nicholson (1983), and work out
all the algebra to derive the basic BBGKY equation (11.10)
from Liouville’s equation.



12 Collisionless
processes in plasmas

12.1 Introduction

In this chapter, we shall mainly study what happens when a plasma in
thermodynamic equilibrium is slightly disturbed. If the effect of col-
lisions can be neglected in studying the evolution of the disturbance,
then we call it a collisionless process. In stellar dynamics, one often
studies systems with relaxation times larger than the age of the Uni-
verse so that collisions have never been important in the system. Here,
however, we shall consider plasmas which are close to thermodynamic
equilibrium presumably as a result of collisions. But collisions happen
to be unimportant in the particular processes we are going to look at.

If a plasma is close to thermodynamic equilibrium, then hydrody-
namic models may be applicable as we pointed out in §11.5. We shall
mostly use the two-fluid model which was developed in the previous
chapter. Only §12.4 will provide an example of how calculations can
be done with the help of the Vlasov equation. We shall see that the
Vlasov equation can give rise to a conclusion different from what we
get by using the two-fluid model due to rather subtle reasons.

We shall mainly consider waves of high frequencies (so that col-
lisions are unlikely to occur during a period of the wave), as such
waves are the most important examples of collisionless processes. For
low-frequency processes (with frequency < the plasma frequency w,
defined in §12.2), we shall see in later chapters that charge separation
can be neglected and the plasma may be regarded as a single fluid. We
shall begin developing the one-fluid or magnetohydrodynamic model
of the plasma from the next chapter. For the high-frequency waves
discussed in this chapter, however, charge separation has to be taken
into account and we employ the two-fluid model of regarding the
plasma as an inter-penetrating mixture of a positively charged ion
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fluid and a negatively charged electron fluid. A plasma can sustain
a whole ‘zoo’ of wave modes, which should be apparent to any per-
son who has ever taken a look at any intermediate-level textbook on
plasma physics. We shall discuss only the most important types of
waves—especially those which astrophysicists are likely to encounter
in their work. Apart from the high-frequency waves discussed in this
chapter, we shall consider some low-frequency plasma waves in §14.5
using the MHD approximation.

Since ions are much heavier than electrons, they move much more
sluggishly compared to electrons when subjected to high-frequency
electromagnetic fields. While considering the response of the plasma
to such fields, one does not introduce a large error if the motions of
ions are neglected. All the calculations presented in this chapter neglect
the motions of ions and consider only the electron fluid. Calculating
the small correction due to the motions of ions is given as Exercise 12.1.
Since we shall be dealing with the electron fluid only, we keep the nota-
tion simpler by denoting the number density of electrons and its pertur-
bation as ny and n; respectively, without putting an extra subscript e.

12.2 Electromagnetic oscillations in cold plasmas

We begin our study of the response of a plasma to electromagnetic
perturbations by assuming the plasma to be cold—a terminology intro-
duced in §11.5 meaning that the pressure can be neglected when con-
sidering the dynamics of the plasma. The effect of pressure will be ex-
plored in the next two sections. We consider perturbations in a uniform
homogenous plasma. The number density of the electron fluid can be
written as ng +ny. Let vq, E; and B, respectively denote the velocity of
the electron fluid, the electric field and the magnetic field. The subscript
1 implies that the unperturbed values of all these quantities are zero.

If we linearize the equation of motion of the electron fluid as given
by (11.21), it is straightforward to see that we get

0
meno—avT1 = —engE;. (12.1)

It is to be noted that the magnetic force v; x By is of the second order

in perturbed quantities and hence is neglected. We further obtain from
(11.25) and (11.26) that

4n 10K,

V x B1 = - 7'108\’1 + Z—a-, (122)

V)(El=——1-6B1

——. (12.3)
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Since equations (12.1-12.3) give the evolutions of the perturbation
variables vy, E; and By, it is possible to derive all the characteristics of
the electromagnetic oscillations from these equations. One notes that
the number density perturbation n; does not appear in the linearized
perturbation equations for the cold plasma.

Let us assume that the time dependence of all the perturbed quan-
tities is of the form exp(—iwt) so that we can everywhere replace 0/0t
by —iw. We then get from (12.1)

v = El. (124)

icom,

On substituting this for v, in (12.2), we have

V xB; = —?eEl, (12.5)
where
o}
e=1-—2 (12.6)

is known as the dielectric constant of a plasma, w, being given by

,  4mnge?
wp =
Mme

(12.7)

and being known as the plasma frequency. In the usual notation of
electromagnetism textbooks, for a dielectric medium which does not
conduct electricity, we have

V><B=-1--a—12
c ot

with the electric displacement D = ¢E. If we further substitute —iw
for d/0t in the above equation, it takes the form (12.5). Because of this
formal analogy, € appearing in (12.5) is called the dielectric constant
of the plasma. Substituting the values of electronic mass and charge
in (12.7), the frequency f, = wp/27n corresponding to the circular
frequency wy is found to be

fp =~ 10% /ng Hz, (12.8)

where ny has to be given in cm™3. One may remember (12.8) as rule
of thumb for a quick estimate of the plasma frequency. The plasma
frequencies for the various types of plasmas are indicated on the right
axis of Figure 11.2. On taking a time derivative of (12.5) and using
(12.3), we end up with

w2
?eEl =cV x (V x Ey). (12.9)
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Since our background plasma is homogeneous, we look for solutions
of the perturbed quantities which are sinusoidal in space. In other
words, we assume all perturbations to be of the form exp(ik.x — iwt).
On substituting in (12.9), we get

w? w?
kx(kxE)=— ) (1 - w—g) E,, (12.10)
where we have substituted for ¢ from (12.6). Without any loss of
generality, we can choose our z axis in the direction of the propagation
vector k, i.e. we write k = ké,. On substituting this in (12.10), we obtain
the following matrix equation

o* — o) —k*c 0 0 Eix 0
0 o* —wp —k¥** 0 Ey|=(0].
0 0 0 — o} ) 0

(12.11)
It is clear from (12.11) that the x and y directions are symmetrical, as
we expect. The z direction, being the direction along k, is distinguish-
able. This indicates that we may have two physically distinct types
of wave modes. They are discussed below, The existence of these two
wave modes in the plasma was first recognized in the classic paper of
Tonks and Langmuir (1929).

12.2.1 Plasma oscillations

One solution of the matrix equation (12.11) is

Ex=E,y=0, o’=o0l (12.12)

Here the electric field is completely in the direction of the propagation
vector k, and it follows from (12.1) that all the displacements are also
in the same direction. We also note that the group velocity (dw/0k)
is zero. We therefore have a non-propagating longitudinal oscillation
with its frequency equal to the plasma frequency wyp. Such oscillations
are known as plasma oscillations. They are often called Langmuir
oscillations, after Langmuir who was the pioneer in the study of these
oscillations (Langmuir 1928; Tonks and Langmuir 1929). We shall see
in the next section that these oscillations become propagating waves
when a non-zero electron pressure is included.

It is not difficult to understand the physical nature of these oscilla-
tions. Against a background of nearly immobile and hence uniformly
distributed ions, there will be alternate layers of compression and
rarefaction of the electron gas (unless k = 0 so that the wavelength is
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infinite). The electrostatic forces arising out of such a charge imbalance
drive these oscillations. These oscillations were discovered experimen-
tally by Penning (1926) and then theoretically explained by Tonks and
Langmuir (1929).

12.2.2 Electromagnetic waves

The only other possible solution of the matrix equation (12.11) is
E. =0, o =awl+k (12.13)

This clearly corresponds to a transverse wave. It is actually nothing
but the ordinary electromagnetic wave modified by the presence of
the plasma. If  >> w,, then we are led to limiting relation w? = k*c?,
which is the usual dispersion relation for electromagnetic waves in the
vacuum. In other words, if the frequency of the wave is too high, even
the electrons, which are much more mobile than the ions, are unable
to respond sufficiently fast so that the plasma effects are negligible.
The phase velocity for this wave is
c

%)
Oph = o = ———,
k \/1— wi/w?

which is greater than the speed of light. This, however, is not a
violation of special relativity, because no physical signal travels at this
velocity. The group velocity

2
”gf:tfl_cll::c‘h_% (12.15)

is less than the speed of light. It is also to be noted from (12.13) that
if w < wp, then k becomes imaginary so that the wave is evanescent.
If an electromagnetic wave of frequency w is sent towards a volume
of plasma with a plasma frequency w, greater than o (if ® < wp),
then the electromagnetic wave is not able to pass through this plasma
and the only possibility is that it is reflected back.

We have indicated in Figure 11.2 that the plasma frequency of the
ionosphere is in the radio-frequency range. Hence radio waves with
lower frequencies are reflected from the ionospheric plasma, making it
possible to communicate by radio waves between faraway points on
the Earth’s surface. Electron gases in metals have plasma frequencies
in the ultraviolet. Hence visible light cannot propagate through metals
and is usually reflected from a metallic surface. But metals become
transparent in the ultraviolet. This was discovered by Wood (1933)
and explained by Zener (1933). The plasma frequency of alkali metals

(12.14)
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calculated from the electron number density agrees quite well with the
frequency beyond which the metals become transparent (Kittel 1995,
pp- 274-5).

The refractive index of a medium is given by

c ck

(12.16)

It follows from (12.14) that the refractive index of a plasma is

w2

pr=1- w—g (12.17)

Well before Thomson (1897) discovered the electron, Lorentz (1878)
developed a theory of the refractive index assuming that atoms contain
harmonically bound charges inside. In the limit of free charges, this

theory leads to the expression (12.17) (see Exercise 12.2).

12.3 Warm plasma waves

We now want to show that the plasma oscillations introduced in
§12.2.1 become propagating waves when we take the electron pressure
to be non-zero. We shall now use the adiabatic relation (11.22¢) for the
electron pressure rather than using (11.22a) as done for cold plasmas.

We linearize the Euler equation (11.21) for the electron fluid, which
now has one additional pressure perturbation term compared to (12.1)
and is

meno% = —engE; — %an. (12.18)

In the previous section, it was not necessary to consider the equation
of continuity, since we had a full set of equations (12.1-12.3) which did
not involve n;. Now we linearize the equation of continuity (11.20),
which gives

6n1

E +neV-vy = 0. (12.19)
From (11.23), we further have
V-E; = —4nen,. (12.20)

We thus have three equations (12.18-12.20) involving the three per-
turbation variables ny, v; and E;. To proceed further, we assume all
these variables to vary in space and time as exp[i(kx — wt)]. The x
component of (12.18) becomes

—iwmengvyx = —engEqx — iynﬂknl, (12.21)
0
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whereas (12.19) and (12.20) give

—iwny + ingkvy, = 0, (12.22)
ikEjy = —4nen;. (12.23)
On combining (12.21-12.23), we obtain the dispersion relation
w? = w2 + K21 (12.24)
mehy

where wp is the plasma frequency defined in (12.7).

We now estimate the value of y, which was introduced in (6.4). Here
we are considering one-dimensional motions of the electrons, and
the collisionless condition implies that the energy of these motions
remains completely decoupled from energies due to motions in the
other directions. Hence, to find y in the present situation, we have
to take cy corresponding to the internal energy of motion in one
dimension only. According to the equipartition principle (see, for
example, Saha and Srivastava 1965, §3.26-3.27; Reif 1965, §7.5-7.6), the
general expression for ¢y corresponding to motions in N dimensions
is (N/2)R. Substituting this in (6.4), we have

_N+2
y - N ¢
For longitudinal electrostatic waves, we have to take N = 1 so that
y=3.
Writing pe = kpno T, we have from (12.24):
s LI (12.25)
me
It is easy to see that the group velocity is
o — d_w_ 3ksT k
E7dk T me

The waves are therefore propagating as long as the temperature is
non-zero.

12.4 Viasov theory of plasma waves

We now want to show how the plasma waves obtained in the previous
section can be studied with the help of the Vlasov equation. Apart
from illustrating how the Vlasov equation can be applied to solve
actual problems, it will throw light on some subtle effects not captured
in the two-fluid model. This analysis was first carried out in a famous
paper by Landau (1946).
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We write the distribution function for the electrons as

fe(X, ut) = fO(“) + f1(x,u, t)’ (12.26)

where fo(u) is the unperturbed Maxwellian distribution as given in
(11.14) and fi(x,u,t) is the perturbation due to the presence of the
wave. Substituting this in the Vlasov equation (11.18) and linearizing,
we get
ifr
ot

We have not kept the magnetic field, because we are anticipating
longitudinal electrostatic waves which do not produce magnetic fields.
We take all the perturbed quantities to vary as expli(kx — wt)] as in
the previous section. Such a spatial variation would imply that the
electric field E; would be in the x direction. Hence, from (12.27),

0fo
Oouy’

+u-Vf— —El Vufo= (12.27)

. , e
(—iw +iku,)f1 = EElx (12.28)

Noting that the number density perturbation n; is obtained by inte-
grating f, over the velocity space, (12.20) can be written as

ikE(, = —4me / fidu. (12.29)

On substituting into (12.29) the expression of f; obtained from (12.28),
we get

o Ay
ikEjx = — / oot (12.30)

Let us now write

Folw) = nofo(ux)foluy)fo(uz), (12.31)

where ny is the unperturbed number density and f’o(s) is the one-
dimensional Maxwellian

1/2 2
A me _Mes
fols) = ( T T) eXp< 2;<BT) . (12.32)
Remembering that [ f’o(uy)duy =1 [ fo(uz)duz =1 (see Appendix B)
and cancelling Eq, from the two sides, (12.30) gives us

02 [* of Uy )/ 0u,
=22 / -iL_g/—k—dux. (12.33)

If we can carry out the integration over the dummy variable u,, then
we shall get the dispersion relation connecting  with k.
Carrying out the integration in (12.33) happens to be a rather tricky
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Figure 12.1 Landau
contour for
evaluating the
integral in (12.33).

business because of the pole at u, = w/k. If @ and k are both real,
then this pole is on the real axis. But do we expect this to be so? Let
us consider a sinusoidal disturbance in space so that k is real. If the
nature of the system is such that this disturbance evolves in time in a
sinusoidal fashion as well, then w is also real. But if the disturbance
either damps or grows in time, then o must have an imaginary part.
Hence finding the correct position of the pole and the correct contour
of integration is not straightforward. As was shown by Landau (1946),
the most satisfactory way of proceeding is to treat it as an initial value
problem where we study the evolution of an initial perturbation by
carrying out a Laplace transformation in time. The readers are referred
to Krall and Trivelpiece (1973, §8.3-8.6) for a rigorous treatment of the
problem. It is found from the rigorous treatment that w has a small
imaginary part such that the pole is situated sightly off the real axis
(although very close to it} and we get the correct answer by evaluating
the integral in (12.33) along the Landau contour shown in Figure 12.1.
We now present the results that we get by carrying out the integration
along this contour without trying to justify this contour any further.

The integral in (12.33) can now be substituted by the principal value
of the integral in addition to in times the residue at the pole due to
the small semicircular path, i.e.

oy |, [ 8folux)/0u of
— P olx X o e 0
1 2 P /_Oo w—w/k du, +in 2, . (12.34)

uy=w/k

The principal value can be evaluated readily if the phase speed w/k
of the wave is much larger than the typical thermal velocities in warm
plasma, i.e. if w/k > u,. We can then use the binomial expansion

1 1 Uy u? u;
Tw—w/k ok T @/kE T @k Fwmr t

3

(12.35)

Im (Ux)

w/k Re(Ux)
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On substituting this in (12.34) and using (12.32), we find that only
the odd powers of u, in (12.35) contribute to the integral. Using the
results quoted in Appendix B to work out the integrals, (12.34) leads

to
[_% | K 3"LT_"4+ ofo ,
k? | w? me duy
uy=w/k
from which
2.2 A%
o = +3ﬂk2 Zb 4 jn 262 o . (12.36)
w? k2 Ouy| p

Since the second and third terms on the R.H.S. of (12.36) are small
compared to the first term, we shall not introduce a large error if we
substitute 3 in the place of w? in those terms. Then, apart from an
additional imaginary term, (12.36) becomes the same as the dispersion
relation (12.25) derived in the previous section. On taking the square
root of (12.36) with the help of the binomial theorem, we have

3. 24 o fo
w = Cl)p !1 + EiDck 2 ﬁ a— ] N (1237)
uy=w/k
where
2 KBT
De — 47["062' (12.38)

It is clear the imaginary part is negative (implying damping) or positive
(implying instability) depending on the sign of df¢/0uy at u, = w/k.

12.4.1 Landau damping
If f"o(ux) is given by (12.32), then it follows from (12.37) that

Im(w) = —

% (k;:ep exp [— %(k,lpe)‘z - %} . (12.39)
It is easy to see that the negative Im(w) corresponds to damping. This
Landau damping is seen to be small if the wavelength is much larger
than the Debye length (see Exercise 12.3).

When Landau (1946) first discovered this damping, it came as a
surprise. Normally one thinks of damping as a dissipative process
and hence expects it to be present only in systems where collisions
can convert a part of the wave energy into random thermal energy.
Damping in a collisionless system seems, at first sight, quite mystifying.
Since damping means that a part of the wave energy is converted into
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Figure 12.2 The
basis of Landau
damping. (a) The
initial Maxwellian
distribution with the
phase velocity w/k
indicated in the tail.
(b) The eventual
distribution function
of the electrons after
the nonlinear
evolution due to
Landau damping.

some other form, one asks the question where, in a collisionless system,
could the energy have gone. Figure 12.2(a) shows the distribution
function fo(uy) indicating the point where u, is equal to the phase
velocity w/k of the plasma wave. Since the slope of fo(ux) is negative,
we conclude that there are more particles moving slightly slower
than the phase velocity than there are particles moving slightly faster
than the phase velocity. Now the plasma wave corresponds to a
sinusoidal electrostatic potential propagating at the phase velocity
u, = w/k. The troughs of this electrostatic potential would capture
charged particles moving with low relative speed such that the captured
particles thereafter tend to travel with the potential trough. Particles
near a trough with u, slightly less than w/k are therefore accelerated
to move with the trough. On the other hand, particles with u, slightly
more than w/k are decelerated. For a negative slope of the distribution
function at the phase velocity w/k, there are more particles which are
accelerated than which are decelerated. The wave therefore puts a net
amount of energy in the particles so that there is a loss of wave energy.
If we could follow the nonlinear evolution of the distribution function,
then it would look after some time as shown in Figure 12.2(b). Such
a process in which a wave exchanges energy with the particles in the
plasma is called a wave—particle interaction. Landau damping is one
of the most striking examples of wave—particle interaction.

12.4.2 Two-stream instability

Let us consider a stream of plasma with a non-zero average velocity
impinging on a plasma at rest (ie. with zero average velocity). The
distribution function of the combined system would be as shown
in Figure 12.3. Consider a plasma wave with phase velocity w/k as
indicated. Since the slope of the distribution function is positive at
that point, it follows from (12.37) that Im(w) is positive so that we

?o(u,)

t (uy)

Uy

(a) (b)
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Figure 12.3 A
double-humped
distribution function
representing two
streams with w/k
indicated at a point
where df’o /du, is
positive.

have a growing wave rather than a damped one. In other words, the
system has an instability such that the energy of the relative motion
between the plasma streams is fed into a plasma wave of appropriate
phase velocity. This is known as the two-stream instability. Because
of this instability, a stream of plasma impinging on another plasma
cannot pass through it freely. The passage of the stream is halted,
giving rise to plasma waves in the process.

This is a remarkable illustration of long-range interactions in plas-
mas. When considering low-density plamsas, we may naively think
that two inter-penetrating plasma streams would pass through each
other smoothly if collisions are unimportant. But this is not possible
due to the two-stream instability arising out of the long-range interac-
tions. Even a low-density plasma can act almost like a solid obstacle,
preventing another plasma stream from penetrating too far inside.

12.5 Electromagnetic wave propagation parallel to
magnetic field

We have already noted that there can be magnetic fields inside plasmas,
although stationary electric fields cannot exist over distances larger
than the Debye length. The propagation of electromagnetic waves in
unmagnetized plasmas was studied in §12.2. We now want to show how
the results are modified by the presence of a magnetic field. This topic
is of great interest in astrophysics and space science, where we often
have to consider electromagnetic wave propagation in magnetized
plasmas. The general problem of electromagnetic waves propagating
along a direction at an arbitrary angle to the magnetic field is very
complicated. The general theory was worked out by Appleton (1927)

?o(ux)
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and Hartree (1931), who were studying the propagation of radio
waves in the ionosphere. Here we give a flavour of the subject by
considering the propagation of an electromagnetic wave parallel to
the magnetic field in the plasma. The problem of an electromagnetic
wave propagating perpendicular to the magnetic field is given as
Exercise 12.5. We assume the plasma to be cold (ie. p. = 0) to keep
the equations more manageable.

As in §12.2, we choose the z axis in the direction of propagation so
that the propagation vector can be written as k = ké,. The unperturbed
magnetic field in the plasma is taken as By = Byé,. The linearized
perturbation equations can be written down the same way as in §12.2.
Since we shall be considering all the perturbed quantities to have
time dependences of the form exp(—iwt), we write down the linearized
perturbation equations by replacing the time derivatives by —iw. On
linearizing the equation of motion of the electron fluid (11.21), we get

—iomevy = —e (E1 + v—cl x Bo) : (12.40)

Apart from replacement of the time derivative by —iw, the only other
difference between (12.1) and (12.40) is the inclusion of the Lorentz
force term due to the unperturbed magnetic field. The equations (12.2)
and (12.3) remain the same. Let us write them down with —iw replacing
the time derivatives:

VxB =— %El — 47”n0ev1, (12.41)
VxE = %O—Bl. (12.42)

We can find expressions for vqy, vy, and vy, from (12.40) (keeping in
mind that By = Bg€;) and then substitute them in (12.41). On carrying
out the algebra, we find that the i-th component of V x By, using the
usual summation convention, can be written as

(VxBy);=— ?GUEU, (12.43)
where
hy ihy O
€ij = —ih2 h1 0 (1244)
0 0~
with
w2
hy=1-——"F (12.45)
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_ W Dp
b= (12.46)

2

w
hy=1-28 (12.47)

Here wy, is the plasma frequency given by (12.7) and . is the cyclotron
frequency Bpe/mec as in (10.2). On comparing (12.43) with (12.5), we
see that the dielectric constant ¢;; has now become a second-rank
tensor rather than a scalar as in the case of unmagnetized plasmas.
The special case of unmagnetized plasmas can be obtained on putting
w: = 0 in our analysis. This would make ¢;; diagonal with all the
diagonal elements equal to h;. We further note that i3 is equal to the
scalar dielectric constant given by (12.6) so that our analysis reduces
to the analysis of §12.2 on putting w, = 0.
Taking the curl of (12.42), we get

2
[V X (Vx E)); = ‘Z—ZeijElj. (12.48)

Replacing V by iké, in (12.48), we are led to the matrix equation

1-4 & o Eix 0
Bo1-4 0 Ey|=10], (12.49)
0 0 b/ \E, 0

n=-—_ (12.50)

where

This can be compared with the matrix equation (12.11). It is straight-
forward to show that (12.49) reduces to (12.11) if o, = 0.
One easy solution of the matrix equation (12.49) is

Eyy=E, =0, hy=0. (12.51)

From the expression (12.47) of h;, we see that this is nothing but
the usual plasma oscillation given by (12.12). Since the displacements
are in the same direction as the unperturbed magnetic field (ie. in z
direction), the electron motions are unaffected by this magnetic field
so that the plasma oscillation is not modified by the presence of the
parallel magnetic field.

We are here interested in electromagnetic waves rather than the
plasma oscillation. Hence we consider the other possible solution of
(12.49) given by

_o, (1= R\ (Ex) (0
memo (7 ) () =(0) we
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Setting the determinant equal to zero, we have

m\? K
(1-5%) —=o

of which the solution is

n? =hy + hy. (12.53)
The plus and minus signs here correspond to the two possible eigen-
modes. We shall now discuss these two eigenmodes separately.

First let us take the positive sign in (12.53). It is easy to see from
(12.52) that we must have

Elx —iE, y = 0
in this case. The wave eigenfunction then has the form
E; = (& —ié,) expli(kLz — wt)]. (12.54)
This corresponds to a left circularly polarized wave, and we have
written ky, for its wavenumber. The expression for k1, can be found by
substituting (12.45), (12.46) and (12.50) in (12.53):

2 1/2
o =2 [1 P (12.55)

c | (o + we)

On the other hand, if we choose the minus sign in (12.53), then (12.52)
leads to

Eix+iEy =0.
The corresponding eigenfunction
Er = (& + i&)) exp[i(krz — wt)] (12.56)

represents a right circularly polarized wave of which the wavenumber
is

o2 1/2
I P B
kr = — [1 e wc)] . (12.57)

From (12.55) and (12.57), it is clear that the two eigenmodes have
different phase and group velocities. Hence, when we consider electro-
magnetic waves propagating parallel to a magnetic field in a plasma,
we have two possible modes corresponding to left and right circu-
larly polarized waves propagating at different speeds. It is easy to see
that any electromagnetic wave of frequency @ propagating parallel
to the magnetic field can be represented as a superposition of these
two modes. Figure 12.4 shows the relation between the frequency and
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Figure 12.4 The
graphical
representation of the
dispersion relation
for an
electromagnetic wave
propagating parallel
to a magnetic field in
the plasma.

wavenumber as given by (12.55) and (12.57), for the case w, > .. It
is obvious from (12.55) that a real value of ki is possible only when
o is larger than a value w; which satisfies w(w; + @;) = wf,. For the
right circularly polarized wave, however, it follows from (12.57) that
two branches are possible. One branch corresponds to w < w, for
which kg is real. The other branch of real kg occurs if w is larger than
some value w; satisfying ws(w; — w¢) = wg.

12.5.1 Faraday rotation

Let us now consider the propagation of a linearly polarized electro-
magnetic wave along the magnetic field. Such a linearly polarized wave
is obtained simply by adding the expressions (12.54) and (12.56) of
left and right circularly polarized waves, i.e.

E =E; +ER. (12.58)

On substituting from (12.54) and (12.56) into (12.58), we have
E, = [exp(ikrz) + exp(iky.z)] exp(—iwt), (12.59)
E, = i[exp(ikrz) — exp(ikLz)] exp(—iwt). (12.60)

We note that E, = 0 at z = 0, which means that the wave is polarized
along the x axis at z = 0. If 8 be the angle of inclination of the plane

Frequency
w

Wavenumber k
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of polarization with respect to the x axis at any arbitrary z, then

_E, 1—explithL —ke)2]
00 = = T explithe k)7l

- 2

from which

0= @z. (12.61)

The linear dependence of # on z implies that the plane of polarization
rotates with a uniform angular velocity as the wave propagates along
the z direction.

12.5.2 Whistlers

During World War I, some radio operators working with audio-
frequency waves (= 10 kHz) occasionally detected short-duration sig-
nals of whistling sound in which the frequency would start high and
finish low. The correct explanation for these so-called whistlers was
given by Storey (1953). In this very low-frequency limit (0 < @, wp),
(12.57) gives

w, [w

kR =—,/—
¢V e

so that the group velocity is
¢
Vgr = 2w—p. 0. (12.62)

The higher-frequency waves therefore travel faster. If an electromag-
netic pulse is produced in the ionosphere, say due to a lightning flash,
then the propagation of the pulse to the Earth’s surface is affected by
the Earth’s magnetic field, the higher frequencies reaching ahead of
the lower frequencies.

12.6 Pulsars as probes of the interstellar medium

We pointed out in §9.4 that pulsars are rotating neutron stars. Pul-
sars are not only interesting objects by themselves, they also provide
important information about the interstellar medium through which
the radio waves emitted by pulsars pass. A pulsar, as its name sug-
gests, gives out pulses of radio waves at periodic intervals. Each pulse
comprises polarized radio waves of different frequencies. These radio
waves are affected by the interstellar medium during their propagation
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to reach us. As seen in §12.2.2, waves with different frequencies travel
with different group velocities. If the interstellar medium has a com-
ponent of magnetic field parallel to the propagation direction, then
the planes of polarization of different waves suffer Faraday rotation
depending on frequency, as shown in §12.5.1. The pulse therefore has
a spread in the arrival times of waves with different frequencies, their
planes of polarization showing a spread as well. The plasma effects
are noticeable for long-wavelength radio waves, but are completely
negligible at optical frequencies (see Exercise 12.6).

The propagation time of a radio wave with frequency w is given by

La 1t o}
tp = A U_gr_z/o 1+2_w2 dl, (12.63)
where we have substituted for the group velocity from (12.15) and

made a binomial expansion in the small quantity w?/w? On substi-
tuting for w? from (12.7), we get

L 2re? (L
tp = = + Tece? /0 ne dl. (12.64)

The spread in the arrival times of waves with different frequencies is
then given by

dt 4ne? (L
d_a!; =—— /0 nedl. (12.65)
(3

From the spread in arrival times, one can then calculate the quantity
fOL nedl = {n.)L, which is known as the dispersion measure. Since the
electron density in the interstellar medium in the solar neighbourhood
is about (n.) &~ 0.03 cm—3, one can estimate the distance of the pulsar
from the dispersion measure.

To find out the amount of Faraday rotation for a radio wave with
given frequency, we merely generalize (12.61) to an integral, i.e.

L —
0p=/ kszRdl.
0

On substituting from (12.55) and (12.57) after making binomial ex-
pansions, we get

0, = / fol % % |,
P 2¢ [ 20(@— ) 20(w + o)
L wlw
— pc
= | 52 dl, (12.66)

where we have neglected w? compared to w? in the denominator.
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Let us substitute for wf, from (12.7) and substitute w. = Bje/mec for
the cyclotron frequency, where By is the component of magnetic field
along the line of sight which is responsible for the Faraday rotation.
Then (12.66) becomes

2ne’ (L
Op = il /0 neBy dl. (12.67)
The spread in the planes of polarization is then obtained by differen-
tiating this expression, i.e.

do, v A
By analyzing the polarization of pulsar signals, one can then find the
quantity [ n.B, dl.

Exercises

12.1 Consider a cold plasma in which the ions have charge g; = Ze
and mass m;. Without neglecting the motions of the ions, show
that the plasma oscillations have the frequency

zZ
w=wp\/1+ "Te,

where wp, is given by (12.7). Estimate the percentage of error
we make by neglecting the motions of ions.

12.2 Suppose all the electrons in a medium are harmonically bound
inside atoms with some damping present. Then the linearized
equation of motion is

ov
me (—a;l +yvi + wéxl) = —ek;

instead of (12.1). Here x; is the displacement from the mean
position, cu(z) the spring constant and y the damping constant.
Show that the refractive index of the medium is given by

2
p

0? — 0} +iyo’
Note that this leads to (12.17) in the limit of free undamped
electrons.

It may be pointed out that the effective electric field at the
molecular level becomes slightly different from E when the
surrounding medium is polarized. This effect has to be taken
into account in a more accurate theory of refractive index
(see, for example, Born and Wolf 1980, §2.3.2-2.3.4).

W,
p=1-
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12.3

124
12.5

12.6

Consider warm plasma waves with wavelengths (i) 10Ap and
(ii) 25Ap, where Ap is the Debye length. By what factors will
they be damped due to Landau damping during one period?
Work out all the algebra for the derivation given in §12.5.
Consider a plasma with a uniform magnetic field By = Boé,,
through which an electromagnetic wave is propagating with
its propagation vector k = k&, perpendicular to the magnetic
field. Show that there are two possible electromagnetic wave
modes:

{(a) one mode (called the ordinary wave) with displacements in
the z direction (i.e. | Bg) having the dispersion relation

w? = wg + k22,

where w,, is as defined in (12.7);

(b) one mode (called the extraordinary wave) with displace-
ments in the xy plane (ie. L By) having the dispersion
relation

22 2 22
L R S T
w? 0? 0% — 0} — 0’

where @, = Bpe/mec.

Note that the second mode is not fully transverse.
Suppose a pulsar is at a distance of about 100 pc (1 pc
~ 3 x 10'® ¢cm) from us. Assume the electron density and the
line-of-sight component of magnetic field in the intervening
space to be about 0.03 cm™ and 10~% G respectively. For
a radio wave of frequency w = 10° s~1, find the time delay
introduced by plasma effects and the Faraday rotation. What
would have been the values of these quantities for visible
light?



I3 Collisional processes
and the one-fluid
model

13.1 Collisions and diffusion in weakly ionized
plasmas

In the previous chapter, we neglected collisions amongst plasma par-
ticles. Now we want to look at the effects of collisions. We mentioned
in Chapter 11 that treating collisions between charged particles is
a complicated problem. Before we take up that subject, let us first
consider a weakly ionized plasma in which electrons and ions mostly
collide with neutral atoms. These collisions are more well defined, like
collisions in a neutral gas, and hence can be treated more easily.

Even in the case of weakly ionized plasmas, we can think of electrons
and ions as making up one fluid each. These fluids are now intermixed
with a much denser fluid made up of neutral atoms. Let us consider
the simple situation of the neutral fluid at rest so that we do not
have to consider the equation of motion of the neutral fluid explicitly.
Let v, and v; be the velocities of the electron fluid and the ion fluid
respectively with respect to the background neutral fluid. If collisions
were negligible, then v, or v; would have satisfied (11.21). We now
consider how (11.21) will have to be modified due to collisions. If
the electrons or ions have some relative velocity with respect to the
neutrals, then we expect that collisions with the neutrals would hinder
this relative velocity. If the typical collision time is 7;, then the collisions
are expected to produce a deceleration of order —v;/t;. We can treat
the effects of collisions heuristically by putting such a deceleration
term in (11.21) so that

dv N
m,n,d—t’ - —Vpi +qm (E + ?’ x B) — mymvevi, (13.1)

where we have used the collision frequency vo; = 77! instead of 7.

258
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A discussion of motions in the presence of a magnetic field will be
taken up in the next section. Let us now consider a situation without
B. It follows from (13.1) that either an electric field E or a pressure
gradient Vp; can induce motions of the charged fluids. Since such
motions are braked by collisions, one can think of a steady state. On
putting the time derivative in (13.1) equal to zero in addition to B =0,
we find that the velocity in the steady state is

| =

p— (qmE — xgTVny), (13.2)

where we have assumed the isothermal condition so that the temper-
ature T can be taken outside the derivative after setting py = xgT'n;.
The particle number density flux is given by

Iy =mvi =t wumE—D/Vn, (13.3)
where
=_° (13.4)
! mvey ’
and
p, = ‘8T (13.5)
mpvei

are known as the mobility and the diffusion coefficient respectively. The
positive or negative sign before p in (13.3) has to be used depending
on whether we are dealing with ions or electrons. It may be noted that
we are assuming the ions to be singly charged with charge e.

Let us consider a weakly ionized plasma in which the density of
charged particles varies from place to place. If there is an imbalance
between the number densities of electrons and ions, it would lead to a
very strong electric field. We therefore expect n; ~ n., which we write
as n. If n varies in space, then charged particles diffuse from regions
of higher n to regions of lower n. In order to avoid charge separation,
we must also have the number density fluxes I'; and I, equal to each
other. Such a diffusion process is known as the ambipolar diffusion, in
which the ions and electrons diffuse jointly against a background of
neutral atoms.

Setting I'; =T’ =TI and using (13.3),

winE — DiVan = — u.nE — D.Vn,

from which

Di =D, Vn
Mi+pe n’
Such an electric field would be set up inside the plasma in order to

E= (13.6)
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prevent the electrons and ions from separating. On substituting for E
from (13.6) into (13.3), we have

D;— D,
I'=y Vn — D;Vn,
e
which can be written as
= —D,Vn, (13.7)

where
J ek L
Hi + He
is the coefficient of ambipolar diffusion.

(13.8)

13.2 Diffusion across magnetic fields

One method of keeping a plasma confined in a region is to apply
a strong magnetic field. The charged particles then gyrate around
magnetic field lines and remain confined within a region of space of
the order of the gyroradius. If, however, we are considering a weakly
ionized plasma, then collisions with neutral atoms cause the charged
particles to be scattered and produce a diffusion. Let us now calculate
this diffusion for the electron fluid. As in the previous chapter, we
simplify the notation by throwing away the subscript e referring to
the electron fluid. '

Let us consider a central region where many electrons are gyrating
around magnetic field lines and focus our attention on the steady state
such that electrons diffuse out of the central region at a steady rate.
Putting the time derivative in (13.1) to zero, we get

—en (E+ E X B) — kg TVn —menv,y = 0.

Eventually the electron density in the central region will decrease due
to the particles diffusing away. But we can assume a steady state over
time scales short compared to this time for density decrease. As we
saw in §13.1, an electric field may arise to keep electrons and ions
from separating out. Hence we kept E in addition to B in the above
equation. If we choose the z axis in the direction of the magnetic field
B, then the x and y components of this equation are

Don
Uy = —,uEx - ;a bt v—cvy, (139)
b, = —uE, — 291 L 9=, (13.10)
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Figure 13.1 The
origin of the
diamagnetic drift due
to a magnetic field
directed into the

page.

where y and D are as defined in (13.4) and (13.5), w, being the electron
cyclotron frequency Be/m,c (see (10.2)). Note that the subscript ¢ in v
and o, stand for ‘collision’ and ‘cyclotron’ respectively. On substituting
for v, in (13.10) from (13.9), we obtain

vy(1 + a)grz) =—uE, — %g—g — wftzc% — wgtzc%%%, (13.11)
where 7 = v, We note that —c(E,/B) is nothing but the y component
of the E x B drift defined in (10.8). The last term in (13.11) corresponds
to what is known as the diamagnetic drift. This arises whenever we
have a non-uniform plasma in a magnetic field and can be understood
from Figure 13.1. The magnetic field is directed into the page so that
all the electrons are gyrating in the plane of the page. We show a
box with a higher electron density toward the left side. More electrons
pass in the downward direction through this box so that we obtain a
drift perpendicular to the density gradient. Substituting for v, in (13.9)
from (13.10) gives

Do E T1¢
vx(1 + w2t?) = — pE, — ;% + wfrchy + wftzc%ﬁé. (13.12)

We can combine (13.11) and (13.12) together in the form

Vn VE+ VD
=—-u E—-D, —+ ———, 13.13
\A Bl 1, +1+v§/w§ ( )
where vg and vp are the E x B and the diamagnetic drifts respectively,
and

_ H
HL = 1+(0§‘52’ (13'14)
D

0
9

O OO
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are the mobility and diffusion coefficients perpendicular to the mag-
netic field. It is easy to see that these coefficients parallel to the
magnetic field remain unaffected. A magnetic field therefore makes
these coeflicients anisotropic.

If collisions are very efficient, in the sense of the collision frequency
being much larger than the cyclotron frequency, then w?t? < 1 and
we see from (13.14) and (13.15) that isotropy is restored. Let us now
consider the opposite limit of the collisions being infrequent (z >> w!)
so that the effects of the magnetic field are pronounced, then we neglect
1 compared to w?t? and obtain from (13.5) and (13.15) that

_kTv,

D=t (13.16)

On comparing {13.16) with (13.5), we notice something interesting. In
the absence of the magnetic field, the diffusion coefficient as given
by (13.5) decreases with collision frequency v.. On the other hand,
when the effect of the magnetic field is dominant, the perpendicular
diffusion is enhanced by collisions as seen from (13.15). Collisions
therefore play very different roles depending on whether there is a
magnetic field in the plasma or not. When there is no magnetic field,
collisions only impede the free streaming of charged particles and the
transport coefficients diminish with more frequent collisions. In the
presence of a magnetic field, however, it is due to the collisions that the
transport across magnetic field lines becomes possible. In the absence
of collisions, the charged particles would keep on gyrating in the same
place.

13.3 Collisions in a fully ionized plasma

We now turn to a fully ionized plasma within which we have to
consider collisions between charged particles. The force of interaction
between two charged particles varies as the inverse square of distance.
It is well known that the two-body problem with the inverse-square
law force can be solved exactly (see, for example, Goldstein 1980,
Chapter 3). Here, however, we present an approximate treatment which
gives much of the basic physics more simply than the exact treatment.
It should be noted that the total cross-section in the exact solution
turns out to be infinite if we assume the inverse-square dependence of
the force to be valid at all distances. Within a plasma, however, the
force due to a charged particle gets screened beyond the Debye length
and one has to take refuge to such facts in the rigorous analysis in
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order to keep the cross-section finite. Here we follow a more heuristic
approach.

If the impact parameter in a collision is large, the deflection pro-
duced becomes small. We would regard only those encounters as
collisions in which the deflection is sufficiently large. Let ry be the
limiting impact parameter for which the deflection is sufficiently large
to make the change of momentum of a particle comparable to the
original momentum of the particle. Let us make an estimate of r.
If u be the typical relative velocity between the particles, then ry/u
is the time during which the particles are close enough to make the
interaction strongest. Since the strongest interaction is about e?/r3,
the impulse is of the order

&

2
o

IS i ~ Ap,

U rou

where Ap is the change in momentum produced by the impulse and
we want it to be of order p or m.u for the limiting impact parameter
ro. Therefore

&2

— (13.17)
€

ro ~

where we are using the mass of the electron, because it is easier to
deflect electrons and any event causing a large deflection of an electron
would be regarded as a collision. Only when the impact parameter is
less than rg, the deflection is large enough for the event to be counted
as a collision. We can therefore take nr3 as the collision cross-section.
A particle moving with velocity u undergoes collisions in unit time
with those particles which lie within a cylinder of volume nriu. If n is
the particle number density, the collision frequency is

nne

e (13.18)

Ve & Trinu ~
on substituting for ro from (13.17). Writing u &~ (kT /m,)'/? for the
typical thermal velocities, we get from (13.18) that

nnet

Ve R — .
me(1cp T)/2

Although we have swept several subtle points under the rug, this
expression gives the correct dependence of the collision frequency on
the various physical quantities. A more complete analysis adds in
front of the expression a numerical factor not too much larger than
unity. We refer the reader to Spitzer (1962, Chapter 5) for a detailed
discussion of the subject.

(13.19)
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13.4 Towards a one-fluid model

When we consider phenomena with length scales much larger than
the Debye length and time scales much larger than the inverse of
the plasma frequency, the charge separation in the plasma can be
neglected. In such a situation, a fully ionized plasma can be regarded as
a single fluid. When considering phenomena with large time scales, the
collisions cannot be neglected. Hence let us first discuss how collisions
can be incorporated in the two-fluid model for a fully ionized plasma,
in a way similar to what we did for the weakly ionized plasmas in §13.1.
Then we shall proceed to develop the one-fluid model. We simplify
our treatment by assuming that the ions have the charge +e. It is
fairly straightforward to generalize to a plasma in which the ions have
the charge Ze so that the electron number density has to be taken Z
times the ion number density in order to have charge neutrality.

Let us first consider the electron fluid. The collisions between elec-
trons do not change the momentum of the electron fluid. Only when
electrons collide with ions, some momentum is transferred from the
electrons to the ions. If v, and v; are the velocities of the electron
and ion fluids, then the electron fluid loses an average momentum
me(ve — v;) to the ion fluid in each electron—ion encounter. The equa-
tion of motion of the electron fluid is then similar to (13.1) with the
relative velocity between the electron and ion fluids appearing in the
collision term:

men e = — Vp, — ne (E + —ch x B) — menve(Ve —¥i).  (13.20)

ot

Here v, is the frequency of electron—ion collisions approximately given
by (13.19). We shall be using the same number density n for the
electron and the ion fluids, since we are interested in the situation
in which charge separation is negligible. It may also be noted that
in (13.20) we have replaced the Lagrangian derivative dv./dt by the
Eulerian derivative dv./0t. This essentially means that we are throwing
away the term (ve - V)v.. Since this term is quadratic in ve, it is certainly
negligible when v, is very small. But we may often be interested in
situations when this is not so. Throwing away this term may not
therefore seem very justifiable. We shall later make some comments
on how to do things better.

Since the current density is given by

j = ne(vi —ve), (13.21)

it is clear that the collision term in (13.20) is proportional to the
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current density so that we can write

ove Ve .
menﬁ = —Vp. — ne (E + - X B) + nenj, (13.22)
where
_ Mmeve
n=- 7 (13.23)

To understand the physical significance of the coefficient #, let us
consider a uniform unmagnetized plasma in a steady state with an
electric field E driving a current j. Then the only non-zero terms in
(13.22) are

—neE + nenj=0

so that
E = 1j.

It is clear from this expression that 5 is the electrical resistivity of the
plasma. On substituting for v, from (13.19), (13.23) becomes

nml/?e?

= (e Ty

For a fully ionized plasma with ions of charge Ze, Spitzer and Hirm
(1953) carried out a rigorous analysis to show that the resistivity is
given by

(13.24)

3mi*zZ &

where yg is a numerical factor depending on Z, which turns out to be
0.582 for Z =1, and

3 KT\ 2
A= 2Ze2< fm ) . (13.26)

The expression (13.25) for resistivity is often known as the Spitzer
resistivity. On comparing the approximate expression (13.24) with the
rigorous expression (13.25), we note that the approximate treatment
gives the various factors correctly. Putting the values of various quan-
tities in (13.25), we find the Spitzer resistivity of fully ionized hydrogen
plasma to be

InA

— —9
n=13x10"

e.s.u (13.27)

Let us now consider the equation of motion of the ion fluid. Since
the momentum loss of the electron fluid is the momentum gain of the
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ion fluid, the collision term in the equation of the ion fluid should be
equal to that for the electron fluid in (13.22) with an opposite sign, i.e.

% = —Vpi+ne (E n vz x B) — nenj. (13.28)
We shall now combine (13.28) with (13.22) to obtain various relations
for the single-fluid model.

The density p and the fluid velocity v in the single-fluid model are

obviously given by

mn

p = n(m; + me), (13.29)
v= M (13.30)
m; + me

On adding (13.22) and (13.28), we get

0 ne(v; — v
na(mivi + meve) = ne(%i — ve) X B — V(pi + pe).

Using (13.21), (13.29) and (13.30), this gives

ov 1,

where we have substituted
P =Dpi+De. (13.32)

But is the single-fluid pressure equal to the sum of the pressures of
the electron and the ion fluids? It should be clear from (3.6) that
the pressure tensor arises from the random velocities of the particles
around the average velocity. So, in a full treatment, the pressures of
the electron fluid, the ion fluid and the single-fluid plasma should all
be regarded as tensors and defined around the corresponding average
velocities. If this is done, then the analysis can be done without
throwing away terms like (v - V)v, as we have done in (13.20), and
one eventually obtains an additional term (v- V)v in the final equation
which is not present in (13.31). This is given as Exercise 13.3. So (13.32)
should be taken in the spirit of the approximation we are following in
the present derivation.

We now multiply (13.22) by m; and subtract it from (13.28) multi-
plied by m.. This gives

0
mimen— (Vi — Ve) = ne(m; + me)E + %(mew +mive) x B
—meVp; + m;Vpe — (m; + me)nenj.  (13.33)
We now use (13.21), (13.29) and (13.30) in addition to noting that

m,
MeVi + MiVe = MiVi + MeVe + (Me — Mi)(Vi — Ve) = %v +—
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Then (13.33) leads to

v .1 [memin o
E+CXB mn= [ e Ot

” (l> + (m; — me)% X B+m.Vp; —mVpe| .

n

(13.34)
This equation, known as the generalized Ohm’s law, shows how the
current density j is related to the electromagnetic fields and other
quantities. At first sight, the equation may appear quite complicated.
Luckily it rarely happens that we have to use the full equation. For
most purposes, it is sufficient to keep only a few dominant terms in the
equation. For example, an order-of-magnitude estimate shows that the
term involving the time derivative of j is negligible compared to the
term nj (with 5 given by (13.23)), if the time scale of evolution of the
system is much larger than the typical collision time. Remembering
further that m, < my, (13.34) simplifies to

v . L[]
E+E><B—m—ne [ch Vpe]. (13.35)

Here the term involving j x B corresponds to the Hall effect (see, for
example, Kittel 1995, pp. 164-6; Ashkroft and Mermin 1976, pp. 11—
15). We, however, often deal with situations where the terms on the
R.H.S. of (13.35) are small so that an even simpler equation suffices

j=c(E+xB), (13.36)

where

o=n"" (13.37)

is the electrical conductivity. In all the discussions in the remainder
of this book, we shall restrict ourselves only to situations where the
simplified equation (13.36) holds. This simplified equation (13.36) is
usually referred to as Ohm’s law.

The single-fluid model of the plasma is known as magnetohydrody-
namics, abbreviated as MHD. The equations (13.31) and (13.36) are
going to play central roles in the development of MHD in the next
chapter. The equations of continuity for the electron and ion fluids
taken in the form (11.20) can readily be combined to give the one-fluid
equation of continuity

‘2—’: +V-(pv) =0. (13.38)

We shall introduce and discuss the full set of MHD equations in the
next chapter.
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13.5 Transport phenomena in fully ionized plasmas

One of the aims of the plasma kinetic theory is to derive expressions for
the transport coefficients like viscosity and thermal conductivity, which
are expected to appear in the one-fluid model. These coefficients for
neutral gases were calculated in §3.4. We first obtained an expression
for the departure from the Maxwellian distribution and then this was
used in the calculation of the transport coefficients. To obtain the
departure from the Maxwellian, we used (3.29), in which the effect of
collisions was incorporated through the BGK expression —(f — f@)/1.
We pointed out in §11.7 that the BGK model is not very reliable for
plasmas, especially in the presence of magnetic fields. One, therefore,
needs a better model for treating collisions to obtain the departure
from the Maxwellian in a plasma. A calculation of departures from
the Maxwellian and the resulting transport coefficients happens to be
much more complicated in the case of plasmas than in the case of
neutral gases. While writing down the equations (11.21) or (11.22) for
the fluid model, we had essentially neglected the transport processes.
Since a proper calculation of plasma transport coefficients is beyond
the scope of this book, we merely quote some results.

The first step is to calculate the departure from the Maxwellian by
using some method of handling collisions, Several models have been
suggested on different grounds to account for collisions in plasmas.
In §11.4 we mentioned the Lenard—Balescu model, which, however, is
applicable only to spatially homogenous plasmas and hence is not suit-
able for calculating transport coefficients. The model of Rosenbluth,
MacDonald and Judd (1957) has been used by Shkarofsky, Bernstein
and Robinson (1963) to study transport processes in plasmas. These
calculations are very complicated. The main results are summarized in
§13.4 of Montgomery and Tidman (1964). All the transport coefficients
become highly anisotropic in the presence of a strong magnetic field,
just as we saw the diffusion coefficient in a weakly ionized plasma
to become anisotropic in §13.2. In the limit of a vanishing magnetic
field, however, the coeflicients are essentially the same as what one
would obtain from the BGK medel, apart from numerical factors of
the order of unity. So we can use the expressions (3.36) or (3.40) for
unmagnetized plasmas, Let us write the expression (3.36) for thermal
conductivity again:

K = —tn——, (1339)

where we have put the electronic mass in the place of mass, since it is
the random motion of electrons in a plasma which is responsible for



13.5 Transport phenomena in fully ionized plasmas 269

the heat conduction. We now replace t by the inverse of v, as given
by (13.19) to get the following approximate expression of thermal
conductivity

7/2
_ 5xg T?

1/2 4 °
/e4

K=2
2 mg

(13.40)

It follows that the thermal conductivity K of a fully ionized, unmag-
netized plasma goes as T5/2.

From (13.23) the electrical conductivity, which is the inverse of #, is
given by

ne’r

= ) 13.41
o= (1341)
Combining (13.39) and (13.41), we get the elegant result
K 5 KB 2
=3 (%) (13:42)

which is independent of the uncertainties in estimating the collision
time t. Since some results for plasmas are applicable to electron gases
in metals, we expect something like (13.42) to hold for metals as well.
As the electrons in the metal obey the Fermi—Dirac statistics, we have
to take that fact into account while calculating K. This leads to

(13.43)

2
5 ()

e

for metals (see, for example, Kittel 1995, pp. 166-8). It was experi-
mentally discovered by Wiedemann and Franz (1853) that the ratio
K /o is nearly the same for all metals at a fixed temperature. Then
Lorenz (1872) noted that this ratio is proportional to T. Soon after
Thomson (1897) established the existence of electrons, Drude (1900)
realized that electrons are responsible for both the thermal and the
electrical conduction in metals, and gave the theoretical explanation of
the Wiedemann-Franz-Lorenz experimental law. The quantity K /o T
is often called the Lorenz number. The experimental values of the
Lorenz number for different metals are listed in the Table on p. 168
of Kittel (1995), showing that the values are nearly constant and close
to the theoretical value as given by (13.43).

The values of various transport coefficients for a fully ionized hy-
drogen plasma are given in Appendix E. These values are based on the
expressions of transport coefficients conveniently collected in a brief
paper by Chapman (1954).
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13.6 Lorentz transformation of electromagnetic
fields. The non-relativistic approximation

We now consider how electromagnetic fields are transformed when we
go from one inertial frame to another, since a knowledge of this subject
provides a deeper understanding of some equations in plasma theory.
This is a standard topic covered in all graduate-level electrodynam-
ics textbooks (Panofsky and Phillips 1962, §18.1-18.2; Jackson 1975,
§11.9-11.10). Here we summarize the main results without derivation.

The components of the electromagnetic field can be combined into
a second-rank covariant tensor to which the Lorentz transformation
can be applied. This leads to the following results. Suppose E and B
are the electromagnetic fields in a laboratory frame as observed by
us. If a part of a plasma is moving with velocity v, we can go to that
frame. The fields E’ and B’ in that frame with velocity v are related to
E and B as follows

E| =E), (13.44)
B =B, (13.45)
E =y (EJ. + g X BJ.) , (13.46)
\J
By =y (B_L —c X EJ.) ; (13.47)
where
1

y NI (13.48)
is the Lorentz factor, and the subscripts | and L refer to the directions
parallel and perpendicular to v.

We now consider how these transformation laws can be simplified if
the velocities in the plasma are non-relativistic. In mechanics problems,
it is customary to neglect terms of the order of |[v|/c in the non-
relativistic limit. Here, however, we have to be a little more careful. If
it appears from a frame that a plasma has only a magnetic field, it
follows from (13.46) that observers in most other frames see an electric
field in the plasma in addition to the magnetic field. If we want to
capture this effect, then we should keep terms of order |v|/c, but we
can throw away terms of the order of v?/c2. This is an approximation
we shall be using throughout. It is clear from (13.48) that the Lorentz
factor y approximates to 1. Then (13.44) and (13.46) can be combined
to

E=E+ Z x B. (13.49)
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‘We now give a physical interpretation to Ohm’s law (13.36). It is clear
from (13.49) that Ohm’s law can be written as

j=oE. (13.50)

Anybody familiar with the covariant formulation of electrodynamics
should be able to show easily that, to order |v|/c, the current density
j does not change from one frame to another. Ohm’s law therefore
merely asserts that the current density within a small volume of plasma
is proportional to the electric field as seen in the frame in which that
volume is at rest. For a highly conducting plasma (i.e. for very large
o), the current density in (13.50) remains finite only if E’ is very small.
It then follows from (13.49) that

IE| ~ %lBL (13.51)

It may at first appear from (13.45) and (13.47) that the transforma-
tion law for the magnetic field to order |v|/c would be

B —B— Y xE.
C

It follows, however, from (13.51) that the v x E/c term is of order
v2/c? with respect to other terms. We therefore write

B =B. (13.52)

Equations (13.49) and (13.52) give the appropriate transformation
laws for the electromagnetic fields between frames moving with non-
relativistic speeds.

We now show that the displacement current has to be neglected
when we throw away terms of order v?/c?. Let us look at the appro-
priate Maxwell’s equation

4n, 10E

B=—j+-—.
VX c"+c6t

Taking [ and ¢ as the typical length and time scales,

10E
_cor_ Vet PIIE|
VxB| ~ |BI/l ~ ¢ |B

where we have taken the velocity scale to be of order //¢. From (13.51),
we then have '

10E

coa P

VxB| ¢
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Neglecting the displacement current term, we therefore write

VxB= 47nj. (13.53)
In the MHD model, we always use this equation in this form without
the displacement current. This equation implies that the current density
j and the magnetic field B have a one-to-one relation between them. If
the current density j is given, then we can find out the magnetic field
B. On the other hand, from a knowledge of the magnetic field B, the
current density j can be inferred.

We now combine (13.36) and (13.53) to write the electric field as

C v
E= —VxB—-xB (13.54)

This means that E can be obtained from v and B. We have seen that
the electric field within a certain volume of plasma is always negligible
in the rest frame of that volume. Now we point out that the electric
field in any frame can be calculated from the other variables. Hence
we do not have to consider E as an independent variable in MHD.

When developing the hydrodynamic model of neutral fluids, we saw
that two thermodynamic variables and the velocity field v(x,t) ap-
pear as the independent dynamical variables in the theory. It should
be clear by now that the hydrodynamic model of plasmas requires
one additional variable—the magnetic field B(x, t). Because of (13.54),
E(x,t) is not a variable we need to consider. By now we have intro-
duced most of the ingredients and assumptions which go into building
the hydrodynamic one-fluid model of plasmas. In the next chapter, we
put all these things together to figure out the basic equations of MHD
and then proceed from there.

13.7 A brief note on pulsar magnetospheres

Consider a highly conducting plasma such that ¢ is very large. It
follows from (13.36) that we must have

E+§sz0 (13.55)

to keep j finite. The magnitude of the electric field E is then as given
by (13.51). This means that a large electric field may be present in a
frame with respect to which the plasma is moving. Such an electric
field is usually of no consequence, since the electric field in the rest
frame of the plasma as given by (13.49) would vanish. Only if there is
an appreciable electric field in the rest frame of the plasma, something
drastic may happen. Is this possible in any astrophysical situation?
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One important result of the Lorentz transformation is that the dot
product E - B is invariant between frames. Hence, if E-B = 0 in a
frame, then it is not possible for the electric field to vanish in any
frame including the rest frame of the plasma. If (13.55) holds, it is
easy to see that E - B = 0. We now consider an astrophysical example
where this may not be the case.

We argued in §9.4 that a pulsar must be a rapidly rotating neutron
star. If the neutron star has a magnetic field and the space around the
neutron star is a vacuum, then it can be shown that E - B # 0 outside
the surface of the neutron star—an important result first pointed out
by Goldreich and Julian (1969) soon after the discavery of pulsars. To
be specific, let us assume that the magnetic field of the neutron star
is of a dipolar nature. In the vacuum outside the neutron star, the
magnetic field has to be a potential field so that we can write

cosf,  sinf ,
8},

76r+ —2—;3—3 (1356)

Bout = BO a3 (
where a is the radius of the neutron star. This is the standard expression
of a dipolar potential field. We are assuming that the reader is familiar
with the mathematical theory of three-dimensional potential fields in
spherical coordinates (see, for example, Panofsky and Phillips 1962,
Chapter 5; Jackson 1975, Chapter 3). If there are no surface currents,
then the magnetic field is continuous across the surface of the neutron
star so that just inside the surface

in . sin@
B"|,—; = By | cos0¢&, + — € ). (13.57)
If the neutron star is rotating with angular velocity €, then the
electric field just inside the surface can be obtained from (13.55) and
(13.57) using v = Q x r. This gives

E"|_, = QB"‘z sin 0 <S“2‘ 84 —cost é9> . (13.58)

The tangential component of this electric field has to be equal to
the tangential component of the electric field just outside the surface,
which can be written as

0 (QBoasin®6 0 [QBya
out —_— - - —_ |
Eyeq = % ( % ) =0 [ Pz(cose)] . (13.59)

3c
The electric field in the vacuum around the neutron star is a potential
field satisfying the boundary condition (13.59). It is easy to see that
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the appropriate electrostatic potential is

¢ =— %a—Pz(cos 0), (13.60)

which corresponds to a quadrupolar field. The electric field is given
by E = —V¢. From (13.56) and (13.60), we obtain E - B outside the
neutron star, which is

__Qasa\T o, s
E B———T(;) B2 cos* 6. (13.61)

A rough estimate shows that the electric force near the surface of
the neutron star would be much stronger than the gravitational force
(see Exercise 13.5). We would expect this electric force to lift charged
particles from the surface and make them move along magnetic field
lines. Goldreich and Julian (1969) correctly pointed out that it is not
self-consistent to assume a vacuum around a rotating magnetized neu-
tron star. The pulsar should rather be surrounded by a magnetosphere
filled with charged particles, and the above analysis will have to be
modified to avoid large unbalanced forces. Presumably, the compli-
cated physical processes in the pulsar magnetosphere are responsible
for the radio emission from the pulsar.

Exercises

13.1 If a collision term is included in the equation of motion for the
electrons (the collision frequency being v.) while treating the
propagation of electromagnetic waves through plasmas, how
is the expression (12.6) for the dielectric constant modified?
Obtain the dispersion relation for the electromagnetic wave
and derive an expression for the length of plasma which
attenuates a propagating electromagnetic wave by 50%.

13.2 Consider an isothermal atmosphere of plasma in a constant
gravitational field g. Assuming the ions to be singly ionized,
write down the force balance equations of the ion and the
electron fluids. Show that they can be combined to give the
usual hydrostatic equation and an electric field

m;
E= 2e

has to exist in the atmosphere to prevent charge separation.
13.3 Suppose we want to derive the one-fluid model from the two-

fluid model without neglecting the (v - V)v terms as done in

(13.22) and (13.28). We take the pressure to be a tensor and
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134

13.5

write
Py jx = nmy((uy,j — v1 ) — vig))

for the jk component of the pressure tensor. The subscript
1 = e, i would correspond to the electron and the ion fluids
respectively. As usual, u; is the particle velocity for the species /
and v; = (w). So, apart from adding terms (v.-V)ve and (v;-V)v;
in (13.22) and (13.28), we replace the pressure gradient terms
by the appropriate gradients of the pressure tensor. Show that
these two equations can be combined to give an additional
term (v-V)v in (13.31) apart from making the pressure a tensor
given by

Pji = nme((ue,j — 0j)(tex — k) + nmi{(ui,j — v;)(Uix — vi)).

Note that Pj is not exactly equal to the sum of P j and P, 4.
(Since i is used to denote the ion fluid here, we have not used
it as a coordinate index!)

If the electric and magnetic fields are perpendicular to each
other, the guiding centre of a charged particle moves with a
constant speed given by (10.8). Show that the electric field
is zero in the frame of the guiding centre and discuss the
significance of this result.

Consider a rotating neutron star in a vacuum with electric and
magnetic fields as calculated in §13.7. Assume the following
values of various physical quantities for a typical neutron
star: radius ~ 10 km, mass ~ 10°* g, magnetic field ~ 10!! G,
rotation period ~ 1 s. Estimate the ratio of the electric and
gravitational forces at the surface of the neutron star.



14 Basic magnetohydro-
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14.1 The fundamental equations

We discussed in the previous chapter how the one-fluid or the MHD
model of the plasma can be developed starting from microscopic
considerations. It was not possible to give as thorough or as system-
atic a presentation of the subject as we did in Chapter 3, where the
hydrodynamic model for neutral fluids was developed from the micro-
scopic theory. We have not rigorously established the conditions under
which the one-fluid model of a plasma holds. We saw in Chapter 3
that frequent collisions make a neutral gas behave like a continuous
fluid. Collisions certainly help in establishing fluidlike behaviour. It
was, however, mentioned in §11.7 that a strong magnetic field in a
plasma can also keep charged particles confined within local regions
for sufficient time, thereby giving rise to fluidlike behaviour even in
the absence of collisions.

Between the microscopic model based on distribution functions and
the macroscopic one-fluid model, there exists the intermediate two-
fluid model of the plasma discussed in Chapters 11-13. This was
referred to in Table 1.1 as the 2% level. When we consider phenomena
in which electrons and ions respond differently (such as the propaga-
tion of electromagnetic waves through a plasma), the two-fluid model
has to be applied rather than the MHD model. The MHD model is
applicable only when charge separation is negligible. The condition
for it is that the length scales should be larger than the Debye length
and the time scales larger than the inverse of plasma frequency. We
have further introduced the non-relativistic approximation of throw-
ing away terms of the order v?/c? in §13.6. At first sight, it may
appear that a model which is valid only when so many conditions
are satisfied must be very restrictive. We shall, however, see that the

276
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MHD model can be applied to a wide class of problems involving
both astrophysical and laboratory plasmas.

When we consider non-relativistic and slowly varying (i.e. the time
scale >> inverse of plasma frequency) motions of plasmas under the
action of mechanical and magnetic forces, the MHD model is the
appropriate model to apply. The main attraction of this model is that
it provides an elegant and clean dynamical theory. In addition to the
usual hydrodynamic variables (the two thermodynamic variables and
the velocity field v(x)), the magnetic field B(x) has to be specified for
a description of the plasma in the MHD model. It has been pointed
out in §13.6 that the electric field E(x) is not an independent variable.
We shall see that the basic equations of the MHD model tell us how
all these variables evolve with time. We should keep in mind that
the main limitation of the MHD model is that it cannot be applied
to high-frequency phenomena which may involve charge separation
(plasma oscillations or electromagnetic waves in plasmas).

We now discuss the governing equations of the MHD model. We
write down the equations in a form which assumes that the various
transport coefficients (such as viscosity or resistivity) are scalars. We
saw in §13.2 that diffusion in the presence of a strong magnetic field
may become anisotropic. The same is true for the other transport
coefficients, which all have different values along and perpendicular to
the magnetic field if a strong magnetic field is present. The condition
for isotropy is that the collision frequency has to be higher than the
cyclotron frequency. We write the equations in forms which are valid in
this limit. It is, however, not very difficult to generalize these equations
to the situation of anisotropic transport coefficients, although we
shall not do it here. We shall mostly consider the various transport
coeflicients to be constant in space as well, because that simplifies the
equations further.

We saw in §4.1 and §5.1 that the hydrodynamic equations can be
derived from macroscopic considerations, resulting in exactly the same
equations which were obtained from kinetic theory. We now discuss
how the MHD equations follow from macroscopic considerations. The
equation of continuity

remains the same. We now have to add the magnetic body force to the
Navier—Stokes equation (5.10), which gives, in a rather straightforward
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manner,

ov _ 1 1, 2
§+(v Viv=F pr+chxB+vV v. (14.2)

We gave a partial derivation of this equation from microscopic con-
siderations in §13.4. That partial derivation should give an idea how
this equation arises from microscopic physics, although a full rigorous
derivation involves some subtleties. The viscosity term, for example,
was not introduced in §13.4. We, however, expect that the macroscopic
considerations presented in §5.1 should hold for a plasma which be-
haves like a continuous fluid, and the form of the viscosity term should
therefore be the same. Substituting for j in (14.2) from (13.53), we have

ov ‘ 1 1 2
§+(v V)v—F—;Vp+4np(VxB)xB+vV V. (14.3)
From the vector identity (A.6), we get
2
(VxB)xB=(B~V)B—V<%—>. (14.4)

Hence (14.3) can also be written as

ov 1 B2) (B-V)B
+ -

hl . =F—_ = 2
+(v-V)v F‘A pV(p+8n T (14.5)

ot

It is clear from this that the magnetic force introduces a pressure
B?/8n. The other magnetic term (B - V)B can be shown to be of the
nature of a tension along magnetic field lines. To see this, let us write
the i-th component of Lorentz force in (14.3) in the form

1 1o (B? B:B;
[W(V x B) x BL == (8_7:5"" — ) (14.6)
making use of (14.4) and noting that 0B;/0x; = V- B = 0. Now (14.3)

can easily be put in the form of (4.8) with an additional term due to
the Lorentz force, i.e.

dvi i,
P = pFi — a_xj(Pij + Mij), (14.7)
where
B? B;B;
Mij = 2—dij = —‘;n’. (14.8)

We have pointed out in §4.1.1 that the diagonal components of P;;
correspond to pressure and the off-diagonal components to viscous
shear. In exactly the same way, the diagonal part B2/8x of .#; can be
interpreted as the magnetic pressure. The nature of the remaining part
of the tensor .#;; becomes clear if we choose one of the coordinate
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axes, say the z axis, in the direction of the local magnetic field. Then,
in that neighbourhood, (14.8) implies

B?/8z 0O 0
My = 0 B?8t O
0 0 -—B?/8n

(14.9)

We can write the zz component as

B? B?

8t 4n

The part B?/8r combines with the My, and M,, components to give
an isotropic pressure. The remaining part —B?/4rn corresponds to
excess negative pressure or tension in the z direction. Thus a magnetic
field has a tension along field lines in addition to having an isotropic
pressure associated with it. The part of .#;; remaining after subtracting
(B%/8m)d;; gives this tension along field lines.

The energy equation is still of the form (4.13) with the heat gain term
—% now containing an Ohmic heating term j2/¢ added to V-(KVT) as
given in (4.15). In the remaining parts of the book, we shall, however,
mostly be concerned with topics in which compressibility does not play
an important role. As pointed out in §4.2, the energy equation will not
have to be considered in these situations. Since magnetic fields have
energies and stresses associated with them, one may wonder whether
these have to be included in the energy equation. It turns out that the
work done by the magnetic stresses remains stored in the system in
the form of magnetic energy, apart from the term j?/¢ corresponding
to the conversion of magnetic energy to thermal energy (see Exercises
14.1 and 14.2). Hence only this heating term j2/c appears in the
equation of internal thermal energy.

In order to have a full dynamical theory, we now require one more
equation giving the time derivative of the magnetic field in addition
to (14.1), (14.3) and the energy equation. Substituting from (13.54) in
the Maxwell equation

-/i{zz =

%]; =—cV XE,
we obtain
B >
T V x (v X B) + AV°B, (14.10)
where
2
A= — (14.11)
dno

is called magnetic diffusivity. It may be noted that we have assumed
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the electrical conductivity ¢ to be spatially constant and hence taken
it outside the spatial derivative in obtaining (14.10). The equation
(14.10) is of central importance in MHD and is known as the induction
equation. Some obvious consequences of this equation will be discussed
in the next section.

If we compare the MHD model with the hydrodynamic model for
neutral fluids, the differences are found be the magnetic force term
added to the Navier-Stokes equation and the Ohmic heating term
added to the energy equation—in addition to a whole new equation
for the magnetic field, the induction equation (14.10). To summarize,
a state in the MHD model is described by eight scalar variables:
two thermodynamic quantities; three components of v(x); and three
components of B(x). We also have eight basic equations: the continuity
equation (14.1); three components of (14.3); the energy equation; and
three components of (14.10). We thus have a full dynamical theory.
In Chapters 14-16, we shall discuss only those topics which can be
studied by the MHD model. A system satisfying the MHD equations
is known as a magnetofluid. Apart from ionized gases, any liquid which
is a good conductor of electricity behaves as a magnetofluid in the
presence of magnetic fields. Mercury, the only metal to remain liquid
at the room temperature, has often been used in experiments to verify
predictions of the MHD equations.

14.2 Some consequences of the induction equation

Since the induction equation (14.10) is one completely new equation
in the MHD model, we first look at this equation carefully before
discussing other aspects of the MHD model. The first thing to note
is that this equation is exactly analogous to equation (5.12) satisfied
by vorticity. We now introduce a dimensionless number in exactly the
same way we introduced the Reynolds number in §54. If B is the
typical magnetic field, V' the typical velocity and L the typical length
scale, then the first term on the R.H.S. of (14.10) is of order VB/L
and the second term of order AB/L2. On taking the ratio of these two
terms, we get the dimensionless number

_VB/L LV
M= 2B/L ™ 2

known as the magnetic Reynolds number. Since % is directly propor-
tional to the size L of the system, it turns out to be much larger for
astrophysical plasmas compared to laboratory plasmas.

Let us consider a hydrogen plasma of temperature 10* K. On using

(14.12)
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(13.27) with InA ~ 10, we find from (14.11) that

2
A= % ~107cm? s~1. (14.13)

Taking this value of A, we now estimate %y for a laboratory system
and for an astrophysical system. If we take L ~ 10> cm and V ~ 10
cm s~! for a typical laboratory system, then we find from (14.12) that
Av ~ 10~*. Now let us consider granules or convection cells on the
solar surface (see §7.3), which are very small objects by astrophysical
standards. Using the typical values L ~ 108 cm and V ~ 10° cm s,
we find %\ ~ 10°. We therefore conclude that the magnetic Reynolds
number is generally small (<« 1) for laboratory systems and very large
(> 1) for astrophysical systems.

If Zm < 1, as in typical laboratory situations, then the second term
on the R.H.S. of (14.10) is dominant and we may write

Laboratory: aa_l: ~ AV’B. (14.14)

On the other hand, in astrophysical systems where %y > 1, we may
write
. B

Astrophysics: T V x (v x B). (14.15)
We want to emphasize that (14.14) and (14.15) should be taken as ex-
tremely crude and simple-minded approximations. The term V x (v x B)
cannot be neglected in many laboratory circumstances, whereas we
shall see in the next chapter that the term AV?B can be rather impor-
tant inside localized regions of astrophysical bodies due to some subtle
reasons. The main point to note is that the magnetic fields behave very
differently in the laboratory and in the astrophysical settings due to
the dominance of two very different terms in the induction equation.
Alfven, who was the pioneer in the study of astrophysical magnetic
fields, coined the phrase cosmical electrodynamics for the study of
electromagnetic phenomena in astronomical systems as opposed to
ordinary laboratory electrodynamics. This situation can be contrasted
to the fact that the mechanical properties of laboratory-size and astro-
nomical objects are not so different. The motions of stars are in many
ways analogous to motions of tennis balls. But we have vast magnetic
fields generated in stars and galaxies by interior plasma motions with-
out any analogues in the laboratory environment. One is somewhat
reminded of the fact that mechanics at the laboratory level and at
the atomic level are very different, although the differences between
electrodynamics at the laboratory level and at the astrophysical level
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are not as profound as the differences between classical mechanics and
quantum mechanics.

We now point out some of the direct conclusions which can be
drawn from (14.14) or (14.15). Since (14.14) is simply the vector diffu-
sion equation, we conclude that a magnetic field within a laboratory
plasma left to itself decays away. This result can be easily understood.
By virtue of (13.53), magnetic fields are directly related to currents,
and as currents in a system without a source of voltage dies away due
to Ohmic dissipation, the magnetic field also must decay. Let us now
look at (14.15). In the hypothetical limit of infinite conductivity (or
zero resistivity), often known as the ideal MHD limit, we can write

‘?3—1: =V x (v x B). (14.16)

We now point out that in §4.6 we proved an important theorem for
any arbitrary vector field Q satisfying an evolution equation

0
6_?=VX(VXQ)'

Since (14.16) is of this form, we can directly apply this theorem and

conclude that

d
E/SB'dS“O’ (14.17)

where the surface integral can be thought to be over a surface made up
of definite fluid elements and the Lagrangian time derivative implies
that we are considering the variation in time while following the
surface as the fluid elements making it are moving. A full discussion
of the significance of this result is presented in §4.6. Physically we
can say that the magnetic fields move with the fluid, just as we have
found vortices to move with the fluid in §4.6. This result for magnetic
fields was first pointed out by Alfvén (1942a), and it is therefore
often called Alfvén’s theorem of flux-freezing. Alfvén’s theorem is the
magnetic analogue of Kelvin’s theorem for vorticity.

In astrophysical systems with high %), we can therefore imagine
the magnetic flux to be frozen in the plasma and to move with the
plasma flows. Suppose we have straight magnetic field lines going
through a plasma column as shown in Figure 14.1(a). If the plasma
column is bent, then, in the high %), limit, the magnetic field lines
are also bent with it as shown in Figure 14.1(b). On the other hand, if
one end of the plasma column is twisted as in Figure 14.1(c), then the
magnetic field lines are also twisted. As a result of Alfvén’s theorem
of flux-freezing, the magnetic field in an astrophysical system can
almost be regarded as a plastic material which can be bent, twisted
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Figure 14.1
Illustration of
flux-freezing. (a) A
straight column of
magnetic field. (b)
Magnetic
configuration after

bending the column.

(c) Magnetic
configuration after

twisting the column.

or distorted by making the plasma move appropriately. This view of
a magnetic field is radically different from that which we encounter in
laboratory situations, where the magnetic field appears as something
rather passive which we can switch on or off by sending a current
through a coil. In the astrophysical setting, the magnetic field appears
to acquire a life of its own.

We saw from (13.53) that there is a one-to-one correspondence
between the magnetic field B and the current density j. We can there-
fore regard any one of them as our basic dynamical variable. There
are obvious advantages of regarding B as the basic variable in the
MHD model rather than j. If we know the initial configuration of
the magnetic field and the nature of plasma flows, we can almost
guess on the basis of Alfvén’s theorem what the subsequent magnetic
field configuration is going to be (as we saw in Figure 14.1). The
human mind is more attuned to thinking geometrically rather than
thinking analytically. We may be able to solve an equation describing
a process, but only when we are able to make a mental picture of
how the process proceeds, do we feel that we understand the process.
The advantage of using the magnetic field as the basic variable in
a high-#y MHD system is that we can mentally visualize how the
magnetic field evolves even without solving the equations. The current
density j satisfies a more complicated equation, which can easily be
obtained by taking the curl of (14.10), but which does not lead to such
pictorial visualization of how the current density evolves. Regarding
B as more basic than j is also a point of view which is contrary to
our laboratory experience. In a laboratory, we usually send a current
through a conductor and thereby produce a magnetic field. As soon
as the current is switched off, the magnetic field goes away. Hence, in

(a) (b) (c)
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Figure 14.2 A sketch
showing a cylindrical
surface around the
field line PQ and
another cylindrical
surface around P'Q’
made by the same
fluid elements later.

elementary electrodynamics, often the current is regarded as the more
basic physical entity from which the magnetic field can be found.

Let us now consider an obvious corollary of Alfvén’s theorem. Let
P and Q be two fluid elements which lie on the same magnetic field
line as shown in Figure 14.2(a). We consider a thin cylindrical surface
around this field line. It is evident that the magnetic flux across this
cylindrical surface is zero. After some time, the fluid elements P and
Q take up positions P’ and Q’, whereas the fluid elements which made
the previous cylindrical surface now make up a different cylindrical
surface as shown in Figure 14.2(b). According to Alfvén’s theorem,
the magnetic flux through this new cylindrical surface should be zero,
and this is possible only if the field line still passes along the axis
of the cylindrical surface. This means that P’ and @’ still lic on the
same magnetic field line. In other words, if two fluid elements are
connected by a field line, they will always remain connected by a field
line in the limit of ideal MHD. We shall see in the next chapter that
such connectivities introduce some topological constraints leading to
far-reaching consequences.

When an astronomical object shrinks due to gravitational attraction,
its magnetic field is expected to become stronger. If a is the radius of
the equatorial cross-section of the body through which a magnetic field
of order B is passing, then the magnetic flux linked with the equatorial
plane is of order Ba?. If the magnetic field is perfectly frozen, then this
flux should remain an invariant during the contraction of the object.
Some neutron stars are believed to have magnetic fields as high as
102 G. Let us see if we can explain this magnetic field by assuming
that the neutron star formed due to the collapse of an ordinary star
of which the magnetic field got compressed. A star like the Sun has a
radius of order 10! cm, and the magnetic field near its pole is about
10 G. Since the radius of a typical neutron star is about 10 cm,

(@) Q
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the equatorial area would decrease by a factor of 10 if an ordinary
star were to collapse to become the neutron star. If the magnetic flux
remained frozen during this collapse, then the initial field of 10 G
would finally become 10! G, which is of the same order of magnitude
as the magnetic fields of neutron stars.

14.3 Magnetohydrostatics

After developing the basic equations of hydrodynamics in Chapter 4,
one of the first applications we considered was hydrostatic equilibrium.
Here also we begin by looking at the static equilibrium solutions
of MHD equations. For a static situation without any flow, (14.3)
becomes

pF—Vp+$(VxB) xB=0. (14.18)

The study of the solutions of this equation is known as magnetohydro-
statics. It may be noted that a magnetic field B satisfying this equation
is not in general a static solution of the induction equation (14.10). In
the absence of motions, (14.10) becomes

B

ot
and we expect the magnetic field to decay away, eventually disrupting
the force balance implied by (14.18). But it is still useful to consider the
solutions of (14.18). In laboratory situations, often a magnetic field is
maintained by driving external currents so that the field does not decay
and the equilibrium satisfies (14.18). In the other limit of astrophysics
with very large length and time scales, the decay of the magnetic field is
often so slow that (14.18) can be taken as a condition of approximate
equilibrium. If the various forces are not in balance (ie. if (14.18) is
not satisfied), then motions result with dynamical time scales usually
much smaller than the decay time scale. Within the dynamical time
scale, the various forces try to reach a balance satisfying (14.18) and
then it takes a very long time for the magnetic field to decay. So there
is a subtle difference between hydrostatics and magnetohydrostatics.
Whereas hydrostatics deals with genuine static equilibria where we
take note of all the hydrodynamic equations, magnetohydrostatics is
concerned only with situations in which various forces balance.

Let us restrict ourselves to situations where mechanical body forces
such as gravity are unimportant compared to the other forces. Then
we put F =0 and (14.18) becomes
(VxB)xB

4n ’

= AV’B

Vp= (14.19)
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which implies that the pressure has to be balanced by the magnetic
stresses. A magnetic field satisfying (14.19) is called a pressure-balanced
field. We now introduce a very important parameter known as the
plasma-f, which is the ratio of gas pressure to magnetic pressure
defined as

_p
Ny (14.20)

We often have to deal with low-$ plasmas, within which the gas
pressure is negligible compared to the magnetic pressure. In such
a plasma, the magnetic stress cannot be balanced by the pressure
gradient and the magnetic field has to adjust itself in such a fashion
that the magnetic stress itself vanishes. The condition for this obviously
is

(VxB) x B =0. (14.21)

A magnetic field satisfying (14.21) is known as a force-free field (Liist
and Schliiter 1954).

We now consider some specific solutions of pressure-balanced and
force-free fields in cylindrical geometry. Since many laboratory exper-
iments are done with cylindrical columns of plasma, such solutions
are of practical interest in addition to providing an insight into the
nature of magnetohydrostatic equilibria. Equilibrium problems with
less symmetry are more difficult to study. Two coordinates z and 8 are
ignorable in cylindrical symmetry. Often one has to deal with mag-
netohydrostatic systems in which only one coordinate is ignorable. In
such a situation, one is led to what is known as the Grad—Shafranov
equation (Grad and Rubin 1958; Shafranov 1958). The reader has
been asked to derive this equation in Exercise 14.4.

14.3.1 Pressure-balanced plasma column

We begin by writing down (14.19) in cylindrical coordinates (r, 6, z)
assuming cylindrical symmetry, i.e. assuming that nothing varies in
or z directions. It follows trivially from V- B = 0 that B, = 0. So the
magnetic field can be written as

B = By(r)ép + B.(r)8,. (14.22)

Substituting this in (14.19), we obtain

d B}+B2\ , B} _
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Figure 14.3 The
profile of the
azimuthal magnetic
field By and the
pressure p inside a
plasma column with
a uniform current
density j inside.

on assuming the pressure p(r) to be a function of r alone. This is the
fundamental equation of magnetohydrostatics in cylindrical geometry.
We want to consider a situation in the which the magnetic field in
the plasma column is produced by driving a current j = j(r)é, along
the axis of the column. It is straightforward to see that such a current
would not produce any B, and the only component By is given by

;%(ng) = 477: s (14.24)
which can be easily obtained from (13.53). In order to study the
equilibrium of a plasma column due to a given current along its axis,
we first have to find out By from (14.24), and then we try to satisfy
(14.23) with that By, taking B, = 0.

Let us first consider the case of a constant current density through
the plasma column. If j in (14.24) is constant, then we get

2n
Bo = ?]r
Substituting this in (14.23) gives
dp  2m,
:1; - 2 Jr,
of which the solution is
nitr?
p=po— "L, (14.25)

where po is the gas pressure at the centre of the column. Figure 14.3
shows the current density, the magnetic field component By and the
pressure as a function of radius. It is to be noted that the pressure falls
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with radius, as we expect because of the pinching effect of the magnetic
field. We also see from (14.25) that the pressure would become zero at
a certain radius beyond which (14.25) ceases to hold, since a negative
pressure is not physically admissible. If » = a is the radius of the
plasma column where the gas pressure falls to zero, we readily find
from (14.25) that
2 _ poc?
a = Frx (14.26)
This raises the possibility that the pinching effect of the magnetic field
may be able to confine a plasma column by making the pressure go
to zero at a finite radius.
We now discuss the more-general case of j(r) being a function of
r rather than a constant. If the plasma column is confined within a
radius r = g where the pressure goes to zero, then the total current is
found from (14.24) to be

I =/ J{r) 2mrdr = EaBg(a),
0 2

where By(a) is the value of By on the boundary surface of the plasma
column given by

21
By(a) = a (14.27)
Putting B, =0, (14.23) can be written as
dp  1d (r’B}
o U‘%(W . (14.28)

The average pressure inside the plasma column is

1 a
p= p) /0 p(r). 2znrdr.

_ 2 (1, “1 ,dp

p—;[irpo /Ozradr.
The first term on the R.H.S. obviously vanishes. On substituting from
(14.28) into the second term,

On integrating by parts,

Using (14.27), we finally get

(14.29)
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Figure 14.4 Unstable
perturbations of a
plasma column with
azimuthal magnetic
field. (a) Kink
instability. (b)
Sausage instability.

The significance of this equation is that it relates the average pressure
P and radius a of a plasma column with the current I necessary to
confine this plasma column. Often (14.29) is referred as the Bennett
pinch condition, after Bennett (1934) who was the first person to study
the static equilibrium of plasma columns with magnetic field.

14.3.2 Stability of plasma columns

Are the equilibrium configurations just discussed stable? Because, if
they are not stable, then these configurations cannot be realized in
laboratory experiments. A formal stability analysis for such configura-
tions is fairly complicated, and we shall not get into that mathematical
theory here. On physical considerations, however, one can argue that
these configurations are actually unstable. Let us consider the two
kinds of perturbations shown in Figures 14.4(a)—(b). Since magnetic
field lines are crowded at the point P in Figure 14.4(a), it is obvi-
ous that the magnetic pressure is enhanced at that point and this
additional pressure will push the plasma column in such a way as
to enhance the kink perturbation. In other words, the type of kink
perturbation shown in Figure 14.4(a), once initiated, starts growing so
that the system is unstable. This is called the kink instability. It is also
easy to see that By at point Q in Figure 14.4(b) turns out to be larger
than what By just outside the column would have been if the column
were not perturbed. The enhanced magnetic stress at Q will make the

(a) (b)
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column still narrower there, triggering an instability. This is known as
the sausage instability.

If there is a magnetic field along the axis of the plasma column (i.e.
in the z direction), it tends to suppress both these types of instabilities.
A kink perturbation bends the axial field lines, and the stress of the
axial field clearly opposes the growth of the kink. In the case of
a sausage perturbation, the axial field is compressed in the places
where the column becomes narrower, and the enhanced pressure of
the axial field opposes further narrowing of the column at that point.
A rigorous analysis shows that |B,| has to be of the order of |By| to
suppress the instabilities. We shall discuss the relevance of cylindrical
plasma configurations further in the next section.

14.3.3 Force-free fields

The force-free equation (14.21) implies that the curl of the magnetic
field is in the direction of the magnetic field so that we can write

V x B =B, (14.30)

where p is a scalar, which in principle can be a function of space. Some
restriction on the spatial variation of u follows on taking a divergence
of (14.30), which gives

V- (uB) =0,
from which
B-Vu=0. (14.31)

This equation means that y cannot vary along a magnetic field line.
In general, u can have different values on different field lines, but it
has to be a constant on one field line.

The simplest case is to consider u to be a constant. Since (14.30)
then becomes a linear equation in B, a magnetic field satisfying (14.30)
with a constant y is called a linear force-free field. A linear equation
can in general be solved by a series expansion. Since (14.30) is a vector
equation rather than a scalar equation, obtaining a general solution by
series expansion is slightly complicated. This problem was first solved
by Chandrasekhar and Kendall (1957). Here we shall not discuss
this general solution, but only consider the solution with cylindrical
symmetry.

Writing (14.30) in cylindrical coordinates assuming cylindrical sym-
metry (i.e. no variation of any quantity in 8 or z directions) gives

dB,
C ar

1d
= uBy, ;E("Be) = uB,. (14.32)
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Readers familiar with the properties of Bessel functions (see, for
example, Arfken 1985, §11.1; Abramowitz and Stegun 1964, §9.1.27)
should have no difficulty in verifying that the above equations are
satisfied by

B, = BoJo(ur),  Bg = ByJi(pr). (14.33)

This cylindrically symmetric solution appears as the first term in the
general Chandrasekhar—Kendall expansion.

A force-free field with p varying from one field line to another
is known as a nonlinear force-free field. When we study such a field
with cylindrical symmetry, it is more convenient to begin with (14.23)
putting p = 0 rather than to begin with (14.32) taking u to be a
function of r. If we write

B+ B _
% = F(r), (14.34)
then it is seen from (14.23) that
dF
2 _ 48l
B;j 4nr T (14.35)
From (14.34) and (14.35), we can then write
1 dF
2 el
B; =8=n (F + 2rdr> . (14.36)

The function F(r) is often called the generating function, because the
components of the magnetic field can at once be obtained from F(r)
on using (14.35) and (14.36). Certain conditions have to be satisfied
by this generating function in order to ensure that By and B, turn out
to be real. The function F(r) has to be monotonically decreasing with
r so that B} given by (14.35) is everywhere positive. For B? given by
(14.36) to be positive, F(r) has to satisfy the condition

1 dF

Given any generating function which satisfies these conditions, one
can then at once obtain a nonlinear force-free field (see Exercise 14.5).

14.4 A note on fusion research

The huge energy needs of present-day civilization are mostly met by
fossil fuels like coal and oil. Although experts may disagree on how
long these fossil fuels will last, nobody thinks that they can supply
the energy needs of the human race for more than a few centuries. It
is, therefore, imperative to tap other sources of energy. One attractive
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possibility is the thermonuclear process, which generates energy in the
interiors of stars. Deuterium happens to be the atom which seems
most promising for this purpose. Since some molecules in sea-water
have deuterium atoms in the place of hydrogen atoms, we have a huge
source of deuterium atoms on the surface of the Earth. When two
deuterium nuclei are brought together, they may fuse to produce a
tritium or a helium nucleus, and a small fraction of mass is converted
into energy during this process. Since deuterium nuclei are positively
charged, normally two such nuclei would not come close to each
other due to Coulomb repulsion. Only when two such nuclei approach
each other with sufficiently high relative velocity, may it be possible
to overcome the Coulomb barrier so that the thermonuclear reaction
takes place. The easiest way of achieving this is to produce a sufficiently
hot deuterium plasma. If the random velocities of the deuterium nuclei
are sufficiently high due to the high temperature, then occasionally two
nuclei may approach each other with high enough relative velocity to
overcome the Coulomb barrier and lead to fusion.

Such a high-temperature deuterium plasma cannot be kept in ordi-
nary material containers. A dense, hot plasma would burn the walls
of the container. On the other hand, if the density and hence the total
heat content of the hot plasma is low, then it would lose all its heat
to the wall as soon as the plasma comes in contact with the walls.
The only possibility is to keep the plasma confined by magnetic fields.
We saw in the previous section that cylindrical magnetohydrostatic
configurations are possible such that the plasma pressure falls to zero
at a certain distance from the axis. One hopes that such magnetic
configurations may keep the plasma confined, allowing the thermonu-
clear reactions to proceed (Rose and Clark 1961, Chapter 14). Just
after World War II, several countries such as the U.S.A., the U.S.S.R.
and the U.K. started large-scale projects to obtain energy by harness-
ing thermonuclear fusion. These developments provided a tremendous
boost to plasma physics.

Most of these projects were initiated with the expectation that
the commercial production of energy from fusion would be feasible
within a few years—at most within a decade. Such hopes were quickly
found to be premature. Confining plasmas for sufficiently long times
turned out to be much more difficult than anybody anticipated. It is
necessary to spend considerable energy in heating the plasma initially
and setting up the system. Only if we are able get back a larger
amount of energy as a result of fusion, can' we start thinking of
commercial applications. In order to get sufficient energy out of the
system, the plasma has to remain confined for a sufficiently long time.
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Figure 14.5 The
tokamak Aditya
operating at the
Institute for Plasma
Research,

Gandhinagar, India.

Courtesy: Abhijit
Sen.

If n is the number density of the plasma and 7 the time for which
it remains confined, then nt has to be larger than about 10! cm—3
s in order to make the energy output larger than the energy input.
This condition is known as the Lawson criterion (Lawson 1957). One
way of satisfying this condition is to confine a low-density plasma
for sufficient time with the help of magnetic fields. A typical plasma
confinement experiment may have n ~ 10> cm™3 and 7 ~ 0.1 s, ie.
we may be two orders away from the Lawson criterion. The other
approach is to produce sudden heat in a high-density material by an
intense laser beam. Even though the confinement time t would be
very small, the high value of n may compensate for it. It has not
been possible to satisfy the Lawson criterion in either approach as of
today. So far, the magnetic confinement of low-density plasmas is the
approach which is pursued more vigorously. The magnetohydrostatic
equilibria in cylindrical geometry discussed in the previous section are
very relevant for such experiments. In order to avoid the edges of the
cylinder, one often makes a plasma device in the form of a torus, where
essentially the cylinder is made to bend and close on itself. Figure 14.5
shows a tokamak, which appears one of the most promising plasma
devices at the present time.

Why is it so difficult to confine plasmas? We have seen in §14.3.1-
14.3.2 that a plasma column can be confined by sending a current
along the axis, but the configuration is MHD unstable unless there
is a strong magnetic field along the axis as well. When we set up a
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plasma configuration, the first important condition is that it has to be
MHD stable. Otherwise violent instabilities would set in immediately.
Although the MHD instabilities are the most serious ones, there can
be many other kinds of instabilities based on microscopic physics,
which would plague an MHD stable configuration. As a result, the
hot plasma in the core region diffuses to outer parts of the device
much faster than one would expect. Much of present-day research in
laboratory plasmas is aimed at understanding and suppressing these
micro-instabilities. Whether we shall be able to provide the ultimate
solution of mankind’s energy problem may well depend on our success
in this research.

14.5 Hydromagnetic waves

In Chapter 12, we considered several types of high-frequency waves in
plasmas in which ions and electrons respond differently. Let us now
consider perturbations in a plasma in which electrons and ions remain
together so that the plasma can be regarded as a single fluid and
the equations of MHD apply. We saw in §6.2 that perturbations in a
uniform neutral gas give rise to acoustic waves. If there is a magnetic
field in the plasma, then it can sustain waves more complicated than
the simple acoustic waves. Let us consider perturbing a uniform plasma
with a uniform magnetic field By. To simplify the treatment, we neglect
the dissipative effects like viscosity, heat conduction and electrical
resistivity. If these effects are included, then they are found to cause a
damping of the wave.

In the spirit of usual perturbation analysis as discussed in §6.2, we
write the density, the pressure, the velocity and the magnetic field as
po + p1(x,t), po + pi(x,t), vi(x,t) and By + Bi(x,?). The next step is
to substitute these in the basic MHD equations and then linearize
them. Since we are assuming adiabatic conditions by neglecting heat
conduction, the pressure perturbations would be related to density
perturbations as discussed in §6.2. The basic relations (6.11) and (6.13)
are written down again:

p1 = py, (14.37)
with
2= (14.38)
Po

Since ¢, given by (14.38) is the speed with which acoustic waves would
propagate in the absence of magnetic field, we would refer to ¢; as the
sound speed. On perturbing and linearizing the equation of continuity,
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we again get (6.15), which is

% +poV-v; =0. (14.39)

We now have to consider equation (14.3). There is no external force
F in the present situation and the viscosity term is neglected. Then,
perturbing and linearizing lead to

ovy (V X Bl) X By

pOW T 4n
where we have substituted for p; from (14.37). Lastly, we have to
perturb the induction equation (14.10). Neglecting the resistivity term,
the linearized perturbation equation is readily found to be

% =V x (v x By). (14.41)

The evolutions of the basic perturbation variables p;, v; and B, are
governed by equations (14.39), (14.40) and (14.41). The energy equation
has already been taken care of on using (14.37).
On differentiating (14.40) with respect to time and making use of
(14.39), (14.41), ‘
62v1 )

? = CSV(V v} + [V x {V X (v X VA)}] X Va, (14.42)

= —c2Vp + (14.40)

where

By
VArpo

has the dimension of velocity and is known as the Alfvén velocity—in
honour of Alfvén (1942a,b) who pioneered the study of hydromagnetic
waves. As in §6.2, the uniformity of the system prompts us to look for
solutions in which all the perturbation quantities vary as expli(k - x —
wt)]. Then we have to replace d/0t by —iw and V by ik. On doing this
in (14.42), we end up with

vy = (2 +03)(k-vi)k+va K[(va -k)v; —(va - v))k— (k- v;)va]. (14.44)

Va = (14.43)

This is the basic dispersion relation for hydromagnetic waves relating
k and @ when ¢; and v, are given.

Let us now pause for a moment and take stock of the situation. We
wish to study the nature of the waves produced by the perturbations
we are considering. Once we obtain a dispersion relation between k
and o, it is in principle possible to calculate the phase and group
velocities. The dispersion relation (14.44), however, looks somewhat
complicated. Although it contains all the important information we
want to find out, it would require some amount of algebra to isolate



296

14 Basic magnetohydrodynamics

Figure 14.6 A sketch
showing the
distortions of
magnetic field lines
during the
propagation of an
Alfvén wave along
them.

the necessary results. Before proceeding to a general discussion, let us
first show that (14.44) admits of one kind of relatively simple wave.
The magnetic field and the propagation vector (i.e. the vectors v4 and
k) define a plane. We consider purely transverse disturbances in which
the displacement and therefore the velocity v; are perpendicular to
this plane. Then (14.44) reduces to

w? = (va - k) (14.45)

so that
o = tvskcos 8,

where 6 is the angle between the magnetic field and the propagation
vector. We note that the group velocity Viw is equal to v4. Thus we
are considering a wave in which a disturbance would move along the
magnetic field with the velocity v,, the displacement being always in
the transverse direction. Figure 14.6 sketches the appearance of the
magnetic field lines during the propagation of such a wave. This type
of wave was first predicted theoretically by Alfvén (1942a,b) and is
therefore known as the Alfvén wave. The existence of such a wave
was afterwards demonstrated by Lundquist (1949) by carrying out
experiments with mercury subjected to a strong magnetic field. We
saw in §14.1 that a magnetic field By has a tension BZ/4n associated
with it along the field lines. A magnetic field in a plasma can, therefore,
be thought to be like a stretched string. Whenever the magnetic field
lines are distorted by a transverse perturbation, the magnetic tension
tries to oppose the distortion. Just as a transverse wave can be started
in a string by plucking it, similarly we have the transverse Alfvén
wave moving along the field lines. The velocity of the transverse
wave moving along a stretched string can be shown to be something
like +/tension/density (see, for example, Joos 1958, Chapter VIII, §8).
Keeping in mind that the magnetic tension is given by BZ/4m, the
expression (14.43) for the Alfvén velocity is exactly like that.

W
/\_/\/
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We now come to a general discussion of the wave modes permitted
by (14.44). Since (14.44) is a vector equation linear in vy, it can be
broken into three scalar components of the following form in any
Cartesian coordinates:

T, Koix + Ty(@?, Koy, + To(@?, Kor; = 0, (14.46)

where vy, v1y, v1; are the components of vi and Tx, T), T, are their
coefficients. If we have three scalar equations of the form (14.46), the
determinant has to be zero for the sake of consistency. The detailed
calculations are given as Exercise 14.6. Even without doing the detailed
calculations, one can at once see that setting a 3 x 3 determinant equal
to zero would give three possible solutions of w? for each value of
k. Other things being the same, —w would be a solution if +o is a
solution. Since +w and —w merely correspond to waves propagating
in opposite directions, the three solutions of w? corresponding to any
k essentially implies the existence of three kinds of wave modes. One
of them is the Alfvén wave discussed above. The other two are of more
complicated nature, as can be found by working out Exercise 14.6. The
existence of these wave modes in a magnetized gas was demonstrated
by Herlofson (1950).

Any wave in nature is driven by some restoring force which opposes
displacements in the system. In the present context of the MHD model,
two types of restoring forces are possible: one arising out of pressure
gradients; and the other arising out of magnetic stresses. The simple
Alfvén wave is purely transverse without involving any density or
pressure variations, the magnetic tension being the only restoring force
for it. The other two waves are more complicated due to the fact that
they are mixtures of acoustic and magnetic waves, where both types
of restoring forces are present. For one of these modes, the pressure
and magnetic restoring forces are roughly in phase, making the mode
propagate fast. It is called the fast mode. The other mode, for which
these restoring forces are roughly out of phase, is known as the slow
mode. One can also show that the displacements associated with the
three modes make up a triad of orthogonal vectors (see Exercise 14.6).
So any arbitrary disturbance in our system can be represented as a
superposition of the Alfvén, fast and slow modes.

14.6 Magnetoconvection and sunspots

We saw in Chapter 7 that perturbations in neutral fluid configura-
tions can give rise to waves in some circumstances and may lead to
instabilities in other circumstances. The previous section provided an
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example of waves produced in a magnetofiuid in a particular situation.
We expect that there would be other types of MHD configurations
in which a perturbation would lead to instabilities. In fact, all the
calculations presented in §7.3-7.5 can be extended to the more com-
plicated situation of a magnetofluid with a magnetic field embedded
in it. We refer the reader to the classic monograph of Chandrasekhar
(1961) for a systematic discussion of how various hydrodynamic in-
stabilities are modified due to the presence of magnetic fields. To give
the reader an idea of the subject, we briefly discuss how the theory
of Rayleigh-Bénard convection has to be extended if we are dealing
with a magnetofluid with a uniform vertical magnetic field instead
of an ordinary fluid. This subject, known as magnetoconvection, is of
considerable interest in astrophysics.

Instead of perturbing the hydrodynamic equations as done in §7.3,
we now have to perturb the MHD equations, taking into account
the presence of a vertical magnetic field By. Needless to say, this is a
much more complicated analysis, which was carried out by Thomson
(1951) and Chandrasekhar (1952). We merely present the main results
without the full calculations. We saw in §7.3 that convective instability
in neutral fluids is always of a non-oscillatory nature. In the case
of a fluid with a vertical magnetic field, the detailed analysis shows
that it is possible for the convective instability to begin in the form
of growing oscillations, provided A defined in (14.11) is less than the
thermometric conductivity « defined in (7.9). If 1 is small compared
to other transport coefficients, then the magnetic field is nearly frozen
in the fluid and distortions in the field lines can give rise to Alfvén-
type oscillations. It is no wonder that convective instability in such
a situation is of an oscillatory nature. If, however, k < A, then such
oscillatory onset of convection is not possible. This happens to be
the case in most terrestrial situations, where magnetoconvection is of
non-oscillatory nature. For example, mercury at room temperature has
k=45x10"2cm?s7! and A = 7.6 x 10° cm? s,

We consider a fluid with ¥k < A so that the magnetoconvection is
non-oscillatory. In §7.3, we introduced a very important dimensionless
number R in (7.23). It is a measure of the temperature gradient in
the fluid and is known as the Rayleigh number. If a uniform vertical
magnetic field By is present, we can introduce another important
dimensionless number in the problem. It is

_ B3
T Ampyvd

(14.47)

where the various symbols are as defined in §7.3. This dimensionless
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Figure 14.7 A plot
showing the
experimentally
determined critical
Rayleigh number R,
for different values of
the Chandrasekhar
number Q. The
smooth curve is from
theoretical
calculations. Adapted
from Chandrasekhar
(1961).

number is often referred to as the Chandrasekhar number. We saw
in §7.3 that the Rayleigh number which makes a perturbation with
horizontal wavenumber k' (measured with respect to the depth d as the
unit of length) marginally unstable is given by (7.25) for the simplest
boundary conditions. In the presence of a vertical magnetic field, the
Rayleigh number necessary for making such a perturbation unstable
is found to be

2 ”
R= "kL,zk[(n2 +k?)? 4+ 72Q).

(14.48)
If the Chandrasekhar number Q is set to zero, then we get back
the case of ordinary hydrodynamic convection and (14.48) reduces to
(7.25).

Since perturbations with different wavenumbers k' are in general
present in the system, the system becomes unstable if any k' is unsta-
ble. To obtain the critical Rayleigh number R. for convection to be
possible, we then find out when R given by (14.48) is a minimum as
a function of k’. The procedure is exactly the same as that followed
in §7.3. Since (7.25) was simpler than (14.48), one could there find the
analytical expression (27/4)n* for the critical Rayleigh number. Here,
for a given value of the Chandrasekhar number Q, one can calculate a
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Figure 14.8 A cell of
magnetoconvection.
(a) Streamlines of
flow. (b) Isotherms.
(¢) Magnetic field
lines. Adapted from
Weiss (1981).

numerical value of the critical Rayleigh number R.. Nakagawa (1955)
carried out careful experiments with mercury to determine R, for dif-
ferent values of Q. Figure 14.7 adapted from Chandrasekhar (1961,
Chapter IV) shows Nakagawa’s data plotted with a curve obtained
from theoretical calculations with boundary conditions appropriate
for comparing with experiments. For small Q, R. asymptotically tends
to the critical Rayleigh number for pure hydrodynamic convection in
the absence of a magnetic field. On the other hand, when Q is large, R,
increases monotonically with Q. This means that, when the magnetic
field is stronger, it is harder to start convection. Understanding this
result physically is not difficult. Since convection distorts magnetic
field lines, convective motions are opposed by magnetic tension. We
therefore need a steeper temperature gradient to drive the convection
when a strong magnetic field is present.

The linear stability theory only gives the condition for convection to
be possible. In order to understand the nature of magnetoconvection,
it is necessary to perform numerical simulations using the full nonlin-
ear equations with a Rayleigh number above the critical value. One
of the first impressive simulations was carried out by Weiss (1981). It
was found that the fluid motions eventually settle into steady patterns
of convection cells. Figure 14.8 taken from Weiss (1981) displays such
a convection cell in the vertical plane. Figures 14.8(a) and 14.8(b) re-
spectively give the streamlines and the isotherms. Figure 14.8(c), which
shows the magnetic field lines, is of utmost interest. On comparing
Figure 14.8(c) with Figure 14.8(a), we note that the magnetic field lines
are virtually swept away from the interiors of convection cells and are
confined near the edges of the cells where there are little fluid motions.
Since magnetic tension opposes convection, Nature seems to arrive at
a partitioning of space between the magnetic field and the convection.
In regions of strong convection, magnetic fields are excluded. On the

0

(a) (b) (c)
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Figure 14.9
Photograph of a fully
grown sunspot with
granulation visible
around. Courtesy: W.
Schmidt.

other hand, in the regions of strong magnetic field, there is hardly any
convection.

The theory of magnetoconvection can directly be applied to explain
many aspects of sunspots. Figure 14.9 shows a large sunspot. Sunspots
appear darker because of their lower temperature compared to the
surrounding solar surface. The typical size of a fully developed sunspot
is about 10,000 km, although a very big sunspot would be large enough
for the whole Earth to be immersed in it. An important clue to the
physical nature of sunspots was found when Hale (1908) discovered
the existence of strong magnetic fields in sunspots from the Zeeman
splitting of sunspot spectra. The typical value of the magnetic field in
sunspots is about 3000 G. This magnetic field is presumably sitting in
the layers just below the solar surface where the heat is transported
by convection. In fact, we see granules or convection cells around
the sunspot in Figure 14.9. Biermann (1941) suggested that the lower
temperature of sunspots is caused by the inhibition of convection
by the magnetic stresses within sunspots. Detailed simulations of
magnetoconvection indeed lend support to this idea. In fact, the top left
corner of Figure 14.8(c) is very much like a sunspot. The magnetic field
there has certainly become concentrated. We note in Figure 14.8(b) that
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Figure 14.10
Magnetic buoyancy
of a flux tube. (a) A
nearly horizontal flux
tube under the solar
surface. (b) The flux
tube after its upper
part has risen
through the solar
surface.

this corner is also a region of reduced temperature where the isotherms
dip downward. To an observer looking from the top, this region would
appear as a cooler and darker spot on the surface from where magnetic
field lines are sticking out. In spite of this success in explaining some
features of sunspots on the basis of magnetoconvection theory, it
should be emphasized that sunspots are still not very well-understood
objects. We still do not know what determines the typical magnetic
field strengths or typical sizes of sunspots.

14.7 Bipolar magnetic regions and magnetic
buoyancy

A few years after the discovery of the existence of magnetic fields in
sunspots (Hale 1908), Hale made another important discovery. Often
two large sunspots appear side by side. Hale et al. (1919) discovered
that the two sunspots in such a pair almost always have opposite
polarities. The most obvious explanation for this is that a strand of
magnetic field has come out through the solar surface as shown in
Figure 14.10(b). If the two sunspots are merely the two locations
where this strand of magnetic field intersects the solar surface, then
we readily see that one sunspot must have magnetic field lines coming
out and the other must have field lines going in. We now address the
question how such a magnetic configuration may come about. Such a
configuration with two large sunspots is often called a bipolar magnetic
region.

We discussed in the previous section that magnetic fields in the
solar convection zone may be expected to remain concentrated within
localized regions. Let us consider a nearly horizontal cylindrical region

L 7
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within which some magnetic field is concentrated, as sketched in
Figure 14.10(a). Such a region of concentrated magnetic field with
very little magnetic field outside is often called a magnetic flux tube.
Parker (1955a) pointed out that a horizontal flux tube may be buoyant.
The argument is quite straightforward. Let p; be the gas pressure inside
the magnetic flux tube and p. be the external pressure. We have seen
in (14.5) that a magnetic field causes a pressure B2/8n wherever it
exists. In order to have a pressure balance across the bounding surface
of the flux tube, we must have
BZ

Pe=Dpi+ e (14.49)

It readily follows that
Pi < Pe. (14.50)
This usually, though not always, implies that the internal density p; is

also less than the external density p.. In the particular case when the
temperature inside and outside are both T, (14.49) leads to

2
Rp.T = Rp;T + %, (14.51)
from which we obtain
— p; B?
_Pep Pi _ S (14.52)
(3 (=3

We thus see that the fluid in the interior of the flux tube is lighter and
must be buoyant. In the limit of high %\, the magnetic field is frozen
in-this lighter fluid. As a result, the flux tube as an entity becomes
buoyant and rises against a gravitational field. This very important
effect, discovered by Parker (1955a), is known as the magnetic buoyancy.
Since (14.50) does not always imply that the interior of a flux tube
is lighter, it is possible that one part of a flux tube becomes buoyant
and not the other parts. Here we shall not get into a discussion
as to how this may come about. Suppose only the middle part of
the flux tube shown in Figure 14.10(a) has become buoyant. Then
this middle part is expected to rise, eventually piercing through the
surface and creating the configuration of Figure 14.10(b). With the
help of the idea of magnetic buoyancy, one can thus explain how a
bipolar magnetic region arises. Figure 14.11 is the photograph of a
freshly emerged bipolar magnetic region showing two large sunspots
along with some smaller spots. The granules lying between the two
large sunspots seeni somewhat distorted and elongated. Looking at
the photograph carefully, one almost gets the feeling that something
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Figure 14.11 A
photograph showing
a bipolar magnetic
region produced by
fresh flux that
emerged from
underneath the solar
surface. From Zwaan
(1985). (©Kluwer
Academic Publishers.
Reproduced with
permission from
Solar Physics.)

has recently come up through the solar surface between the two large
sunspots.

The global distribution of the bipolar magnetic regions on the
whole solar disk presents an interesting pattern. Figure 14.12 is a
magnetogram image of the whole solar disk, where regions of positive
polarity are indicated by white and regions of negative polarity by
black, the regions without appreciable magnetic field being represented
in grey. One notes that most bipolar magnetic regions are roughly
aligned parallel to the solar equator. In the magnetic bipolar regions
in the northern hemisphere, one finds the positive polarity (white)
to appear on the right side of the negative polarity (black). This is
reversed in the southern hemisphere, where white appears to the left
of black. How can we explain this distribution pattern of bipolar
magnetic regions?

It is known that the Sun does not rotate like a solid body. The
regions near the equator rotate with a higher angular velocity com-
pared to regions near the poles. Let us consider a magnetic field line
passing through the solar interior as shown in Figure 14.13(a). Since
the magnetic field line must be nearly frozen in the plasma due to the
high %), we expect the differential rotation to stretch out this field
line as shown in Figure 14.13(b). Thus the differential rotation has a
tendency to produce strong magnetic fields in the toroidal direction,
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Figure 14.12 A
magnetogram picture
of the full solar disk.
The regions with
positive and negative
polarities are
respectively shown in
white and black, with
grey indicating
regions where the
magnetic field is
weak. Courtesy: K.
Harvey.

Figure 14.13 The
production of a
strong toroidal
magnetic field
underneath the solar
surface. (a) An initial
poloidal field line. (b)
A sketch of the field
line after it has been
stretched by the
faster rotation near
the equatorial region.

and the magnetic fields in the interior of the Sun are believed to be
predominantly toroidal. Parts of the toroidal field may then become
buoyant and produce bipolar magnetic regions by piercing through
the solar surface. It is straightforward to see from Figure 14.13(b)
that the bipolar regions in the two hemispheres would have opposite
polarity alignments. We thus see that the global distribution of bipolar

092
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Figure 14.14 The
distribution of
interstellar matter in
the galaxy M81, as
measured by radio
emission from
neutral atoms. From
Rots (1975).
(©Springer-Verlag.
Reproduced with
permission from
Astronomy and
Astrophysics.)

magnetic regions can be rather beautifully explained by some simple
ideas based on the basic principles of MHD. Our discussion here has
been rather qualitative. Starting from MHD equations, Spruit (1981)
obtained an equation for the dynamics of a thin flux tube embed-
ded in an unmagnetized atmosphere. Moreno-Insertis (1986) used this
equation to model the emergence of bipolar active regions through a
two-dimensional simulation, whereas Choudhuri (1989) was the first
person to carry out a three-dimensional simulation in a spherical
geometry appropriate for the Sun.

14.8 Parker instability

The interstellar medium inside a galaxy is usually found to be dis-
tributed rather non-uniformly. Figure 14.14 shows how the interstellar
medium is distributed in the galaxy M81. In parts of the spiral arms,
the interstellar medium seems to form a succession of clumps like
beads on a string. It was Parker (1966) who first pointed out that
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Figure 14.15 Sketch
of Parker instability.
(a) Perturbed
magnetic field lines
bulging out of the
galactic plane. (b)
The final
configuration.

a uniform distribution of the interstellar medium would be unstable.
This instability, known as the Parker instability, is related to magnetic
buoyancy and is presumably the cause behind the interstellar medium
fragmenting into clumps.

The magnetic field of the galaxy can be assumed to be frozen
in the interstellar medium. Let us consider an initial configuration
with the interstellar medium distributed uniformly in a layer having
straight magnetic field lines passing through it. Now suppose the
system has some small perturbations with parts of the magnetic field
lines bulging upward, as sketched in Figure 14.15(a). From symmetry,
the gravitational field is directed towards the central plane of the layer.
So the gravitational field in the bulging region of magnetic field lines
must be downward. If the magnetic field is frozen in the plasma, then
the plasma can come down vertically in the bulge region only if the
magnetic field lines are also brought down. It is, however, possible for
the plasma to flow down along the magnetic field lines as indicated by
the arrows in Figure 14.15(a). Alfvén’s theorem of flux-freezing allows
such flows without bringing down the field lines in the bulge, and hence
we expect that the downward gravitational field in the bulge region
would make the plasma flow in this fashion. As a result of the plasma
draining down from the top region of the bulge, this region becomes
lighter and more buoyant. We therefore expect this region to rise up
further. In other words, the initial bulge keeps on getting enhanced,
leading to an instability (Parker 1966). As the magnetic field lines
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become more bent, the magnetic tension gets stronger. Eventually the
magnetic tension halts the rise of the upper part of the bulge. This was
clearly seen in the detailed numerical simulations of Parker instability
by Mouschovias (1974).

Figure 14.15(b) sketches what the final configuration may look like.
The magnetic field lines bulge out of the galactic plane, whereas the
interstellar plasma collects in the valleys of the magnetic field lines.
This is presumably the reason why the interstellar medium is inter-
mittent and clumpy. We should point out that these qualitative ideas
described in this section can be confirmed by detailed calculations.

14.9 Magnetic field as a transporter of angular
momentum

If there are magnetic field lines coming out of a rotating astrophysical
object, it is possible to take away angular momentum from the object
with the help of magnetic stresses. To understand how this works,
let us first discuss an important theorem known as Ferraro’s law of
isorotation (Ferraro 1937). We consider a rotating object which is
completely axisymmetric around the rotation axis. Using cylindrical
coordinates, this means that the rotation speed

v =rQ(r,z)& (14.53)

is independent of the toroidal coordinate 6. Suppose the object has
an axisymmetric poloidal magnetic field, which we can assume to
be completely frozen in the plasma. According to Ferraro’s law of
isorotation, a steady state is possible only if the angular velocity Q is
constant along the magnetic field lines.

We now prove this theorem. We saw in §4.8 that an incompressible
velocity field independent of z in Cartesian coordinates can be written
in the form (4.60). Exactly on the same considerations, a poloidal
magnetic field independent of 0 in cylindrical coordinates can be
written as

B=V x [%‘I’(r, z) ég] , (14.54)
from which
10¥ 10¥

It is clear from (14.54) that the V - B = 0 condition is automatically
satisfied. We saw in (4.63) that the stream function was constant along
streamlines. One can show exactly similarly that ¥(r,z) is constant
along magnetic field lines.
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We now consider the induction equation (14.10). Assuming that the
magnetic field is completely frozen in the plasma, we neglect the last
term. For steady state, the L.H.S. vanishes so that we must have

Vx({vxB)=0.

Substituting (14.53) and (14.54) in this equation, we find the 6 com-
ponent to be the only non-zero component, giving us
QYY)
ar,z)

(14.56)

This means that we must have Q = f(¥). In other words, the angular
velocity should be constant along magnetic field lines. The condition
of flux freezing essentially demands that the field lines rotate like rigid
objects to make the steady state possible.

If the angular velocity were to vary along field lines, then the
poloidal field lines would be continuously stretched to produce toroidal
field lines as shown in Figure 14.13 and a steady state would not be
possible. When magnetic fields are stretched as in Figure 14.13, the
magnetic energy increases, implying that some work must be done on
the magnetic field. If the magnetic field is sufficiently strong, then mag-
netic stresses would resist the deformation indicated in Figure 14.13.
As a result, a strong magnetic field would try to impose a rigid rotation
on the system. We are now ready to understand how magnetic fields
may help in transporting angular momentum. Let us look at a few
systems of astrophysical importance.

14.9.1 Magnetic braking during star formation

Consider first the example of a star-forming region collapsing due
to Jeans instability. In the very crude discussion of Jeans instability
presented in §7.5, we did not consider the effect of rotation or magnetic
field. We expect any collapsing gas cloud in the Galaxy to have some
angular momentum from the galactic rotation and to be threaded
by the general galactic magnetic field. If the angular momentum
per unit mass Qr? remains conserved during the collapse, then we
expect the angular velocity Q to keep on rising. This results in the
angular velocity of the collapsing cloud being larger than that of the
surrounding plasma. The magnetic field lines connecting the collapsing
cloud with the surrounding plasma resist such a variation of angular
velocity and provide a kind of braking mechanism to slow down the
rapidly spinning collapsed cloud. This is known as magnetic braking. A
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rough estimate of the rate at which the angular momentum is removed
can be done as follows. See Mestel (1968) for more details.

Suppose the surrounding plasma up to a distance of r = a is rotating
with the angular velocity Q of the collapsing cloud and the angular
velocity is much less beyond r = a. The magnetic stresses would try to
spin up the plasma beyond r = a to the angular velocity Q. We have
seen in §14.5 that magnetic disturbances propagate at the Alfvén speed
va given by (14.43). Hence in time d¢ a shell of plasma between radii
a and a +vaét is spun to angular velocity Q. The angular momentum
associated per unit mass of this shell is (2/3)Qa? so that the total
angular momentum added to this shell is (87/3)Qa*pvadt. This must
have come from the angular momentum of the central object, which
is (2/5)MQa*. We then have

%Maz%? =— %Ea“vaQ. (14.57)
Substituting vy = B/ \/W in (14.57), one has an approximate equation
for magnetic braking. A more realistic analysis is very complicated,
since the Alfvén speed is in general different in different directions.
The collapse in the presence of angular momentum is not spherically
symmetric, and the assumption of spherical symmetry used above is a
very gross over-simplification.

14.9.2 Magnetized winds

We sketched a hydrodynamic theory of the solar wind in §6.8. Since
the Sun is rotating and there are magnetic fields stretching out in
the solar atmosphere, these facts have to be incorporated in a more
complete model of the solar wind. Do we expect Ferraro’s law of
isorotation to hold out in the solar wind? It may be noted that we
took the fluid velocity in the form (14.53) to prove Ferraro’s law. If
there is an outward flow, as in the solar wind, then Ferraro’s law does
not in general hold. In the lower corona, however, the magnetic energy
density B2/8n is much larger than the kinetic energy density (1/2)pv?
associated with the outward flow. In the lower corona, therefore,
we expect the magnetic stresses to establish near-rigid rotation in
accordance with Ferraro’s law. Far out in the solar wind, however, the
angular velocity is certainly less than the angular velocity of the Sun
and the magnetic field lines get curved as shown in Figure 14.16. It
was realized by Parker (1958) in his original paper on the solar wind
that the magnetic field would look like this. Hence these spirals of
magnetic field are often called the Parker spirals.
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Figure 14.16 A
sketch of magnetic
field lines in the
equatorial plane of
the solar wind.

The theory of the magnetized solar wind in the equatorial plane
was worked out by Weber and Davis (1967), and then this theory was
generalized by Sakurai (1985) to cover regions out of the equatorial
plane. The detailed calculations are extremely complicated. The main
result can be described without getting into the full calculations. The
distance up to which the magnetic energy remains larger than the
kinetic energy of the flow is known as the Aflvén radius. The plasma
rotates approximately like a solid body out to the Aflvén radius. Now
consider how much angular momentum is removed from the Sun
by the solar wind. If there were no magnetic fields around the Sun,
then the angular momentum per unit mass carried in the solar wind
would have the value QR2 appropriate to the solar surface. But the
magnetic field makes the plasma rotate at an angular velocity Qg
out to the Alfvén radius ra, where the angular momentum per unit
mass is Qori. So it is this angular momentum per unit mass which is
carried by the solar wind. It may be noted that the detailed analysis
of Weber and Davis (1967) gave exactly this result (see Exercise 14.9).
It is estimated that ro &~ 10Ry. The angular momentum per unit mass
carried by the solar wind is, therefore, about 100 times larger than
the angular momentum per unit mass at the solar surface. Thus the
solar wind is much more efficient in removing angular momentum
than mass. The Sun has lost very little mass due to the solar wind
since its creation. But the loss of angular momentum due to the solar
wind has probably been more considerable.
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Figure 14.17 (a)
Accretion disk and
jets around a central
object. (b) Sketch of
a magnetic field line
PQ coming out of an
accretion disk,
indicating the various
forces acting on an
element of plasma at
the point R on the
line.

14.9.3 Jets from accretion disks

We mentioned in §6.7 that some galaxies have radio-emitting jets of
vast size ejected from their central parts. The hydrodynamic model of
Blandford and Rees (1974) discussed in that section had difficulties
in accounting for some of the observed properties. We now describe
the basic idea of a hydromagnetic jet model developed by Blandford
and Payne (1982). The first question to be asked is about the energy
source. Where does the energy for producing the jets come from? We
pointed out in §5.7 that energy may be released at the galactic centre
by the inflow of matter in an accretion disk around some massive
central object (presumably a black hole). We therefore come up with
the following scenario sketched in Figure 14.17(a). There is a black
hole at the centre with an accretion disk in the equatorial plane with
respect to the rotation axis. One manifestation of the energy release
is the production of twin jets in the two polar directions. The basic
problem is to understand how the energy released in the accretion
disk ultimately produces such well-collimated jets. We saw in §5.7 that
angular momentum has to be removed from the inner parts of the
accretion disk to enable matter to fall inward. Blandford and Payne
(1982) suggested the clever idea that the magnetic fields may be used
to hurl a small amount of gas from the accretion disk carrying a large
amount of angular momentum, the ejected gas ultimately becoming
the jets. This simultaneously solves the twin problems of production
of jets and removal of angular momentum from the accretion disk.
Figure 14.17(b) shows a magnetic field line PQ anchored at the
point P in the accretion disk making an angle o with the equatorial
plane. As discussed in §5.7, the material at P would move with the

JTot
- Accretion
disk
Jet
() (b)
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Keplerian angular velocity given by (5.40), which we write as

1/2
Q= (G—13W> , (14.58)

o

where ry is the distance of P from the central mass M. We expect
Ferraro’s law to hold in regions near the accretion disk, as was the
case in the inner corona of the Sun. The plasma lying on the field
line PQ, therefore, moves with angular velocity Qy appropriate for
Keplerian motion at P. Let us use cylindrical coordinates and fix our
attention on the point R on the field line. The forces acting there are
the centrifugal force F, = Q3r directed away from the rotation axis
and the gravitational force Fy produced by the central mass M. There
can also be a magnetic stress j X B/c which, however, plays no role for
plasma motions along the magnetic field lines. Hence, if the resultant
of F. and Fy; has a component along RQ in the outward direction,
then the plasma at R would be hurled away from the accretion disk.
To find the force arising out of F. and Fy, let us write down the
corresponding potential, which is '

1 2
$(r,z) = — % [5 (%) + (—ﬂ—%] : (14.59)

where the potential for the centrifugal force has been taken as
—(1/2)Q3r* with Qq given by (14.58). We now write r = ro + ' and
expand all the terms in (14.59) assuming ||, |z] < |rol. Keeping terms
to the order 1/r3, (14.59) gives

GM [3 32 1 22}
r_lzy (14.60)
2 213 213

o(r,z) = _—r:)—

Let s be the distance measured from P along the field line so that
¥ =scosa, z = ssina. To get the force along the field line, we have to
substitute these in (14.60) and then take the negative derivative with
respect to s. This leads to

_@_GMS

2 ‘2
3s rg (3 cos® a — sin” a). (14.61)

This force is in the outward direction if o < 60°. In other words, if a
magnetic field line is anchored to an accretion disk making an angle
less than 60°, then plasma is driven away along that field line.

It is not difficult to see that this mechanism would efficiently remove
angular momentum like the solar wind. The magnetic stresses would
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force the outflowing plasma to rotate with the angular speed €y out
to some Alfvén distance, beyond which magnetic energy falls below
the flow kinetic energy. Hence, as in the solar wind, the angular
momentum per unit mass carried by the outflow would be much
larger than that at P. But it may not be obvious that the outflow
ultimately gives rise to jets collimated along the polar axes. This was
demonstrated by Blandford and Payne (1982) by detailed calculations.
Beyond the Alfvén distance, the plasma rotates with angular velocity
less than )y and the magnetic field lines get twisted. The stresses
associated with these twisted field lines eventually force the outflow
to be collimated along the polar axes. Blandford and Payne (1982)
carried out their calculations by assuming the different magnetic field
lines to be self-similar. If one makes no further assumptions beyond
axisymmetry, then one is led to a generalized Grad-Shafranov equation
(see Exercise 14.4) in the rz plane. This more general approach has
been developed by Lovelace et al. (1986). It may be noted that a
similar approach for the solar wind has been worked out by Low and
Tsinganos (1986).

If the central object accreting matter has a strong magnetic field,
then the accretion flow may get modified. Ghosh and Lamb (1978)
developed the theory of accretion onto magnetized neutron
stars.

14.10 MHD applied to weakly ionized plasmas

In §13.4 we derived the MHD model for fully ionized plasmas. We now
wish to make a few comments on the applicability of the MHD model
to weakly ionized plasmas. We saw in §13.1 that a weakly ionized
plasma can be regarded as a mixture of three inter-penetrating fluids:
the electron fluid; the ion fluid; and the neutral fluid. Let us now
consider phenomena with length scales larger than the Debye length
and time scales larger than the inverse of plasma frequency. Then
we can neglect any charge separation so that the electron and ion
fluids can together be regarded as a single ionized fluid. If the plasma
is only weakly ionized, then this ionized fluid is mixed with a much
denser neutral fluid. If the neutral fluid were not there, then (14.2)
or (14.5) would have been the equation of motion of the ionized
fluid. Since the ionized fluid must lose momentum due to collisions
with the neutral atoms, we have to include a collision term as in
(13.1). Let us assume the neutral fluid to be at rest. Noting that
the momentum of the ionized fluid mainly resides with the ions,
the momentum loss rate per unit volume for the ionized fluid can
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be written as —mjnv,v = —pv.v, where v, is the collision frequency
between the ions and the neutral atoms. Adding such a term in (14.5),
we have

dv 1

B_2> +BVB_ (14.62)
8n 4zp
if the viscosity term can be neglected.

Since the interstellar medium is weakly ionized, (14.62) may be
applied to study the relative motion between the ionized and the
neutral components in the interstellar medium. This can be very
important in the star-forming regions. A cloud collapsing due to
the Jeans instability (see §7.5) usually has some angular momentum
and magnetic field associated with it. We pointed out in §9.4 that
the collapse makes the centrifugal force increase more rapidly than
gravity. Hence, unless some angular momentum is removed from the
collapsing cloud, eventually the collapse would come to a halt. We saw
in §14.9.1 that the magnetic field may provide the braking necessary
to slow down the rotation. But, as we saw in §14.2, the magnetic
field also would become very strong if the magnetic flux is frozen in
the collapsing cloud. The pressure of the very strong magnetic field
also may halt the collapse. So the magnetic flux also needs to be
removed. We note that the magnetic pressure force acts on the ionized
fluid alone. Hence we expect the ionized fluid to spread out from the
central region due to the magnetic pressure, while the neutral fluid
remains unaffected. In a steady state, the outward flow of the ionized

fluid given by (14.62) is
2
VeV = — 1V(Ii> ,
p \8=n

where we have neglected the other force terms besides the magnetic
pressure. This outflow of the ionized fluid through the neutral atoms is
often called ambipolar diffusion, since this process is somewhat similar
to the process of ambipolar diffusion introduced in §13.1. We now
need to note that Alfvén’s theorem of flux-freezing applies only to the
ionized fluid and not to the neutral fluid. The ionized fluid, therefore,
carries the magnetic flux with it while spreading out of the central
region. Thus, ambipolar diffusion leads to a decrease of magnetic field
in the star-forming region. It was Mestel and Spitzer (1956) who first
pointed out this way of getting rid of the magnetic flux so that the
gravitational collapse can proceed.
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Exercises

14.1 Taking a dot product of the induction equation with B/4r,
show that

o (B? o ( B i P e o
E(§>+0_x,(v'8_n> __“”""&;_;_mv (JXB)’

where #;; is as defined in (14.8). Given that B%/8xn is the
magnetic energy density per unit volume, give physical inter-
pretations to the various terms in the equation.

142  Consider an ideal magnetofluid with zero viscosity, zero ther-
mal conductivity and zero resistivity in the absence of any
external body force. Show that the energy conservation equa-
tion (4.25) (with K = 0) is modified to

i L) =—v. L2y -y, 04
Lot (oot ot

on including the Lorentz force in the Euler equation. Now use
the result of Exercise 14.1 to obtain

0 pv?  B? d pv? B?
a(ﬁf+7+a)-‘a—g "f<"w+7+§1?)+”’“”‘f '

143  Consider a constant initial magnetic field B = Byé, in a
plasma of zero resistivity. Suppose a velocity field

2
v=uype " &

is switched on at time ¢ = 0. Find out how the magnetic field
evolves in time. Make a sketch of the magnetic field lines at
some time after switching on the velocity field.

144  Consider a pressure-balanced magnetic field in which all vari-
ables are independent of z, i.e. /0z = 0. As in the case of the
two-dimensional velocity field in §4.8, we write the magnetic
field as

B = B.(x,y)e; + V X [A(x, y)e.].

From (14.19), show that p + B?/8x has to be a function of 4,
which we write as
BZ
— = F(A).
Pt - =F4)
Show further that the function F(A) has to satisfy the equation
24 PA L, dF
oxz ' 8y? miAT

This is known as the Grad—Shafranov equation.

0.
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14.5

14.6

14.7

14.8

149

Consider a cylindrically symmetric nonlinear force-free field
with the generating function F(r) introduced in (14.34) given
by

_ B} 1

FO) = & T/

where By and a are constants. Find out By, B, and calculate
u appearing in the force-free equation (14.30).

Use (14.44) to obtain three scalar equations of the form (14.46).
Let 6 be the angle between k and By. Show that the phase
velocities of the three wave modes are given by

2 { (va cos6)?,

12} =
ph M2 +v3) + 312 +v3)* — 4cv] cos? 6]/,

Work out the eigenvectors for these three wave modes and
show that the eigenvectors form a triad of orthogonal vectors.
Consider a shock wave with uniform magnetic fields B; and
B, parallel to the shock front on the two sides, the velocity
on both sides being perpendicular to the shock front. Figure
out the conditions you have instead of (6.33-6.35) for this
magnetized shock wave.

Consider a horizontal magnetic flux tube with magnetic field
B and radius of cross-section a embedded in an isother-
mal atmosphere of perfect gas with constant gravity g. Let
A = p/pg, which is a constant throughout an isothermal at-
mosphere. The flux tube rising due to magnetic buoyancy at
speed U experiences a drag force per unit length given by

1CppUa,

where Cp is a constant. Show that the flux tube eventually
rises with an asymptotic speed

ra \ 2
A (m) »

where va = B/, /4np.

Consider the magnetized solar wind in the equatorial plane.

Neglect viscosity and electrical resistivity, and assume steady

state. From the induction equation, show that the components

of magnetic and velocity fields at a distance r are related by

—rQ
By=2¢"""%p,

r
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where Qg is the angular velocity of the Sun. From the ¢
component of the equation of motion, show further that

B,
- By =L
rvg 41tpvrr 7

is a constant and can be interpreted as the angular momentum
per unit mass carried jointly by plasma motion and magnetic
stresses. Combine the above two equations to obtain

(MAL/T*Q) — 1
My —1 ’
where .# 5 = ./Anpv, /B, is the Alfvén Mach number. Argue

on the basis of this equation that the angular momentum per
unit mass carried away by the solar wind is

vg = Qor

L= Qori,

where ra is the Alfven radius where 4, = 1.



I5 Theory of magnetic
topologies

15.1 Introduction

In the previous chapter, we developed MHD following a pattern
somewhat similar to the pattern followed earlier while developing
hydrodynamics. After presenting the basic equations, we first consid-
ered the possibility of static equilibrium, and afterwards waves and
instabilities were discussed. Although the mathematical analysis in the
presence of a magnetic field becomes much more complicated than
the corresponding analysis in the pure hydrodynamic case and conse-
quently our discussions in Chapter 14 were often less complete than
the earlier corresponding discussions in the pure hydrodynamic case,
we have seen that the basic techniques and the methodology were the
same.

We now wish to look at a class of MHD problems loosely called
topological problems. Let us first consider a situation of ideal MHD,
where we have a magnetofluid of zero resistivity. Then, according
to Alfvén’s theorem, the magnetic field is completely frozen in the
plasma. We have pointed out one important consequence of Alfvén’s
theorem in §14.2. If two fluid elements lie on a magnetic field line, then
they would always lie on one field line. We may have two far-away
fluid elements in the ideal magnetofluid connected by a magnetic field
line. No matter what happens to the magnetofluid or how it evolves
in time, this connectivity between the two far-away fluid elements
remains preserved if the resistivity is zero. The preservation of such
connectivities may introduce some constraints on the dynamics of the
system. Topology is a branch of mathematics in which one studies
different transformations that preserve certain connectivities, and we
use the word topology in the present context in the same sense.

Let us begin by clarifying the concept of magnetic topologies. Fig-
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Figure 15.1 Three
configurations for
two given magnetic
field lines. The
configurations (a)
and (b) are
topologically
equivalent, whereas
the configuration (c)
is topologically
different from them.

ure 15.1(a) shows two magnetic field lines M and N. The field line N
can be wrapped around M as shown in Figure 15.1(b). It should be
noted that no cutting or pasting of field lines was necessary in order to
deform the configuration of Figure 15.1(a) to the configuration of Fig-
ure 15.1(b). We show another possible configuration of these two field
lines in Figure 15.1(c). It must be clear that one has to cut and rejoin
at least one field line in order to arrive at this configuration. We say
that the configurations of Figures 15.1(a) and 15.1(b) are topologically
equivalent, whereas the configuration of Figure 15.1(c) is topologically
different from the other two. After giving the general idea, let us now
give the mathematical definition. If two magnetic configurations B, (x)
and B,(x) are such that one of them can be deformed into the other
by continuous displacements without cutting or pasting field lines any-
where, then the two magnetic configurations are said to have the same
magnetic topology. If this is not possible, then the magnetic topologies
are different.

If a magnetofluid is ideal (i.e. has zero resistivity), then its magnetic
topology can never change. So, as a result of any dynamics, it has to
evolve through successive configurations which are all topologicalty
equivalent. Suppose the plasma-$ of the magnetofluid as defined in
(14.20) is small. Then the system can be in equilibrium only if the
force-free equation

VxB=uB (15.1)
is satisfied. Suppose the initial magnetic configuration Bj(x) is such
that (15.1) is not satisfied. Then there must be initial unbalanced mag-
netic forces in the system, giving rise to motions which would try to
bring the forces in balance. If the system has some viscosity (although
no electrical resistivity), then we may expect that eventually the mo-
tions would damp out and the system would relax to an equilibrium
configuration. But this can be possible only if B;j(x) has a topologically
equivalent configuration for which (15.1) is satisfied and to which B;(x)
can relax. Is it always guaranteed that any arbitrary initial magnetic
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configuration B;(x) would have a topologically equivalent configura-
tion satisfying (15.1)? If not, then what happens? If we assume that
the system will be unable to reach an equilibrium due to the topolog-
ical constraints and the motions will continue forever, then also we
get into difficulties. Since motions would always be associated with
the viscous dissipation of energy, it would seem that the possibility of
perpetual motions would be ruled out by the conservation of energy.
What then happens to the system, if eventual equilibrium is ruled
out by topological constraints and perpetual motions are ruled out
by energy conservation? The answer to this question is still not com-
pletely known—at least not known in a way that appears convincing
to everyone!

The above discussion should make it clear that topological problems
are quite tricky to handle. Most of our calculations in different areas of
physics are based on differential equations. Since differential equations
relate various derivatives in local regions, they are the ideal tools for
studying local properties of a system. On the other hand, topological
connectivities of a system introduce non-local, global considerations.
That is why differential equations, our most trusted tool in mathe-
matical physics, prove inadequate in handling topological problems.
Although the progress in this field has been very slow and there are few
really solid results, we still decided to provide an introduction to this
subject in this chapter. We believe that topological considerations are
going to play increasingly important roles in plasma physics research
in future—both in the laboratory context and in the astrophysical
context. Magnetic topologies become particularly important in any
relaxation process, where a plasma initially with unbalanced forces
tries to find an equilibrium. The last two sections of this chapter will
be devoted to two such relaxation problems, one in the laboratory and
one in the solar corona.

15.2 Magnetic reconnection

We saw in the previous section that magnetic topologies are exactly
preserved in a magnetofluid with zero electrical resistivity. What hap-
pens if the magnetofluid has a very small, but finite resistivity? Let
us recall our discussion of ordinary hydrodynamics with very small
viscosity presented in Chapter 5. In the Navier—Stokes equation (5.10),
viscosity appears as a coefficient in front of the second derivative V?v.
Even when the viscosity is small, this term may become important if
there is a large velocity gradient. We saw that large velocity gradients
are often present next to a solid boundary. We then have to include vis-
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Figure 15.2 Magnetic
reconnection in a

current sheet. See the
text for explanations.

cosity while treating a boundary layer, but otherwise the viscosity term
can be neglected when the equations are applied to regions outside
the boundary layer. Since electrical resistivity appears in the induction
equation (14.10) as a coefficient in front of the second derivative V>B,
somewhat similar considerations apply here also. Even if the electrical
resistivity is small, its effect can become important in a layer where
the magnetic field gradient is large. Since large gradients of magnetic
field are associated with large current densities, such regions are often
called current sheets. In a low-resistivity plasma, cutting and pasting
of field lines can take place within current sheets, but the magnetic
fields may be taken to be frozen in the plasma outside the current
sheets and magnetic topologies are preserved everywhere except in the
current sheets.

Figure 15.2 shows a typical current sheet with oppositely directed
magnetic fields above and below. The large value of V2B in the central
region would make the electrical resistivity term important there and
hence the magnetic field would decay away in the central region.
Since magnetic fields have the pressure B2/8n associated with them,
a decrease in the magnetic field would cause a pressure decrease in
the central region. If the plasma-f defined in (14.20) turns out to be
very large, then the magnetic pressure constitutes a negligible fraction
of the total pressure and a decrease in the magnetic pressure is not
expected to have any dramatic consequence. But if the plasma-f§ is
of the order of 1 or smaller, then the decay of the magnetic field in
the central region would cause an appreciable depletion of the total
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pressure there, and we expect that the plasma from above and below
with fresh magnetic fields would be sucked into the central region. This
fresh magnetic field would then decay and more plasma from above
and below would be sucked in to compensate for the pressure decrease
due to this decay. This process, known as magnetic reconnection or
neutral-point reconnection, may go on as long as fresh magnetic fields
are brought to the central region. Although Dungey (1953) hinted
at the possibility of such a process, the first formulation was due to
Parker (1957) and Sweet (1958).

Let us look at Figure 15.2 more carefully to understand the physics
of magnetic reconnection. The field lines ABCD and A’B'C’'D’ are
moving with inward velocity v; towards the central region. Eventually
the central parts BC and B’C’ of these field lines decay away. The part
AB is moved to EO and the part A’'B’ to E’O. These parts originally
belonging to different field lines now make up one field line EOE’.
Similarly the parts CD and C'D’ eventually make up the field line
FPF'. We thus see that the cutting and pasting of field lines take place
in the central region. Since plasmas from the top and the bottom in
Figure 15.2 push against the central region, the plasma in the central
region is eventually squeezed out sideways through the points O and
P. Let v, be the outward velocity with which reconnected field lines
EOE’ and FPF' move away from the reconnection region. Our aim
now is to estimate the incoming velocity v;, which essentially gives the
rate at which the reconnection proceeds.

Carrying a full mathematical analysis of the problem is extremely
difficult. Parker (1957) replaced the differential equations by approxi-
mate algebraic equations and showed that rough estimates of various
quantities can be obtained in that fashion. We also follow that ap-
proach here. Let L be the width of the central region over which the
magnetic field decays, as indicated in Figure 15.2. After the magnetic
field has decayed, the field-free plasma is squeezed through the points
O and P. If | be the thickness of the outflowing plasma, then the
equation of continuity (14.1) can be replaced by the approximate mass
conservation condition

vl ~ v,l. (15.2)
Since the magnetic stresses drive the outward flow, we expect that

the kinetic energy of the outward flow should be comparable to the
magnetic energy around the current sheet. We can therefore write

1 B?
Epvg ~ 3 (15.3)
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which replaces the equation of motion (14.2). Lastly, we have to
consider the induction equation (14.10), which in the steady state
becomes

V x (vx B) + AV?B = 0.

The diffusion term, which is of order 1B/I?, has to be balanced by
the other term corresponding to the supply of fresh magnetic flux at
velocity v;. Since this term V x (v x B) should be of order v;B/I, we

have
viB ~ AB
0Tre
We now carry out an approximate analysis based on (15.2-15.4), which
replace the full equations of MHD.

It follows from (15.3) that

(15.4)

Vo & Va, (15.5)
where
B
= 15.6
vA N7 (15.6)
is the Alfvén speed introduced in (14.43). We also have
A
I~ " (15.7)
from (15.4). Substituting (15.5) and (15.7) in (15.2), we obtain
o lte 00
T LTyl
so that
02
v —A (15.8)

It should be noted that vaL/A here is the appropriate magnetic
Reynolds number %y as defined in (14.12). We can therefore write
(15.8) as
(ZN
v; & \/QZ_M (15.9)
We have seen in §14.2 that &y is typically a very large number in
astrophysical situations. Therefore (15.9) implies that the reconnection
proceeds at a rate which is a tiny fraction of the Alfvén speed—the
speed at which magnetic disturbances propagate. The reconnection
rate given by (15.9) is known as the Sweet—Parker reconnection rate
(Sweet 1958; Parker 1957).
Often one observes gigantic explosions on the surface of the Sun,
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Figure 153 A
current sheet broken
up by the tearing
mode instability.

known as solar flares. In a large flare, an energy of the order of
10%2 erg may be released in a few minutes. It is believed that the
complicated magnetic fields above the Sun’s surface occasionally lead
to the sudden formation of current sheets, and the enormous amount
of magnetic energy dissipated very rapidly in these current sheets is
what gives rise to a flare. In order for such a large amount of energy to
be released in such a short time, the reconnection has to proceed fairly
fast—at rates comparable to the Alfvén speed. The Sweet—Parker rate
appears to be quite inadequate for the purpose of explaining flares.
Hence attempts have been made to suggest scenarios in which the
reconnection proceeds at a faster rate. One of the famous models for
faster reconnection is due to Petschek (1964). We shall not discuss this
model here, since the mathematics is slightly involved. The scenario
is somewhat different from that shown in Figure 15.2, and the final
reconnection rate turns out to be

VA

This is known as the Petschek reconnection rate. When Ry is suffi-
ciently large, it is easy to see that the Petschek rate given by (15.10)
would correspond to a much faster inflow compared to the Sweet—
Parker rate given by (15.9). Priest and Forbes (1986) developed a
unified theory in which the Sweet—Parker and Pestschek rates follow
as special cases. Since the reconnection rate may depend quite sen-
sitively on the boundary conditions far away from the current sheet,
building detailed and realistic models of magnetic reconnection is an
extremely challenging theoretical problem. We have given only a very
brief introduction to this complex subject. Furth, Killeen and Rosen-
bluth (1963) showed in a complicated paper that large current sheets
may become unstable under certain circumstances. This instability,
known as the tearing mode instability, breaks up the current sheet into
many islands as sketched in Figure 15.3. When this instability occurs,
the reconnection process becomes even more complicated.
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15.3 Magnetic helicity. Woltjer’s theorems

We pointed out in §15.1 that differential equations are inadequate for
handling problems involving magnetic topologies, because a magnetic
topology is of the nature of a global property of the system and
differential equations are local equations. We now discuss one integral
quantity known as magnetic helicity, which is global in nature and has
a close correspondence with topology.

Since the magnetic field is a solenoidal vector, it can be written as
the curl of another vector field, i.e.

B=VxA, (15.11)

where A is known as the vector potential. It is well known that the
vector potential is not unique. Consider another vector field

A=A+Vy, (15.12)

where y is any arbitrary scalar field. We note that A’ would be as good
a vector potential for B as A. This arbitrariness in defining the vector
potential is known as the gauge freedom.

We now consider a magnetic field in a region such that all field lines
close within that region, with no field lines crossing the boundary.
The condition for this is that the normal component B, = 0 on the
bounding surface of the region. The magnetic helicity of the magnetic
field in this region is defined as

H = /A-BdV, (15.13)

where the integration has to be done over the whole region of which
the boundary satisfies the condition B, = 0. Let us now assume that
we use the vector potential A’ given by (15.12) instead of A to define
the magnetic helicity, ie.

H = /A’~BdV. (15.14)

We now show that the magnetic helicity is gauge-invariant by proving
that #’ = . Substituting for A’ from (15.12) into (15.14), we get

H = H + /Vx -BdV. (15.15)
Since Vy-B=V - (yxB) — x(V-B) and V- B =0, we write
%’=%’+/V'(xB)dV.

The volume integral can be transformed by Gauss’s theorem to the
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Figure 154 Two
interconnected
magnetic flux tubes
of which the
magnetic helicity is

calculated in the text.

surface integral [ yB-dS over the surface bounding this volume. Since
B, = 0 everywhere on this surface, the surface integral vanishes so
that

H =H.

Thus magnetic helicity does not change on changing the gauge. It
is of the nature of a real physical quantity, which is independent of
the choice of gauge. Berger and Field (1984) proposed a scheme of
extending the concept of magnetic helicity even to systems for which
B, is not equal to zero on the boundary. Here, however, we restrict
our discussion only to systems within which all the magnetic field lines
close.

To understand the connection between magnetic helicity and topol-
ogy, let us consider an example discussed by Moffatt (1969). We
calculate the magnetic helicity of the simple system shown in Fig-
ure 15.4, where we have two interconnected tubes C; and C, within
which there are magnetic fields, but no magnetic field exists outside.
Let the magnetic fluxes through these two tubes be @; and &, respec-
tively. To find the magnetic helicity of the total system, let us consider
a small volume element dV of tube C; of which the contribution to
magnetic helicity is A-BdV. Replacing BdV by &, dx, the contribution
from the whole of the tube C; is

H =P A -dx. (1516)
C
The line integral fcl A - dx can be transformed by the Stokes’s theorem
to the surface integral [(V x A)-dS = [ B-dS, which is equal to the
magnetic flux passing through the circuit C; and which turns out to
be @, in the present case. From (15.16), we therefore have

H1 =19,
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Since the other tube C; would make the same contribution to magnetic
helicity, the magnetic helicity of the whole system is obviously given
by

H =250, (15.17)

The significance of this result is that the magnetic helicity depends
only on the fact that the two fluxes @; and &, are interlinked. The
value of the magnetic helicity does not change if we deform the two
tubes C; and C, as long as the linkage remains the same. If, however,
one tube could be cut and removed so that the linkage between C;
and C, were broken, then we readily see that the magnetic helicity
would go to zero. We thus note that there is a direct correspondence
between magnetic helicity and topology. As long as the topology does
not change, the magnetic helicity is an invariant.

We know that the magnetic topology is preserved in a magnetofluid
with zero resistivity. Since the magnetic helicity is directly related to
the topology, we expect that the magnetic helicity also would be an
invariant for an ideal magnetofluid. As it happens, this was established
by Woltjer (1958) as a mathematical theorem a few years before the
topological significance of magnetic helicity was generally appreciated.
‘We now give that mathematical proof. The rate of change of magnetic
helicity follows from differentiating (15.13), i.e.

k4 0 0A B

s —/5(A~B)dV— 5 ~BdV+/A E‘W' (15.18)
It may be noted that the Eulerian derivative of any local quantity
integrated over the whole volume gives the Lagrangian variation of
the total integrated quantity. For zero resistivity, the evolution of
magnetic field is given by

B =V x (vxB). (15.19)

ot
The evolution equation of the vector potential A may be taken to be
% =vxB, (15.20)

of which the curl gives (15.19). Substituting (15.19) and (15.20) into
(15.18), we obtain

‘%fi=/(va)-BdV+/A-Vx(v><B)dV.

The triple vector product (v x B)- B is equal to zero. Transforming the
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second term with the vector identity (A.7),
— =/V-[(va)xA]dV+/(v><B)'(VxA)dV.

Again the second term is zero and the first term can be transformed
to a surface integral by Gauss’s theorem so that

‘%f = ?{[(v x B) x A] - dS. (15.21)

If there are no flows or no outgoing magnetic field lines through
the bounding surface, then it is easily seen that the surface integral

vanishes. Hence
d#

dt
if the magnetofluid has zero resistivity. This completes our proof.
Woltjer (1958) proved another intriguing theorem of which the
significance was appreciated much later. Let us try to find the minimum
of the magnetic energy

-0 (15.22)

W = / —dv (15.23)

for a system subject to the constraint that its magnetic helicity is kept
constant. Woltjer (1958) showed that the solution of the problem is a
linear force-free field, which minimizes the energy when the magnetic
helicity is constant. According to the principles of variational calculus,
the solution would be given by

ow—Lsw=o, (15.24)
8n

where p/8n is the Lagrange multiplier. From the expressions (15.13)
and (15.23) for o and W, we have

_ﬂ B-oB JA-B  A-6B
oW 59? /[ —Hh— e dav. (15.25)

Since 6B = V X A, the last term on the R.H.S. is equal to
A-éBdV=/A-(Vx5A)dV
8n 8n
=/ V‘(éAxA)_'_éA-(VxA) v
8n 8n
on making use of (A.7). The first term on the R.H.S. can again be

transformed by Gauss’s theorem to a surface integral, which vanishes
if the variations on the bounding surface are zero. Then

/5A BdV
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On substituting this in (15.25),

oW — Sinayf - / % . [6B — udA] dV. (15.26)
It follows from (15.26) that the condition (15.24) is satisfied if
B = A,
of which the curl is
V x B =uB, (15.27)

where p, being the Lagrange multiplier, is a constant so that (15.27)
is the equation of linear force-free field. A magnetic configuration
satisfying this equation makes the magnetic energy minimum subject
to the constancy of magnetic helicity. Thus the proof of Woltjer’s
second theorem is completed. The possible physical significance of
this theorem is discussed in the next section.

15.4 Taylor’s theory of plasma relaxation

In a paper of remarkable physical intuition and insight, Taylor (1974)
pointed out that Woltjer’s second theorem may actually be quite rele-
vant in plasma relaxation processes taking place in Nature. Suppose a
plasma with low resistivity is suddenly subjected to magnetic fields and
currents. Initially the magnetic stresses in the plasma would be out
of balance, resulting in internal motions until the plasma eventually
relaxes to an equilibrium. If it is a low-f plasma, Taylor (1974) pro-
posed that one can take the magnetic helicity to be a constant during
the plasma relaxation, while magnetic energy becomes a minimum.
Hence, in accordance with Woltjer’s second theorem, the final state
after plasma relaxation would be a linear force-free field satisfying
(15.27), where u is determined by the fact that magnetic helicity has
to have the same value in the final state as it had initially.

Taylor’s proposal was of the nature of a hypothesis or a conjecture.
It is not something which can be proved mathematically. But let us
give some arguments in support of the proposal. We can make a
Fourier decomposition of the vector potential in the following way

A(x) = / A(k) exp(ik - x) d% (15.28)

1
(2m)3/2
so that the magnetic field is given by

B(x) = / k x A(k)exp(ik - x) d*%. (15.29)

i
(2n)32
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Then the magnetic energy can easily be shown to be given by
W = % / k x Ak)|* d%, (15.30)
whereas the magnetic helicity is
#H =i [ A'Kk) [k x Ak)] d%. (15.31)

It follows from (15.30) that the spectrum of magnetic energy roughly
goes as &~ k?42(k), while the spectrum of magnetic helicity goes as ~
kA%(k) in accordance with (15.31). The higher wavenumbers therefore
have a greater weight in the spectrum of magnetic energy than in
the spectrum of magnetic helicity. Since the resistive diffusion of the
magnetic field is due to the AV?B term in the induction equation
(14.10), regions with sharper gradients such as the current sheets are
the places where the resistive diffusion takes place. In the language
of the Fourier space, it is the higher wavenumber modes which are
more affected by the resistive diffusion. Since these modes are more
important in magnetic energy rather than in magnetic helicity, we
naturally conclude that the effect of resistivity on magnetic helicity
must be small compared to its effect on magnetic energy. Hence, while
magnetic energy decreases due to resistive decay, the effect on the
magnetic helicity would be much less. During the plasma relaxation
process, we may therefore expect the magnetic energy to become a
minimum, while the magnetic helicity is not changed much.

In spite of the above arguments justifying Taylor’s proposal, we do
not have a sound proof of the proposal, and the best way of verifying
the proposal is to look for experimental evidence. Taylor’s theory
had a spectacular success in explaining some puzzling experimental
data, which had remained a mystery till that time. Suppose we have a
cylindrical column of plasma. At some time, we drive a current I along
the axis of the plasma. Such a current would heat the plasma and also
try to pinch the plasma column by giving rise to a magnetic field in
the 6 direction. We saw in §14.3.2 that such a magnetic configuration
would be unstable unless there is a magnetic field along the axis as
well. So, when driving the current I, we also set up a magnetic field
B along the axis by sending currents through external coils. This
sudden introduction of the current and the magnetic field usually
results in violent internal motions in the plasma, until the plasma
eventually relaxes. Such experiments are being done for a long time.
The important parameter in the problem turns out to be

21

b, = —, 15.32
PTE (15.32)
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Figure 15.5 The
Bessel function
solution of the linear
force-free field in a
cylinder, as given

by (15.33).

where a is the radius of the plasma column. When 0, exceeds the
critical value of about 1.4, it is found experimentally that the magnetic
field component B, (where z is taken along the axis of the plasma
column) in the regions away from the central axis has a reverse
direction after relaxation compared to the direction in which the
magnetic field B was put. This phenomenon, known as the reversed
field pinch, was a great surprise when it was first discovered in the
late 1950s (Honsaker et al. 1958). It may be noted that most of
the plasma experiments use a torus geometry rather than a straight
cylinder geometry. Since a part of the torus can be approximated as
a cylinder, we shall discuss in the language of cylindrical geometry to
keep things simpler.

According to Taylor’s theory, the relaxed plasma configuration
would be described by the linear force-free equation (15.27) in cylin-
drical geometry. We wrote down the appropriate solution in (14.33),
which is

B, = BoJo(ur), ~ B = BoJ1(ur). (15.33)

Figure 15.5 shows a plot of these field components. Since the Bessel
function Jo(ur) changes sign if the argument is larger than 2.404, we
get a natural explanation for the reversed field pinch if pua > 2.404.
Let us now consider what determines u. Using (13.53), we can write
down the force-free equation (15.27) as

47
—j=uB.
cI=H

On integrating this equation across a cross-section of the cylinder,
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Figure 15.6 The plot
of F against 6,
according to Taylor’s
hypothesis (the solid
curve) along with
some experimental
data points. Adapted
from Bodin and
Newton (1980).

we obtain

¥ = B, (15.34)
where B is the average magnetic field put in the plasma. From (15.34),
we can obtain y in terms of I, B and a. From (15.32) and (15.34), we

have
Op = %ya. (15.35)

The theoretical critical value of the parameter 8, is then 1.202, beyond
which field reversal is possible. This compares well with the experi-
mental value of about 1.4. On substituting for B, from (15.33), the
average magnetic field B is found to be

B! /aB nrdr = 2BOJ( a) (15.36)

T nat fy T ua ! ). )
One parameter which turns out to be very useful in the analysis of
experimental data is the ratio of B, at the outer edge to its average

value

_ B:(r=0a) _ paJo(ua)

F —_— =
B 2 Ji(pa)
from (15.33) and (15.36). Then, using (15.35), we have
) Jo(260y)
F= epJ—l(ZOP)' (15.37)

This equation gives the relation between the parameters F and 0,
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Figure 15.7 A soft
X-ray image of the
Sun obtained from
the Japanese

spacecraft Yohkoh.

Courtesy: T. Sakurai.

according to Taylor’s theory. Figure 15.6 shows this theoretical relation
between F and 6 along with experimental data points obtained by
measuring F for experimental setups with different 0p,.

The constancy of the magnetic helicity implies some constraints on
magnetic topologies. The field reversal in pinch experiments is one
of the most dramatic consequences of these topological constraints.
Although the detailed dynamics of the plasma during the relaxation
phase is extremely complicated, the beauty of Taylor’s theory is that it
predicts the final state after relaxation in terms of the initial quantities
such as the current I and the magnetic field B put in the plasma.

15.5 Parker’s theory of coronal heating

We now look at one astrophysical problem in which topological con-
siderations play an important role. We have already pointed out in
§4.4 that the solar corona is much hotter than the surface—the tem-
peratures of the hottest regions being of the order 2 x 10% K. The
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temperature distribution happens to be quite non-uniform. This is
seen very dramatically in the soft X-ray images of the Sun taken from
spacecrafts. One such image is shown in Figure 15.7. The solar surface
can roughly be modelled as a black body with a temperature of about
6000 K. The surface looks dark in the X-ray image, since a black body
of 6000 K emits very little X-radiation. The X-rays come mainly from
those parts of the corona where the temperatures are of the order
of million degrees and higher. On comparing the X-ray images with
ordinary photographs of the Sun, it was found that the corona was
hottest above those regions of the surface where lots of sunspots were
seen. From such connections, it becomes evident that the magnetic
fields spreading into the corona from the sunspots must be playing an
important role in heating the corona. We indicated in Figure 14.10(b)
that the magnetic field above a bipolar magnetic region on the solar
surface exists in the form of a loop. Some loops can be seen in the
X-ray images of the Sun like Figure 15.7. These are identified as the
magnetic loops. A theory of coronal heating should therefore explain
why magnetic loops seem to be the hottest regions in the corona.

The corona is made up of very tenuous gas. The particle number
density at a distance Ry, above the solar surface is 10 cm— compared
to about 107 ¢cm~3 in the photosphere. The high temperature essen-
tially means that the kinetic energies of the gas particles are very high,
although the actual heat capacity may not be very great due to the
low density. From the radiation loss in the corona, one can estimate
the rate at which heat should be supplied to the corona in order to
compensate for this loss. This turns out to be of the order 107 erg
cm™2 s7! for the hottest regions of the corona. For comparison, the
radiation emitted at the solar surface is 6.27 x 10'° erg cm™ s~!. The
energy needed to heat the corona is, therefore, a very tiny fraction of
the energy coming out of the Sun.

The initial theories of coronal heating were based on the idea that
acoustic waves are generated by convective turbulence just below the
photosphere and then they propagate to the corona, where they un-
dergo viscous dissipation, producing the heat. We have shown in §6.4
that acoustic waves can steepen into shocks. Detailed calculations in-
deed showed that acoustic waves in the solar atmosphere steepen into
shocks and thereafter dissipate too quickly (due to the large value of
vV2v at the shock waves) in the lower corona, before reaching the
heights where the heat is to be deposited. It also became increas-
ingly clear that magnetic fields have an important role in heating
the corona. Osterbrock (1961) started the investigation whether MHD
waves propagating along coronal magnetic fields could carry the nec-
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Figure 15.8 The
twisting of magnetic
field lines by
footpoint motions.
(a) An initial
configuration with
straight field lines.
(b) The subsequent
configuration after
the bottom footpoint
of one field line has
been moved.

essary energy for heating the corona. We discussed the Alfven mode
in §14.5, which is non-compressive and does not steepen into shocks,
unlike the compressive modes in which such steepenings take place
quickly. It seems likely that those regions of the corona which have
open magnetic field lines are heated by such non-compressive Alfvénic
waves. But the closed magnetic loops are much hotter and it seems
likely that they are heated by a different mechanism. In a famous and
still controversial paper, Parker (1972) suggested a scenario as to how
the closed magnetic loops may be heated.

Above the photosphere, the plasma-f§ defined by (14.20) turns out
to be small so that the magnetic field controls the dynamics. On the
other hand, the magnetic field is not dynamically important below
the photosphere and is passively carried by the fluid motions. Any
magnetic field line in the loop has its ends going underneath the pho-
tospheric surface at the two ends. The footpoints of the field lines in
the photosphere are moved around by convective motions taking place
below the photosphere, and the magnetic fields above the photosphere
try to relax to new equilibrium configurations continuously as a result
of changing footpoint positions. In order to study the dynamics of the
system, it is not necessary to consider what is happening below the
photospheric surface. We study the relaxation of the magnetic fields
above the photosphere, taking the photosphere merely as the bounding
surface on which the footpoints are moving. Parker (1972) argued that
the curvature of the magnetic loop should not play any important role
in the process of relaxation. Hence, just as torus geometries in labora-
tory plasma experiments are often modelled by cylindrical geometry,
we take a straight magnetic loop with two surfaces at the two edges
corresponding to the photospheric surfaces, as shown in Figure 15.8.
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Let us consider the simplest problem in which initially all the mag-
netic field lines are assumed straight as in Figure 15.8(a). We expect the
footpoints at both the bounding surfaces to be moved continuously.
To have an idea of what happens, let us consider the hypothetical
situation that the bottom footpoint of only one field line is moved in
a way that gives rise to the configuration sketched in Figure 15.8(b). If
we consider the topologies of the magnetic fields between the end sur-
faces, it is clear that the topologies of Figure 15.8(a) and Figure 15.8(b)
are not equivalent. If we do not move the footpoints, the configuration
of Figure 15.8(a) cannot be deformed to the configuration of Fig-
ure 15.8(b) without cutting or pasting field lines. If the plasma were
perfectly conducting, then the configuration of Figure 15.8(b) would
try to relax to a topologically equivalent configuration satisfying the
equilibrium equation (14.19), which can be written as

B>\ (B-V)B
—V<p+8—n>+ =0 (15.38)

on using (14.4). :

Since a magnetic loop in the coronal plasma is a system with very
high #u, let us first assume that the magnetic fields are perfectly
frozen and see what conclusions follow from that. Choosing the z axis
along the direction of the initial magnetic field, we write the magnetic
field as

B = Byé, +b, (15.39)

where By is the initial uniform field and b is the departure from it
caused by the footpoint motions. Let us now substitute (15.39) into
(15.38) and throw away terms quadratic in b, which is assumed to be
small compared to Boé,. Remembering that the spatial derivatives of
By are zero, we get

i i3, =0 (15.40)

We take the divergence of this equation, keeping in mind that V.b = 0.
This gives the Laplace equation

v? (p + B°—"z> =0. (15.41)

_V(p+30b,) Bodb _

47

Now let us consider an infinite plane passing through the middle of
our system and parallel to the end surfaces. We must have (15.41)
holding everywhere on this plane. There are some well-known analytic
properties of the Laplace equation, which we can now invoke. For
example, the solution of the Laplace equation has to be a constant if
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we do not allow the solution to blow up anywhere including infinity.
We therefore must have

r+ % = constant, (15.42)

since we do not expect this quantity to blow up anywhere within the
infinite plane we are considering. From (15.40) and (15.42), it readily
follows that
b
5 =

Let us now try to interpret the mathematics we have just gone
through. We have concluded that the relaxed equilibrium configuration
should satisfy (15.43), i.e. it must be invariant in the z direction. Now
let us look carefully at Figure 15.8(b). We see one field line wrapped
around two field lines in such a way as to make it clear that no
topologically equivalent configuration is possible which is invariant
in the z direction. We are therefore in a very peculiar situation.
The equilibrium has to satisfy a condition which apparently cannot
be met by any topologically equivalent configuration. What do we
make out of this? The above mathematical analysis tacitly assumes
that all the quantities appearing in the equations are continuous,
differentiable and generally analytically well behaved. Parker (1972)
argued that the only way out of the difficulties is to suppose that some
physical quantities have discontinuities so that the above analysis
does not hold. If this argument is correct, then it may be possible to
have relaxed equilibrium configurations with discontinuities in them
such that (15.43) is circumvented. Now, in this ideal model with zero
resistivity, we are led to the possibility of discontinuities. In reality,
since the plasma has a small resistivity, the discontinuities in the
magnetic field would be current sheets, in which magnetic reconnection
would take place. In a magnetic reconnection, some magnetic field is
dissipated, and presumably the magnetic energy goes into heat. If our
ideal theory predicts the occurrence of discontinuities, then in reality
those would be the regions where heat would be produced due to
magnetic reconnection.

But are the above arguments of Parker (1972) correct? From the time
of Parker’s first paper, a fierce controversy has raged on this subject,
and still there is no common view which is accepted by everybody. In
this elementary textbook, we merely reproduced the arguments of the
original paper (Parker 1972) without getting into the subtleties of the
subsequent arguments. The present author’s view is that Parker’s ideas
are basically correct, although the argument given above is not fully

0. (15.43)



Exercises 339

satisfactory. As the footpoints of a magnetic loop in the solar corona
disturb the magnetic configurations above, current sheets form as a
result of the plasma trying to reach equilibrium configurations. The
magnetic energy dissipated in these current sheets heat the coronal
loops. Readers desirous of learning more about the subject should
consult the recent monograph by Parker (1994).

Exercises

15.1

15.2

If the magnetic field inside a volume satisfies the force-free
equation (15.27), show that the magnetic helicity # and the
magnetic energy W as defined by (15.13) and (15.23) respec-
tively satisfy the equation

8nW=qu+f(A><B)'dS,
s

where the last term is a surface integral over the surface
bounding the volume under consideration.

Consider a cylindrical plasma column of radius a within which
the magnetic field has relaxed to the configuration (15.33)
according to Taylor’s hypothesis. If ¢ is the magnetic flux
through the column and 5# the helicity per unit length, show
that the force-free constant y for the relaxed field is given by

K _ pallg(ua) + Ji(pa)l — 2Jo(ua)ts(na)

2na
P? J}(ua)
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16.1 Magnetic fields in the Cosmos

Around 1600 William Gilbert, physician to Queen Elizabeth I of
England, proposed a bold hypothesis to explain why a suspended
compass needle points in the north—south direction. He suggested that
the whole Earth is a huge magnet and attracts the compass needle.
This is probably the first time that somebody proposed an astronom-
ical object—the planet Earth—to have a large-scale magnetic field.
Initially it was thought that the Earth’s magnetism was of ferromag-
netic origin. By the end of the nineteenth century, it became clear that
a ferromagnetic substance does not retain the magnetism when heated
beyond a certain temperature (the Curie point). Since the interior of
the Earth is believed to be hotter than the Curie temperature of any
known ferromagnetic substance, it was apparent that one has to look
for alternative explanations for the Earth’s magnetic field.

Until the beginning of the twentieth century, it was not known
whether other astronomical objects have magnetic fields as well. When
Hale (1908) made the momentous discovery of magnetic fields in
sunspots on the basis of the Zeeman splittings of sunspot spectra,
the existence of magnetic fields outside the Earth’s environment was
conclusively established for the first time. Large sunspots can have
magnetic fields of the order of 3000 G, which is much stronger than
the Earth’s field (the maximum value on the Earth’s surface is about 0.6
G). One of the major achievements of twentieth century astronomy is
to establish that magnetic fields are ubiquitous in the Universe. Many
stars are much more strongly magnetic than the Sun. Some pulsars
are believed to have magnetic fields as strong as 10!> G. The Galaxy
has a vast magnetic field with field lines running roughly along the
spiral arms and having a typical strength of 10~° G.

340
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Figure 16.1 Line
segments indicating
the direction of the
magnetic field in
different regions of
the spiral galaxy
MS51. From
Neininger (1992).
(©Springer-Verlag.
Reproduced with
permission from
Astronomy and
Astrophysics.)

The magnetic field of the Sun is periodic and evolves in time in a
complex wave-like fashion. We have exhaustive observational data on
the statistics of sunspots collected since the middle of the nineteenth
century (i.e. before it was realized that sunspots are markers for solar
magnetism). Whenever somebody proposes a model to explain the
origin of astronomical magnetic fields, the first crucial test the model
has to pass is to explain the behaviour of the solar magnetic fields as
inferred from the statistics of sunspots. We, of course, have exhaustive
data for the Earth’s magnetic field also. But it is an approximately
static field and hence is not as fascinating as the solar magnetic fields.
We now know from geological records that the Earth’s magnetic field
has occasionally flipped directions in the past in a random fashion.
The reason for this is still not properly understood. Between two such
flippings, the Earth’s magnetic field does not vary much. We now have
a considerable amount of observational data on the magnetic fields
of galaxies, and developing theoretical models to explain these data
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Figure 16.2 The
butterfly diagram
showing the
distribution of
sunspots in latitude
(vertical axis) at
different times
(horizontal axis).

Courtesy: K. Harvey.

has become an important research activity in recent years. Figure 16.1
shows the distribution of magnetic field in the spiral galaxy M51 as
inferred from the polarization of the radio emission (Neininger 1992).
It is clear that the field lines run roughly along the spiral arms. The
data for no astronomical magnetic field, however, can still match the
data for the solar magnetic fields in detail, complexity and richness.
We now summarize some of the salient features of the solar magnetic
fields. We shall see towards the end of this chapter how most of these
features can be explained.

We pointed out in §14.7 that often two large sunspots with opposite
polarities appear side by side, implying the existence of a strong
subsurface magnetic field in the azimuthal direction, ie. in the ¢
direction if we introduce spherical coordinates with respect to the
Sun’s rotation axis. We also discussed in §14.7 that the origin of this
strong azimuthal field B, can be attributed to stretching due to the
internal differential rotation of the Sun. This azimuthal field By has
opposite directions in the two hemispheres, because bipolar sunspots
in the two hemispheres have opposite polarities. If the right sunspot in
the northern hemisphere has positive polarity, then the right sunspot
in the southern hemisphere is negative (see Figure 14.12). The Sun
has a magnetic cycle with a period of 22 years. There is a phase
in the cycle when not many sunspots are seen. Then sunspots start
appearing at around 40° latitude. As time goes on, newer sunspots
tend to appear at lower and lower latitudes. This is clearly seen in
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the so-called butterfly diagram first introduced by Maunder (1904).
Figure 16.2 shows a butterfly diagram in which the horizontal axis is
time. At any particular time, those ranges of latitude (vertical axis)
are marked where sunspots appear. The butterfly pattern results from
the equatorward shift of the latitude zones where sunspots are seen.
Eventually one finds only very few sunspots near the equator. Then
the next half-cycle begins with sunspots appearing again around 40°
latitude. The polarity of bipolar sunspot pairs changes from one half-
cycle (of 11 years’ duration) to the next. If the right sunspots on a
particular hemisphere are positive during a half-cycle, then they will be
negative in the next half-cycle. These observations together imply that
the subsurface azimuthal magnetic field By in both the hemispheres
must be propagating towards the equator like waves and must reverse
its direction from half-cycle to half-cycle. Any theoretical model has
to account for these observations.

16.2 Origin of astronomical magnetic fields as an
MHD problem

One has to search in the MHD equations for an explanation for
the astronomical magnetic fields. It is easy to see that the basic
MHD equations discussed in §14.1 reduce to ordinary hydrodynamic
equations if we set B = 0. We know that the hydrodynamic equations
constitute a self-consistent and well-behaved dynamical theory. Hence
we can think of an Universe in which the magnetic field happens
to be zero everywhere, even though the material of the Universe is
in the plasma state. Such an Universe would evolve according to
the equations of hydrodynamics and would be a completely well-
behaved Universe. Why is our real Universe not like this hypothetical
Universe? Why do we see magnetic fields all around? The main
reason is that the B = 0 state of a plasma can become unstable
under certain circumstances. If this happens, then tiny magnetic fields
(often present in plasmas due to statistical fluctuations) can grow to
become stronger. The process by which the weak seed fields give rise
to large-scale magnetic structures is called the hydromagnetic dynamo
process.

Once a magnetic field is created in an astronomical object, it lasts
for a very long time, even if there is no mechanism to sustain it. Let us
first look at the question whether something like the dynamo process
has to take place at the present time to explain the magnetic fields
of the Earth, the Sun or the Galaxy. If there are no plasma motions
in the interior of an astronomical body, it follows from the induction
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Table 16.1 The magnetic decay times of various astronomical objects

Object L (incm) o (inesu) 7 (in years)

Earth 3 x 108 1016 3% 10°
Sun 5 x 1010 1017 101
Galaxy 3 x 10%° 1010 3 % 10%

equation (14.10) that the magnetic field would decay away according
to the equation
B
at
Taking 7 to be the typical decay time and L to be the typical length
scale, the L.H.S. is of the order |B|/t and the R.H.S. of the order
A|B|/L?. On equating them,

= AV’B.

L* 4noL?
A2
where we have made use of (14.11). The estimated decay times of the
Earth, the Sun and the Galaxy are given in Table 16.1. The radii of the
Earth’s core and the Sun’s core are taken as the typical length scales
for them, whereas the thickness of the galactic disk (= 100 pc) is taken
as the length scale for the Galaxy. The electrical conductivity of the
molten metallic core of the Earth is about ¢ ~ 10! e.s.u. To estimate
the electrical conductivity of the solar core or the interstellar medium
in the Galaxy, we use (13.27). The electrical conductivity, which is
the inverse of #, can be taken to be ¢ ~ 10’ T3/2 e.s.u. The values in
Table 16.1 are obtained by taking the temperatures of the solar core
and the interstellar medium to be about 107 and 10° K respectively.
The Earth’s magnetic field has certainly lasted for a much longer
time than the decay time shown in Table 16.1. Hence we need some
mechanism to sustain the Earth’s magnetic field. In the case of the
Sun, we have the opposite problem. Although the decay time is fairly
large, we know that the Sun’s magnetic fields reverse every 11 years. So
we need some mechanism to make the solar magnetic field oscillatory.
Although the decay time of the galactic magnetic field is much larger
than the age of the Universe, this magnetic field would have been
wound up by the differential rotation of the Galaxy unless there is
something which prevents that. Hence all these magnetic fields have
to be continuously generated by the dynamo process. Since magnetic

, (16.1)

T~
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fields have energy B?/8n associated with them and energy cannot come
from nowhere, some other form of energy has to be continuously
converted into magnetic energy to compensate for the decay. We
shall see later in this chapter that the convective motions inside the
astronomical bodies can feed the magnetic field if certain conditions
are satisfied. In an electromagnetic dynamo, a coil moves cutting
flux lines and hence an e.m.f. is produced due to electromagnetic
induction. We do not have electrical coils inside astronomical bodies.
But we shall see that blobs of plasma in a region of convection can
drag flux lines to produce an effective e.m.f. in a similar fashion as a
result of electromagnetic induction (of which the effect is encapsulated
in the induction equation).

To make life simpler and to concentrate on the basic physics, we
consider the dynamo process in an incompressible fluid. It was pointed
out in §4.2 that the continuity equation and the energy equation
become redundant for an incompressible fluid. Hence we have to
demonstrate the dynamo process on the basis of the equation of
motion (14.3) and the induction equation (14.10), which describe how
the velocity and magnetic fields interact with each other. This is
still a very difficult problem, and only since the late 1970s have
some calculations been carried out with big computers. The subject of
dynamo theory developed historically by following a simpler approach.
One can consider different kinds of velocity fields assumed as given
and address the question whether they would sustain magnetic fields.
This problem is called the kinematic dynamo problem. If the velocity
field is given, then it is not necessary to bother about (14.3) and
only the induction equation (14.10) has to be solved to find out how
the magnetic field evolves under this given velocity field. It may be
noted that (14.10) is linear in magnetic field B if the velocity field v
is given. On the other hand, if we were to solve (14.3) and (14.10)
simultaneously, treating both B and v as unknowns, then we would
have to handle coupled nonlinear equations. Anybody with some
experience in mathematical physics would know that solving a linear
equation is much easier than solving coupled nonlinear equations. In
this book, we confine ourselves only to the kinematic dynamo problem
in order to demonstrate the existence of the dynamo process. But it
should be kept in mind that the dynamo process is intrinsically a
complex nonlinear process, because the Lorentz force of the magnetic
field acts back on the velocity field so that assuming the velocity
field as given is not realistic. The kinematic dynamo problem is an
artificial way of making the problem linear and amenable to analytical
treatments. We have mentioned that the dynamo process is essentially
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Figure 16.3 Field
lines of an
axisymmetric
magnetic
configuration
projected on a
meridional plane.
The path of
integration through
the neutral point N
is indicated by the
dashed curve.

of the nature of an instability of the B = 0 state of the plasma. We
saw in Chapter 7 that instabilities arise out of nonlinear equations,
although one can carry out a linear stability analysis to find out
the conditions for the onset of instabilities. The kinematic dynamo
problem is to be taken in a similar spirit. Although the actual problem
is nonlinear, the linear problem of kinematic dynamo throws some
light on the conditions under which the dynamo process is possible.

16.3 Cowling’s theorem

When approaching a new equation, one first tries to understand it
by solving it for sufficiently simple situations. Perhaps the simplest
kinematic dynamo problem we can think of is to find whether a
time-independent magnetic field, symmetric around an axis, can be
maintained by some time-independent velocity field which is also
symmetric around the same axis. Cowling (1934) showed that this
is not possible. It has been realized in recent years that Cowling’s
original proof was not fully satisfactory, and attempts have been
made to develop a more rigorous proof. In this elementary textbook,
however, we present only Cowling’s original proof of this important
theorem.

We begin by assuming that it is possible to maintain a steady
axisymmetric magnetic field B by a steady axisymmetric velocity field
v. We shall show that this assumption leads to an absurd conclusion
and hence cannot be correct. If we introduce spherical coordinates
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around the axis of symmetry, then axisymmetry means that 8/0¢ of
any quantity is zero. Further /0t of all quantities are also taken to
be zero. Consider a plane passing through the axis of symmetry. The
projections of the magnetic field lines on this meridional plane must
be closed curves. Even for the simplest dipolar configuration shown in
Figure 16.3, there has to be one point N on each side of the symmetry
axis which is encircled by magnetic field lines lying in the meridional
plane. Such a point encircled by field lines is called a neutral point. For
more complicated magnetic configurations, there can be more than
one neutral point on each side. From (13.53), it is easy to see that
Jo has to be non-zero at a neutral point. This is the reason why it is
not realistic to make the field lines of the dipolar geometry open by
pushing the neutral point at an infinite distance from the symmetry
axis, because that will imply a current ring at infinity.

We now take a line integral of Ohm’s law (13.36) along the closed
circle through the neutral point N going around the symmetry axis.

This gives
?{jd,dl:a(}{E-dH-%}{va-dl). (16.2)

Since B can have only the ¢ component at the neutral point N, we
have B and dl parallel there so that the triple scalar product v x B-dl
on the R.H.S. of (16.2) vanishes. The other term on the R.H.S. can be
transformed by Stokes’s theorem (A.15):

j(E'(ll=/V><E‘dS=-l a—B'dS,
c ot

which is zero because of the assumed time-independence. Thus the
R.H.S. of (16.2) vanishes. On the other hand, the L.H.S. of (16.2),
which is equal to jg x (circumference of the path of integration),
cannot be zero, because js is non-zero. Thus we have drawn the
absurd conclusion that a non-zero quantity is equal to zero. So our
starting assumption must be wrong. Hence it is not possible to sustain
steady axisymmetric magnetic fields by steady axisymmetric flows.
Thus Cowling’s anti-dynamo theorem is established.

Cowling’s theorem rules out sufficiently simple solutions of the
kinematic dynamo problem. It was later shown that more complex (i.e.
non-axisymmetric) steady flows can sustain steady magnetic fields. A
discussion of such solutions, however, is beyond the scope of this book.
We shall now discuss how Parker (1955b) invoked turbulent flows to
solve the dynamo problem, because this topic has great astrophysical
relevance.
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Figure 16.4 Different
stages of the dynamo
process.

16.4 Parker’s turbulent dynamo. Qualitative idea

In this section, we present the qualitative ideas behind the turbulent
dynamo theory of Parker (1955b). The mathematical formulation of
these qualitative ideas will be taken up in §16.5.

It is useful to introduce spherical coordinates with respect to the
rotation axis of the astrophysical object we are considering. The Byé,
component of the magnetic field is referred to as the azimuthal or
(more usually) the toroidal magnetic field. The combination of the
other components is called the poloidal magnetic field

B, = B,& + Bg&.

The poloidal field lines can be represented by curves in the meridional
plane (i.e. a plane passing through the axis of the coordinate system).
We have already discussed in §14.7 that it is possible to generate the
toroidal field by the stretching of poloidal field lines due to differential
rotation. Figure 16.4(a) shows a body like the Sun of which the equator
is rotating faster than the poles. A poloidal field line is shown to have
been stretched by the differential rotation in the toroidal direction. It
is easy to see that the toroidal fields produced in the two hemispheres
have opposite signs, in accordance with the observations discussed in
§14.7 and §16.1. Hence it is no problem to produce a toroidal field

(@) (b)
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Figure 16.5
Schematic
representation of
Parker’s idea of the
turbulent dynamo.

of the appropriate nature, if an astronomical body has some internal
differential rotation and a poloidal field that can be stretched. But, if
the poloidal field cannot be sustained, then it will eventually decay
away and consequently the production of the toroidal field will also
stop.

In a famous paper, Parker (1955b) gave the crucial idea of how
the poloidal field can be generated. If there are turbulent convective
motions inside the astronomical body, then the upward (or downward)
moving plasma blobs stretch out the toroidal field in the upward
(or downward) direction due to flux-freezing. The blobs of plasma
moving in the upward direction generally spread out as they rise.
If the convection takes place in a rotating frame of reference, then
such spreading gives rise to vorticity in the blob as discussed in
§9.2.2. The blobs therefore start rotating as they rise so that the fluid
motions become helical in nature. We see the evidence of such helical
motions in cyclones in the Earth’s atmosphere. Figure 16.4(b) shows
that a toroidal field line has been twisted by such helical turbulent
motions in such a way that its projections in the meridional plane
are magnetic loops. Several such magnetic loops produced by the
helical turbulent motions are shown projected in the meridional plane
in Figure 16.4(c). The arguments of §9.2.2 can easily be extended to
show that the helical motions in the two hemispheres have opposite
sense. If we keep this in mind and also note that B, has opposite
directions in the two hemispheres, it then follows that the magnetic
loops produced in the two hemispheres have the same sense. This
is indicated in Figure 16.4(b). Because of the presence of turbulent
diffusion in a region of convective turbulence, magnetic flux is only
partially frozen in the plasma. As a result of the partial freezing,
stretching of the poloidal field lines to produce the toroidal field

Differential
Rotation
Poloidal Toroidal
Field Field
Helical

Turbulence
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and twisting of the toroidal field lines to produce the magnetic loops
are possible. Turbulent diffusion, however, is eventually expected to
smoothen out the magnetic fields of the loops in Figure 16.4(c) to give
rise to a large-scale magnetic field. Since all the loops in Figure 16.4(c)
have the same sense, their diffusion gives rise to a global field with the
same sense as indicated by the broken field line. Thus we ultimately
end up with a poloidal field in the meridional plane starting from a
toroidal field.

Figure 16.5 summarizes the main points of the argument. The
poloidal and toroidal fields can sustain each other through a cyclic
feedback process. The poloidal field can be stretched by the differential
rotation to generate the toroidal field. The toroidal field, in its turn,
can be twisted by the helical turbulence (associated with convection
in a rotating frame) to give back a field in the poloidal plane. In the
next two sections, we take up the challenge of putting these qualitative
ideas into a mathematical formalism and quantitatively showing that
they really work.

16.5 Mean field magnetohydrodynamics

The original mathematical treatment of Parker (1955b) was very much
based on intuitive arguments. A more formal and systematic approach
was developed later by Steenbeck, Krause and Réidler (1966). This
more formal theory is known as mean field magnetohydrodynamics.
Here we briefly summarize some of the main ideas.

Since turbulence plays an important role in this theory, it is necessary
to devise a scheme to handle turbulence. This is done by invoking the
concept of an ensemble discussed in §1.4 and also in §8.1 in the context
of turbulence. In other words, we consider many replicas of the same
astrophysical system, which are identical in all respects and hence have
the same statistical properties of turbulence. However, the actual values
of different fluctuating quantities (such as velocity and magnetic field)
are taken to be different in different members of the ensemble. One
can then write any fluctuating quantity g within a particular member
of the ensemble by breaking it up into a mean part and a randomly
fluctuating part:

q=7q+4q, (16.3)

where 7 is the ensemble average of ¢, and ¢’ is its remaining fluctuating
part within a particular member of the ensemble. As in Chapter 8, we
shall be using the overline to denote the ensemble average. It is easy
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to see that
=7, 7 =0. (16.4)

If we use expansions of the form (16.3), then Ohm’s law (13.36)
becomes

3. i ’ 1 _ ’ R 4
j+i=0c|E+E+_(7+V)x (B+B)|. (16.5)

Let us now take the ensemble average of the whole equation. The
ensemble average of the last term gives

F+V)X(B+B)=vxB+vVxB+VxB +vV xB. (16.6)

It is easy to see that Vx B = ¥ x B. Since B is a constant while
averaging over the ensemble, it can be taken outside the averaging
sign so that

vVxB=V xB=0,

since V = 0. In the same way, v x B’ = 0. Hence (16.6) becomes

(F+V)x(B+B)=7xB+V xB. (16.7)

It is now easy to see that the ensemble average of (16.5) gives
. - 1_ -1
J=0<E+EVXB+Eé"), (16.8)

where
E=vV B (16.9)

is known as the mean e.mf. We see from (16.8) that the average
quantities satisfy an equation similar to Ohm’s law (13.36), the only
difference being the additional term & which can act as an additional
source of the mean current. Thus the turbulent fluctuations can give
rise to an extra e.m.f. It should be clear to the reader that the origin
of this em.f. is similar to the origin of the Reynolds stress discussed
in §3.5.

If we substitute expansions of the form (16.3) in the induction
equation (14.10), then we get

0B OB

=T = VX (FxB+V xB+VxB +V xB)+AV¥(B+B). (16.10)

Again averaging this equation term by term gives
B . -
E=Vx(va)+Vx$+lVB. (16.11)
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One could also have obtained this equation by substituting for E from
(16.8) into the averaged Maxwell equation

B__ ¢V xE.

ot

We again see from (16.11) that the averaged quantities satisfy an
equation very similar to the induction equation, the only difference
arising out of the term involving the mean e.m.f. &. This is the term
which causes the mean fields to evolve in a way different from the
way laminar fields satisfying MHD equations evolve. The secret of the
turbulent dynamo lies in this term.

We have to evaluate the mean em.f. & to understand how the
turbulent dynamo operates. Let us begin with a few comments on the
nature of this term. First of all, if the velocity fluctuation v/ and the
magnetic fluctuation B’ were completely uncorrelated, then we would
have

VxB =V xHB,

which clearly vanishes. Hence & can be non-zero only if there is a
correlation between v and B'. Do we expect such a correlation to
exist? Let us think how the fluctuating magnetic field B’ arises. In
the absence of turbulence, we would just have the mean magnetic
field B. The turbulent velocity field v/ in a member of the ensemble
distorts the field lines of this mean field B to produce the fluctuating
component B'. Since B’ results from v/, we certainly expect B’ and v/
to be correlated.

Before evaluating &, let us address the question: what exactly do
we mean by an evaluation of &? The philosophy of kinematic dynamo
theory is that we want to study the evolution of the mean magnetic
field B, provided the mean velocity field v and the statistical properties
of v are given. One sees from (16.11) that this objective will be achieved
if we are able to express & in terms of B, V and the statistical properties
of v.. The first step is to evaluate B’ in terms of these quantities. By
subtracting (16.11) from (16.10), we get the equation for the evolution
of B’ in a member of the ensemble:

B’

ot
Let us assume the turbulence to have a correlation time 7. In other
words, if the velocity at a point inside a system is found to be v’ at
a certain time, then we expect the velocity to be not very different
from v for the time 7. After time 7, however, the velocity would have
changed appreciably. We now want to find out how the field lines of

=Vx(V xB+vxB +V xB —¢&)+4V*B. (16.12)
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the mean field B would be distorted by a velocity field v operating
for a correlation time t. A departure B’ from the mean magnetic field
will result from this operation. It is to be noted that all the terms on
the R.H.S. of (16.12) except V x (V' x B) are linear in B’ (keeping the
definition of & given by (16.9) in mind). If we assume B’ to remain
sufficiently small, then we can neglect these other terms on the R.H.S.
of (16.12) compared to V x (v x B). This is called the first-order
smoothing approximation, which gives us
B’

S = VXV xB) (16.13)

Hence the departure B’ from the mean magnetic field resulting from
v operating for the correlation time 7 is

B ~ 1V x (¥ x B),
Le.

B ~tB: V)W —1(v -V)B (16.14)
assuming V - v/ = 0 because of incompressibility. Since (16.14) gives
the typical value of B’ within a member of the ensemble, we have to
substitute it in (16.9) to evaluate the mean e.m.f. &.

To proceed further, it is convenient to use the Levi-Civita antisym-

metric tensor €; introduced in Appendix A (see (A.22-A.24)). The
i-th component of v' x B’ is given by

(V/ X B,)i = eijkv}Bllc

— 01/ 6B
’ k 1,0 9Pk

= €V B =T — €U0 —71
R 0x1 T ’6x,

where we have substituted for B, from (16.14). On taking the ensemble
average now, we get the i-th component of & (noting that the dummy
indices j and I can be interchanged) :

— 0By
&; =ociij+ﬁijk5§ (16.15)

where
’

ov —
oij = €ixv; B—xk~T’ Big = —eilkv;v}‘c. (16.16)
J

We have thus solved the problem of expressing the mean e.m.f. & in
terms of the mean magnetic field B and the coefficients o; j» Bijk, which
depend on the statistical properties of the turbulent velocity field v’ as
seen from (16.16).

The general expression for the mean e.m.f. under the first-order
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smoothing approximation is given by (16.15) and (16.16). The expres-
sions for a;; and f;j can be simplified considerably if the turbulence
is assumed to be isotropic. We would then expect them to have the
following forms from considerations of symmetry:

aj = abij, Pk = —AT€ijk (16.17)
It is easy to see that
1
o = gdii
1 7
56,'11{1);6 k.‘L'
I
1, oy
- gvlflikgfa
1

which can again be put in the vectorial notation
o=— %v’ “(Vx V). (16.18)

We leave it as Exercise 16.1 for the reader to show that A7 appearing
in (16.17) is given by

Ar = %v’ V1. (16.19)

Putting the form (16.17) in (16.15), we conclude that the mean e.m.f.
for isotropic turbulence is given by

& =oB— A7V xB. (16.20)
Substituting (16.20) in (16.11) finally gives

‘;—l: =V x (VxB)+V x (4B) + (A + i7)V’B (16.21)

if we neglect the spatial variation of Ar.

It is clear from (16.21) that Ar is of the nature of a diffusion
coefficient. The expression (16.19), which can be compared with (8.39),
shows that Ar is actually the turbulent diffusion which we introduced
in §8.4. In the regions of turbulence inside astrophysical bodies, usually
Ar turns out to be much larger than molecular resistivity 4. Hence,
in most problems of turbulent dynamo action, A can be neglected
compared to Ar. We shall show in the next section that the coefficient
o is crucial for the dynamo generation of magnetic fields. We see
from (16.18) that « is directly proportional to v' - (V x v'), which is a
measure of the helical motion in the turbulent fluid. If rising blobs of
fluid tend to rotate preferentially in a certain sense, then v/ - (V x V') is
non-zero, because the curl of the rotating motion is then in the same
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direction as the velocity of rise so that there are non-zero contributions
to v - (V x ¥'). For the rising blobs to rotate preferentially in one
direction, the convective turbulence has to be reflectionally asymmetric
as expected in a rotating frame (see §9.2.2). If the turbulence were
reflectionally symmetric, then the helicity of turbulence and therefore
the a-coefficient would have been zero. We have already discussed in
the previous section that helical turbulent motions can twist toroidal
field lines to produce the poloidal field. It is the a-coefficient which
encapsulates this effect of helical motions in the mathematical theory.
This will become clearer in the next section. Although we are assuming
the turbulence to be isotropic to simplify our mathematical equations
(the turbulence in the solar convection zone is far from isotropic and
this was already considered by Parker 1955b), the turbulence has to
have the special character of non-zero net helicity. Then only is the
dynamo action possible. Since turbulence in rotating frames usually
has net helicity, we have to consider the possibility of dynamo action
in turbulent plasmas having rotational motion.

We saw in §16.3 that Cowling’s theorem rules out axisymmetric so-
lutions of the dynamo problem by laminar flows (steady axisymmetric
flows have got to be laminar). We took a line integral of Ohm’s law
(13.36) through the neutral point to prove this theorem. The mean
fields satisfy (16.8), which differs from Ohm’s law due to the extra
term &. When & is non-zero, the neutral point argument no longer
goes through and hence Cowling’s theorem does not hold for mean
fields. So we may expect steady axisymmetric solutions for the mean
magnetic field on the basis of mean field equations. Such solutions ac-
tually exist. Hence we have the paradoxical situation that the dynamo
problem is easier to solve with turbulent flows rather than with lami-
nar flows. Although the laminar equations are simpler than the mean
field equations, Cowling’s theorem forbids sufficiently simple solutions
of the dynamo problem with laminar flows. On the other hand, it is
fairly straightforward to find axisymmetric dynamo solutions of the
mean field equations. We discuss some simple solutions of the mean
field equations in the next section.

16.6 A simple dynamo solution

We saw in §16.4 that the main idea of Parker’s turbulent dynamo (as
summarized in Figure 16.5) is that the poloidal and toroidal magnetic
fields can sustain each other—the toroidal field arises due to the action
of differential rotation on the poloidal field and the poloidal field is
then generated back from the toroidal field by helical turbulence. We
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Figure 16.6 Local
Cartesian coordinates
at a point in the
northern hemisphere
of a spherical body.

now want to discuss the mathematical representations of these ideas
on the basis of the mean field equations. Since we shall be concerned
only with mean fields in this section, let us drop the overline sign to
denote averages. So v and B will stand for the mean velocity field and
mean magnetic field respectively. Neglecting 4 compared to Ar, we
write (16.21) as

B 2

¥ Vx(vxB)+Vx(aB)+ArV°B. (16.22)
This is the basic dynamo equation from which we have to extract the
appropriate solution to explain the features of solar magnetic fields
discussed in §16.1.

For applications to the Sun or to the Earth, one has to write down
(16.22) in spherical coordinates. Some of the basic features, however,
can be understood quite well by solving (16.22) in a local Carte-
sian coordinate system at a point in the spherical object. Since such
calculations are much simpler than the calculations in full spherical
geometry, we shall discuss here only the calculations in local Cartesian
coordinates. Figure 16.6 shows a local Cartesian system at a point in
the northern hemisphere of a spherical body like the Sun. The x axis
corresponds to the radially outward direction, the y axis to the toroidal
(i.e. @) direction and the z axis to the direction of increasing latitude.
Since the statistics of sunspots show a tendency for equatorward mi-
gration, we want to find a wave-like solution of (16.22) propagating
in the negative z direction. As Cowling’s theorem is not applicable for
mean fields, we expect to find solutions symmetric around the rotation

B_e—

|
D it o T,

N,
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axis. With respect to the local Cartesian system, axisymmetry means
symmetry in y, i.e. we look for solutions for which /0y = 0.

The toroidal magnetic field in our representation is simply the
component B,é,. The poloidal magnetic field is a two-dimensional
solenoidal (i.e. zero divergence) vector field with field lines lying in the
xz plane. We discussed in §4.8 how two-dimensional solenoidal velocity
fields can be handled with stream functions. In exactly the same
fashion, the poloidal magnetic field can be written as V x [4(x,z),],
where A(x,z) is a function which will be constant on the poloidal field
lines in the xz plane. Hence the full magnetic field can be written as

B = By(x,2)8, + V x [A(x,2)8,], (16.23)

where B, and A respectively represent the toroidal and the poloidal
components. The mean velocity field is due to the differential rotation
and hence has a component in the y direction alone. Although this
velocity field v, can be a function of both x and z, let us take it to
be a function of x alone, since this results in simpler solutions. So we
write

v = 1,(x)8, (16.24)

such that the velocity shear is given by
ovy
ox’
We shall now show that it is possible to have plane wave solutions
propagating in the z direction, if the velocity shear G and the coeffi-
cients «, A7 are taken as constants.

Substituting (16.23) and (16.24) in (16.22), it is straightforward to
show that the y component of (16.22) becomes

a—gl = GB, — aV*4 + ArV’B,, (16.25)

since « is assumed constant. Apart from the y component, the other
components of (16.22) can be put in the form

G =

V x (%-‘féy —aB,&, — lTVZAéy) =0.

The easiest way to satisfy this equation is to take
0A
ot

It is straightforward to see that if the magnetic field is taken to be

of the form (16.23) with B, and A satisfying (16.25) and (16.26), then

= aB, + ArV2A. (16.26)



358

16 Dynamo theory

the basic dynamo equation (16.22) is satisfied. Hence we now have to
solve the two simultaneous equations (16.25) and (16.26).

Before solving these two equations (16.25) and (16.26), let us try
to understand their physical significance. The simpler equation (16.26)
gives the evolution of the poloidal field. If the term «B, were not there,
then it would have been a simple diffusion equation and would imply
that any poloidal field diffuses away. The additional term aB, acts as
the source term which generates the poloidal field. We have seen that «
is a measure of helical motion in the turbulence. Hence this source term
corresponds to the production of the poloidal field as a result of helical
motions twisting the toroidal field B,. The other equation (16.25) gives
the evolution of the toroidal field and has two source terms (the first
two terms on the R.H.S.). The term GB, corresponds to the velocity
shear of differential rotation stretching out the B, component of the
poloidal field to produce the toroidal field. Just as the helical motion
can twist the toroidal field to produce the poloidal field, it can also
twist the poloidal field to produce the toroidal field as well. This is the
origin of the other source term —aV?4 in (16.25). If the astrophysical
system has strong differential rotation, then the differential rotation
term GB, is much larger than the other source term —aV24, and this
other term can be neglected. Then (16.25) becomes

0B, 04 )
—L=—Go +11V'B,. (16.27)

Equations (16.26) and (16.27) together constitute the mathematical
representation of Figure 16.5.

If the term —aV2A4 in (16.25) is neglected (as we are doing here),
then the dynamo is known as an «w dynamo. When one uses spherical
coordinates, the rotation is usually denoted by w (see Exercise 16.2).
Hence, for the aw dynamo equations written in spherical geometry,
the source term for the poloidal field involves « and the source term
for the toroidal field involves w, giving rise to the name aw dynamo.
On the other hand, if the astrophysical system does not have much
differential rotation, then the term GB, in (16.25) can be neglected and
the other source term —aV2A retained. Such a dynamo is called an o?
dynamo, because the source terms for both the components involve
the a-coefficient. We do not discuss the o> dynamo in the text, but it
is given as Exercise 16.3.

We now wish to show that (16.26) and (16.27) admit of propagating
wave-like solutions of the type exp[i(wt + kz)] for constant «, A7 and
G. Let us begin by trying solutions of the form

A = Aexp(ot + ikz), B, = Bexp(ot + ikz). (16.28)
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Substituting in (16.26) and (16.27), we have
(0 + Ark?)A = o«B
and
(6 + Ark*)B = — ikGA.
Combining these two equations, we get
(6 + Ark?)? = — ikaG, (16.29)

from which

¢ =—Irk?+ (’\E) JkaG. (16.30)
Let us take k to be positive. We now separately discuss the two cases
of G > 0 and oG < 0.

First consider «G > 0. For the dynamo maintenance of magnetic
fields, we must have Re ¢ > 0. This is possible only if we choose the
negative sign in (16.30) so that

1/2 1/2
6 =—Airk* + (#) —i (%) ) (16.31)

This expression makes it clear that the dynamo problem has the
character of a stability calculation. If oG, which gives the combined
effect of helical turbulence and differential rotation, is larger than
a critical value, then only is it possible for magnetic fields to grow.
Otherwise magnetic fields decay away. We introduce a dimensionless
parameter called the dynamo number defined as

|Gl
e

Na (16.32)

It is easy to see from (16.31) that the condition for the dynamo growth
of the magnetic field (i.e. for Re ¢ > 0) is

Ny>2. (16.33)

For the marginally sustained magnetic field (ie. for N; = 2), the
eigenmodes are of the form

1/2
A,By~exp[—i<l$) t+ikz| .

This corresponds to a wave propagating in the positive z direction, i..
in the poleward direction (see Figure 16.6).

(16.34)
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We now consider the case aG < 0 for which again the negative sign
in (16.30) has to be chosen such that

12 1/2
o= —Ark? + <k|%Gl) +i (’@) . (16.35)

It is straightforward to see that the condition for dynamo growth
(16.33) remains the same, with N, still defined by (16.32). The
marginally sustained eigenmodes, however, now become

1/2
A,By ~ exp [i (@) t+ikz

This gives an equatorward propagating wave as desired in the solar
context. On this ground, one may be tempted to conclude that aG in
the northern hemisphere of the Sun must be negative.

We thus see that the dynamo equation admits of solutions which
can account for the periodicity and equatorward propagation of solar
magnetic fields. Let uis recapitulate what determines the direction of
the propagation vector. We took v along the y direction with its
variation in the x direction (ie. dv,/0x # 0). Then the dynamo wave
propagates in the third z direction. It is to be noted that the wavefronts
for our solution correspond to infinite planes perpendicular to the z
axis. This is because we took o, A7 and G as constants. In a realistic
situation, one has to solve the dynamo equation in a finite region
with suitable boundary conditions on the boundaries. We shall not
get into a discussion of boundary conditions here, because they make
the problem considerably more complicated. We hope that the plane
wave solution for constant coefficients gives some idea on how to
approach dynamo problems. The equatorward propagating plane wave
solution of the dynamo discussed above was first obtained by Parker
(1955b). Steenbeck and Krause (1969) solved the dynamo equation in
spherical geometry with realistic boundary conditions and reproduced
the butterfly diagram theoretically. It may be noted that the condition
oG < 0 for equatorward propagation was obtained by assuming the
mean velocity v to be entirely in the toroidal direction. It has recently
been shown by Choudhuri, Schiissler and Dikpati (1995) that it may
be possible to have equatorward propagation even with «G > 0 if
there is a suitable velocity field in the poloidal plane. This new result
may be of considerable importance for the solar dynamo, since there
are indications that both « and G may be positive in appropriate
locations in the northern hemisphere of the Sun.

. (16.36)
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16.7 Concluding remarks

We saw in Chapter 8§ that turbulence has remained one of the unsolved
grand problems of physics. It is perhaps fitting that we close our
discussion on plasmas with a process in which turbulence plays a key
role. One often thinks of turbulence as something which destroys all
order. However, the dynamo process is an example of a situation in
which large-scale ordered structures actually emerge out of turbulence.
Understanding how large-scale order may sometimes arise out of
turbulence has become an important research topic today. In the
astrophysical context, another example of such a situation is the
differential rotation in the Sun which plays such a crucial role in
the dynamo theory. Most probably, the differential rotation is itself
sustained by stresses arising out of convective turbulence. That is
why the Sun has not been able to settle into a pattern of rigid
rotation. A mean field approach similar to mean field MHD discussed
above has been developed to model the differential rotation of the
Sun.

In spite of our lack of understanding of turbulence, it is remarkable
that we have been able to build up models to explain many features
of solar magnetism. But one should not be overjoyed by this success.
Although the kinematic dynamo approach has yielded some suggestive
results, we are still very far from having a truly quantitative model of
any dynamo process in the astrophysical Universe. We still do not
know how to calculate the coefficients « or Ar from fundamental
principles. In kinematic calculations, one typically uses values of these
quantities obtained on the basis of some very rough hand-waving
order-of-magnitude arguments. It follows from (16.19) that A7 has to
be positive. In the case of a, it is not even easy to ascertain whether
it will be positive or negative. The mean field theory of differential
rotation also suffers from similar uncertainties.

Because of these limitations of the kinematic approach with mean
field equations, one may try to attack the problem by numerically
solving the full MHD equations. In such an approach, the turbulence
is produced by the computer simulation and the velocity field is calcu-
lated self-consistently with the effect of the Lorentz force incorporated.
In the mid-1970s, Gilman started developing an ambitious computer
code to model the physics of the solar convection zone by incorporat-
ing the convective turbulence, the differential rotation and the dynamo
action together in a self-consistent scheme. This monumental code has
been giving results since the early 1980s. Many predictions of this
code, however, seem to contradict observational data flatly (Gilman
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1983). It is still not very clear why Gilman’s code has failed to match
observations.

To sum up, the dynamo theory has given us the clue to understand
why magnetic fields are ubiquitous in the astrophysical Universe. We
are, however, still unable to make a very detailed quantitative model
of the dynamo process in any astrophysical system due to our lack of
understanding of turbulence.

Exercises

16.1

16.2

16.3

16.4

Show that Ar for isotropic turbulence as defined in (16.17) is
given by (16.19).

Let us consider the dynamo problem in a situation where all
the mean quantities are axisymmetric. Using spherical coordi-
nates, we write the magnetic field as

B = B(r,0)¢s + B,

where B(r,8) is the toroidal component and B, is the poloidal
component, which we further write as

By, = V x [A(r, 0)&4].
The velocity field due to differential rotation can be written
as

v = o(r,0)rsin 0&;,

where w(r,8) is the angular velocity. Show that the dynamo
equation (16.22) leads to two scalar equations

OB Sin6(B, V)t [V X (aBy)] +4 (V2 - ) B

d

ot r2sin’ 6
0A ) 1
E‘—MB'F}.(V ————rzsinzg)A

Consider an «*> dynamo in Cartesian geometry so that the
term GB, in (16.25) can be neglected. Find the critical value
of o for the dynamo generation and show that the generated
magnetic field is non-oscillatory.

The solar dynamo has a period of 22 years and its half wave-
length corresponds to about 40° in latitude. Assuming the
solar dynamo to be marginally sustained, make a rough esti-
mate of the quantity «G and the turbulent diffusion coefficient
At.
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We have come to the end of a long journey. Before saying a final
goodbye to the reader, we wish to present an assortment of mixed
fares in this final chapter. The main purpose of the book has been to
develop the fundamentals fully. We now give a glimpse of what lies
beyond the horizon.

Often it happens that one does not know the details of the physical
conditions inside an astrophysical system, but can make rough esti-
mates of different kinds of energies contained in the system (kinetic,
potential, magnetic, etc.). To handle such situations, one can suitably
integrate the basic equations to obtain an equation connecting differ-
ent types of total energies of the system. This equation is known as
the virial equation. Since this approach is very general, we present a
discussion of it in this final chapter, when the reader should be in a
position to possess a broad overview of the whole field. While applying
hydrodynamics and magnetohydrodynamics to astrophysical systems,
often it becomes necessary to incorporate relativistic corrections or to
include the effects of radiation pressure. The subjects of relativistic
hydrodynamics and radiation hydrodynamics respectively deal with
these problems. These are vast fields of study, and we cannot provide
proper treatments of these two fields in this elementary book. Just to
give an idea of how one proceeds, we discuss the basic equations of
these two fields in §17.2 and §17.3. Compared to the usual style of pre-
sentation in this book, these two sections would appear like skeletons
without flesh and blood. A mere knowledge of basic principles does
not usually give one a deep insight into a subject. A person know-
ing only Newton’s laws of motion cannot claim much competence in
mechanics. However, we do not want to leave the reader totally un-
acquainted with the important subjects of relativistic hydrodynamics
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and radiation hydrodynamics, although we are not in a position to
develop these subjects fully. Finally, we make some general comments
on different astrophysical fluid and plasma systems in §17.4, pointing
out that one can acquire elementary knowledge about these systems
by looking up selected sections of this book.

17.1 Virial theorem

Partial differential equations have played key roles in most of the
discussions in this book. If one can solve the appropriate partial
differential equation in a particular situation, then one may be able
to get an elaborate solution giving the details of the system. Often,
however, the partial differential equations are very difficult to solve,
and we may have such incomplete knowledge of our system that it
may not be worthwhile to take the pains of working out an elaborate
solution. In such situations, it is often possible to make important
conclusions in a relatively painless manner if we know some global
relationships amongst the different forms of energy in the system.
Clausius (1870) noted that the total kinetic energy of a gas is related
to some integral of force on the bounding surface, which he termed the
virial of the system. See Goldstein (1980, §3-4) for a modern treatment
of this problem. The approach pioneered by Clausius (1870) can be
generalized to a form that includes virtually all types of fluid and
plasma systems.

Let us consider an ideal magnetofluid distributed within a limited
region of space. The gravitational potential at a point x is

_ p(x) dV’
d(x)=—-G m

, (17.1)

where the prime denotes source points over which the integration
has to be done. The equation of motion for the system is the Euler
equation with the magnetic force as given by (14.7), which we write
again
dUi _ ﬁp 6M,~j 6¢
Par =™ oax, ax;  Pow (172
where we have taken Pj; to be diagonal because of the neglect of
viscosity, and the body force is assumed to be gravitational so that
F; = —0¢/0x; with ¢(x) given by (17.1).
We now multiply (17.2) by x; and integrate over all volume. This
gives
dv; oM, 0

_ op i
pﬁxde—— /xkax,- dv /xk 7%; av /paxixde. (17.3)
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Let us manipulate the various terms of this equation suitably. Since

dvi a
P = (p D)+ 5 (pv vj)
on using the equation of continuity, the L.H.S. of (17.3) is equal to
dv; 0
Et—xk dv = 7 /pvixde + xka—xj(pv,-v])dV. (174)

Noting that
X i( vv)dV—/i( DX )dV—/ oo dV
kaxj‘pl] - axjpl]k plk s
and using (A.18), we obtain from (17.4)
/ %Xk dv = I /pv,-xk dV — 2Ty + fpvinXk das;, (17.5)

where
Ty = %/pvivk dv (17.6)

is the kinetic energy tensor and the last term in (17.5) is an integral
over the surface bounding the system. The first two terms on the R.H.S.
of (17.3) can now be integrated by parts using the results (A.14) and
(A.18) to transform the volume integrals into surface integrals. This

gives
dp
- xka v =5ik pdV— xkpdS, (17.7)

/ 0;:” dv = /M,k av — kaM,'j de, (178)

For astrophysical systems of finite size, the surface integrals in (17.5),
(17.7) and (17.8) would vanish if the bounding surface is chosen far
away where all the physical quantities are zero. We now turn to the
last term in (17.3), which is called the potential energy tensor and
denoted by Wy, ie.

W,'k = / g—¢xk av. (179)

Substituting (17.5), (17.7), (17.8) and (17.9) in (17.3), and setting the
surface integrals in (17.5), (17.7) and (17.8) to zero, we get

- / poixe dV = 2Ty + 6T + / MedV + Wy,  (17.10)

where
H=/pdV. (17.11)
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We now derive an explicit expression for the potential energy tensor
Wy by substituting for ¢ from (17.1) into (17.9):

Wi = / AV xip(x)5— / Gp(x')av’

[x — x|

-G / / AV AV’ p(x)p(x') = X)

x—x®
It is straightforward to see that the value of this quantity does not
change if we interchange the primed and the unprimed variables, since
both the variables have been integrated over. Hence the expression for
Wy can be replaced by half the original expression plus half the expres-
sion with the primed and unprimed variables interchanged. This gives

_Z / / v dv’ p(x)p(x) = xk)(x’ x). (17.12)

—x')?

It should be clear from this expression that Wy is symmetric in i and
k. We now note that all terms on the R.H.S. of (17.10) are symmetric
in the subscripts i and k (since My, as defined in (14.8) is symmetric).
We interchange i and & in (17.10) and add that equation to the original
equation (17.10):

d
% / (ixe + vpxi)dV = 4Ty + 26511 + 2/Mk dv 4+ 2Wy. (17.13)
Let us now define the moment of inertia tensor

Iy = /pxixk dv. (17.14)

The time derivative of this quantity is
dly L op
d_t = /XIXk 2t dv
——/x~x _8_( v;}dV
= i kan pU;j
0
—/E(xixkpvj)dV+/p(v,~xk + xiv)dV.
J

Since the first term above can be transformed into a surface integral
and set to zero, we have

‘Z;" / p(ixi + xio) dV. (17.15)
From (17.13) and (17.15), we finally obtain
1d%;
EF =2Ty + 0iIl + | My dV + Wy. (17.16)

This is the celebrated tensor virial equation.
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The physical significance of (17.16) becomes clearer if we take the
trace of the equation. Using the expression (14.8) for My, we have

1d%1 B?
fadiag il 17.1
IR 2T+3H+/8ndV+W’ (17.17)
where
I=I;= /pr2dV (17.18)
is the moment of inertia;
T=T;= %/ pv?dv (17.19)

is the kinetic energy; and
wew,=—3 //dV v PPX) (17.20)
2 |x — x|

is the total potential energy of the system. Making use of (17.1), we
can write (17.20) as

w=1 / p(X)p(x)dV. (17.21)

When a system expands, its moment of inertia I increases in general,
as should be obvious from the definition (17.18). It is not difficult to
see that a positive term on the R.H.S. of (17.17) leads to an increase
in I. Such a positive term, therefore, corresponds to an expansive
tendency. On the other hand, a negative term on the R.H.S. of (17.17)
tries to make the system more compact. We now note that W, as
given by (17.20), is the only negative term on the R.H.S. of (17.17),
all the other terms being positive. It is no wonder that the kinetic
energy or the term II, which corresponds to the thermal energy, tends
to expand the system. The effect of magnetic field is more subtle. We
have seen in §14.1 that the magnetic field has tension along field lines
and pressure in the two perpendicular directions, which is obvious
in the expression (14.9). Since all the diagonal terms in (14.9) have
the same magnitude with two positive terms, we expect the overall
average effect to be that of a pressure and hence expansive. As one
might have anticipated, gravity is the only force which introduces a
confining tendency through the negative term W.

17.1.1 Application to gravitationally bound systems

Very often we have astrophysical systems in which gravity balances
the expansive forces so that the system is in a steady state. Let us
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consider such a system without magnetic forces. Then the only terms
surviving in (17.17) are

2T + 314+ W =0. (17.22)
From (3.10), (3.20) and (3.22), we have
p=1p(lu—vP). (17.23)
From the definition (17.11) of I, we then have
3 =2T,,
where
T, = %/p(|u —v[3av (17.24)
is the total thermal energy. We can thus write (17.22) as
AT+ Ty+ W =0. (17.25)

We note that the bulk kinetic energy T and the thermal energy T,
which is essentially the kinetic energy at the microscopic level, enter
(17.25) in exactly the same fashion.

For a star in static equilibrium without any bulk motion, the virial
theorem takes the very simple form

2T+ W =0. (17.26)

This is an important global relation for a star and can be de-
rived from the condition of hydrostatic equilibrium (see, for example,
Schwarzschild 1958, §5).

Let us now consider a galaxy or a cluster made up of N stars having
average mass m. The mass of the whole system is then Nm = M. If R
is a measure of the size of the system, it follows from (17.20) that the
approximate value of W is given by

(17.27)

The gravitational force can be balanced either by regular circular
motions of the stars or their random motions. The virial equation
(17.25) makes no distinction between the regular and the random
motions. If u is the typical velocity of a star, then %N mu? is the total
kinetic energy, and it follows from (17.25) and (17.27) that

> G(Nmy _

N
mu >R

0,
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from which
, GM
u ~  ——.
2R
This very important equation is used routinely to estimate the mass of
a stellar system from the measurements of size and stellar velocities.
We now make an estimate of the relaxation time in a stellar system.
Since gravity obeys an inverse-square law just like the electrostatic
force, the collision frequency of a system of gravitationally attracting
particles can be estimated in exactly the same way we estimated the
collision frequency in a plasma in §13.3. Replacing m. by the mass
m of a star and replacing ¢ by Gm?, it follows from (13.18) that the
collision frequency in a stellar system is of the order

(Gm)*n
)

(17.28)

~
c~ »

where n ~ N/R? is the number density per unit volume of the stars.
The inverse of v, gives the relaxation time

wR  WwRN
Gm!N ~ GM?%’
Combining (17.28) and (17.29), we get

(17.29)

Trel &

R
Trel ® —N.
u

Now R/u is the typical time 7, taken by a star to cross the stellar
system. Hence
Tl N (17.30)
Ter
In other words, if there are N stars in a gravitationally bound stellar
system, then the collisional relaxation time of the system is N times
the system crossing time 7. It may be noted that a fuller analysis
shows T./7r to be smaller than N by one or two orders of magnitude
(see, for example, Binney and Tremaine 1987, §4.1).

Our Galaxy has about 10! stars, whereas the crossing time for a star
is about 108 years. It is easy to see that the collisional relaxation time is
of the order of 10!® years, which is many orders larger than the age of
the Universe. Hence collisions can be neglected while considering the
stellar dynamics of our Galaxy. On the other hand, a globular cluster
with typically 10° stars has a crossing time of 10° years, leading to a
collisional relaxation time of about 10° years. This is somewhat less
than the estimated age of a globular cluster, leading to the conclusion
that the globular clusters, in contrast to galaxies, are collisionally
relaxed.



372

17 Epilogue

17.1.2 Some comments on global methods

Our discussion merely gives an indication of the power of the virial
approach. One should look at the classic volume by Chandrasekhar
(1969) to appreciate the full potential of this approach. We have mul-
tiplied (17.2) by x; to obtain the usual virial equation. Chandrasekhar
(1969) shows that higher-order equations can be obtained by multiply-
ing (17.2) by higher powers such as x;x;, XxX:x,, and then integrating,
These higher-order equations often turn out to be useful. In §9.3
we briefly discussed the difficult subject of self-gravitating rotating
fluid masses. Chandrasekhar (1969) uses the virial theorem to analyze
this subject elegantly by cutting through the maze of mathematical
equations and derives many important results exactly.

Global methods often prove very powerful in stability analysis as
well. We saw in Chapter 7 that the linear perturbation technique can
be applied to study the stability of a system. This approach, however,
becomes very complicated for realistic systems, especially if magnetic
fields are present. One property of a stable equilibrium is that it is
at the minimum of the potential energy. Any perturbations around
the equilibrium ought to increase the total potential energy. Hence,
to determine if an equilibrium is stable, one finds out if all types
of perturbations increase the potential energy of the system. Such
an approach for MHD problems was systematically developed by
Bernstein et al. (1958).

17.2 Relativistic hydrodynamics

Relativistic effects can enter hydrodynamics either through micro-
scopic considerations or through macroscopic considerations. Special
relativity becomes important at the microscopic level if a gas is so
hot that the gas particles move around at relativistic speeds. On the
other hand, relativistic considerations enter at the macroscopic level
(i) if the bulk velocities of the fluids are relativistic (special relativity),
or (i) if fluids are in a very strong gravitational field such that the
gravitational potential energy m¢ of a mass is comparable to its rest
mass energy mc’ (general relativity).

Let us first consider an ultra-hot relativistic gas such that all the gas
particles have random velocities close to c. The pressure of a classical
gas is given by (17.23). If all the particles are moving randomly with
speed ¢, then the relativistic expression for pressure must be

p=1pct (17.31)
On applying (6.12) to this equation of state, it readily follows that the
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sound speed in a relativistic gas is given by

1
J3
one of the famous results for a relativistic gas.

We now mainly focus our attention to situations in which relativity
enters at the macroscopic level, either because of the large bulk veloci-
ties or because of the strong gravitational fields. The general relativistic
framework provides a completely general treatment of hydrodynamics
at the macroscopic level. If we simplify the equations by assuming
weak gravity, then we would get the appropriate special relativistic
equations. We now discuss the full general relativistic equations. Since
we do not expect all readers of this book to be familiar with general
relativity, our discussion will be at a very elementary level. We shall
try to proceed in a way such that even readers without any knowledge
of relativity should have an idea how things go, although they may
not be able understand everything fully.

Since many popular books and articles have been written on general
relativity, even readers without any technical knowledge of the subject
would know that general relativity is a new theory of gravity. In
classical physics, gravity is regarded as a force. On the other hand,
gravity in general relativity is no longer a force, but a curvature
of space-time caused by the presence of matter-energy. The basic
equation describing how the curvature of space-time is produced by
matter-energy is Einstein’s equation

c (17.32)

Cs =

G = 8’;—467°‘ﬂ (17.33)

(see, for example, Landau and Lifshitz 1975, §95). Here G*#, which
is a complicated tensor known as the Einstein tensor, is a measure
of the curvature of space-time. The tensor 7 on the RH.S. is
known as the energy-momentum tensor and is essentially a measure
of matter-energy density. We shall see below how one obtains the
expression of f. So far in the book, we have not considered the
distinction between contravariant and covariant tensors, because this
distinction disappears in flat Cartesian space. Now, one has to keep
that distinction in mind. One standard result of tensor analysis is that
the divergence of the Einstein tensor G* is zero, i.e.

DG*

DxB
where D/Dx# indicates a special kind of derivative known as the co-
variant derivative, which is a generalization of the ordinary derivative

(17.34)
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appropriate for curved space (see, for example, Landau and Lifshitz
1975, §85). If we take a divergence of (17.33), then the R.H.S. should
give zero as well for the sake of consistency. Hence

DT

DxP
This is the compact-looking equation within which the hydrodynamic
equations are hidden.

For the time being, let us forget about relativity and show that
the classical hydrodynamic equations can be put in the form that the
divergence of a second-rank tensor is zero. Then we shall consider
how to generalize it to general relativity. Let us write x° for ct and x!,
x2, x* for the three spatial coordinates. The Greek indices o, f, ... will
run over the values 0, 1, 2, 3, whereas the Roman indices i, j, ... will
run over only 1, 2, 3. It is easy to see that the continuity equation can
be written in the form

(17.35)

os*
=0, 17.36
e (17.36)
where S% is a four-vector with components (pc, pv', pv?, pv®) and the
index o repeated twice implies that we are summing over 0, 1, 2, 3.
We also consider the equation of motion in the form (4.23) with the

indices written above, i.e.

a, ;. oTV
where
TY = p &7 + pv'/. (17.38)

It is not difficult to note that (17.36) and (17.37) can be combined in
the compact form
AT ne)?

=0, (17.39)

where (7 nr)* is the non-relativistic four-dimensional energy-
momentum tensor of which the various components are given by

(TR =pc?, (TNr)Y = (T ) =pov’, (Tnr)! =TV

(17.40)

It should be noted that we have not invoked relativity in obtaining

(17.39). Writing x° for ct has been merely a matter of notation. The

equation (17.39) combines the equations of continuity and motion of

classical hydrodynamics. We now have to generalize it to obtain the
basic equation of relativistic hydrodynamics.

Let us first consider how we generalize the concept of velocity in
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general relativity. Suppose a particle has positions x* and x* + dx*
before and after an infinitesimal interval. The difference dx* is a four-
vector and the quotient obtained by dividing it by a scalar will be a
four-vector as well. According to general relativity, the quantity

ds? = gop dx*dxP (17.41)

is a scalar if g, is the metric tensor. We use the convention that the
metric tensor g,g reduces to the following special relativistic metric in
the limit of weak gravity

—-1000
0100
8ap > Nap = 0010l (17.42)
0001
We now write
ds? = — Zdi2. (17.43)

It should be clear from (17.41-17.43) that t has the dimension of time
and dr — dt in the non-relativistic limit. Since dt as introduced in
(17.43) must be a scalar, dx* divided by dr should give us a four-vector.
We now define the velocity four-vector as
_ ldx*
=<

In the non-relativistic limit, this clearly reduces to

1,2 ,3

@ v vtV

u — 1’_5_7_ .
c ¢ ¢

We now define the energy-momentum tensor

T = pcturv? + p(g* + u*uP). (17.45)

x

(17.44)

We leave it as an exercise for the reader to verify that this reduces
in the non-relativistic limit to the non-relativistic tensor (7 nxr)* as
given by (17.40). The quantities like p and p are defined with respect
to the rest frame of the fluid.

Since 7 is a proper relativistic second-rank tensor and reduces
to the non-relativistic expression in the appropriate limit, we take
it to be relativistic generalization of the energy-momentum tensor.
Just as we saw in (17.39) that the divergence of (7 nr)* is zero,
similarly the divergence of 7% must be zero, provided we replace
the ordinary derivatives by covariant derivatives. In other words,
equation (17.35) must hold with 7% given by (17.45). Just as (17.39)
contains the equations of classical hydrodynamics, we expect (17.35)



376

17 Epilogue

with 7% defined by (17.45) to contain the equations of relativistic
hydrodynamics. In classical hydrodynamics, the equation of energy
(see §4.1.2) appears as one of the fundamental equations in addition to
the equations of continuity and motion. One wonders what happened
to that equation in the relativistic treatment. We refer the reader to
Landau and Lifshitz (1987, Chapter XV) or Mihalas and Mihalas
(1984, §4.2) for a discussion of this point. Basically, the component
T contains all forms of energy and the equation of energy is hidden
within (17.35).

If we are considering a system in which velocities of the order of
¢ occur without the gravitational field being very strong, then we
have to incorporate only special relativity and not general relativity.
In a general relativistic treatment, gravity appears in the curvature of
space-time and one does not have to incorporate the gravitational force
separately. In a special relativistic treatment, however, it is necessary
to write any extra force such as gravity in the form of a four-force %
See Goldstein (1980, §7-6) for a discussion of the concept of four-force.
Then, instead of (17.35), we write

0T

for special relativistic situations. Note that the derivative in (17.46) is
an ordinary derivative, unlike the covariant derivative in (17.35). At
first sight, it may seem surprising that the general relativistic equation
(17.35) appears simpler than the special relativistic equation (17.46).
But this is misleading. Calculating a covariant derivative in curved
space-time is usually an immensely complicated problem, and (17.46)
is actually a simpler equation than (17.35). In fact, (17.46) follows
from (17.35) in the limit of weak gravitational field.

The above discussion should give the reader some idea how hy-
drodynamics is adapted to relativistic situations. Needless to say, just
an acquaintance with the basic equation usually does not make one
capable of solving practical problems. Only when one works out some
important consequences of the basic equation, does one start to have
a feeling for the subject. But such a development of relativistic hydro-
dynamics is beyond the scope of this elementary book. We also do not
discuss how MHD equations are generalized to relativistic situations.
The reader may look up Misner, Thorne and Wheeler (1973, §22.3—
4) for a discussion of hydrodynamics and electrodynamics in curved
space-time.
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17.3 Radiation hydrodynamics

We now briefly consider the situation in which the dynamics of a
fluid is influenced by the presence of a strong radiation field. In this
book, we have neglected the interaction between fluids and radiation.
One straightforward interaction between fluids and radiation is that
a fluid can gain thermal energy by absorbing radiation and can lose
thermal energy by emitting radiation. Such gains and losses can be
incorporated in the energy equation (4.13), as pointed out in §4.1.2. A
much more non-trivial interaction between fluids and radiation is when
the radiation pressure causes fluid motions. The radiation pressure in
the atmospheres of very massive stars is so strong that it can drive an
outward flow of gas in the form of a radiation-driven wind. The study
of such situations is the subject of radiation hydrodynamics.

We shall see below that one can introduce an energy-momentum
tensor R for the radiation field just like the energy-momentum
tensor 7% of the fluid introduced by us in the previous section. In
the presence of a radiation field with the energy-momentum tensor
R the equation (17.46) is then modified to

%(3‘“” + Ry = f=. (17.47)
This can also be written in the form
%J';%ﬁ = f*+G%, (17.48)
where
G =— % (17.49)

is the four-force due to the radiation field on the fluid. Our job now
is to express this force G* in terms of various physical variables.

Just as we introduced a distribution function for a gas of particles
in §1.5, we can introduce a similar distribution function for a gas of
photons. In the case of particles, the distribution function is a function
of x, w and ¢. In the case of photons, the distribution function certainly
should depend on x and t. However, instead of u as in the case of
material particles, a photon is characterized by its frequency v and
direction of motion n. Hence we write the photon distribution function
as fr(x,m,v,t). Instead of this photon distribution function, it is often
customary to use the specific intensity I(x,n,v,t) which is related to
the distribution function as follows

I(x,m,v,t) = (chv)fr(x,n,v,t). (17.50)

It may be noted that the specific intensity I(x,n, v, t) can be introduced
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from purely macroscopic considerations without introducing the con-
cept of a photon gas. We refer the reader to Mihalas (1978, §1-1) for
the macroscopic definition of specific intensity and its relation to the
photon distribution function.

We now consider the quantity

R = %/dv /dQIn“nﬂ, (17.51)

where n* is a four-dimensional vector with components (n’ = 1,
nl, n?, n*) and dQ is the element of solid angle. So the expression
(17.51) involves integration over all solid angles and all frequencies of
radiation. Substituting (17.50) into (17.51), it should be obvious that
R% is the energy density of the radiation field and R” is ¢ times its
momentum density (keeping in mind that the momentum of a photon
is hv/c). Now note from (17.40) that 7% gives the energy density
of the fluid and % gives ¢ times its momentum density. Based on
such comparison, one concludes that R introduced through (17.51)
is the energy-momentum tensor of the radiation field, which should
be used in the basic equation (17.47) of radiation hydrodynamics. To
use R* in a relativistic formulation, one, however, has to justify that
it transforms as a second-rank tensor under Lorentz transformation.
We again refer the reader to Mihalas (1978, §14-3) for a discussion of
this point.

Finally we discuss how to find an expression for the four-force G*
given by (17.49). For this purpose, we have to consider the Boltzmann
equation for the photon distribution function fr(x,n,v,t). Let us first
consider the situation where there is no matter present, so that the
photon gas can be considered collisionless. Keeping in mind that
photons move with velocity u = cn, we substitute X = u = cn and
u = 0 in the collisionless Boltzmann equation (1.19), which gives us

1 9fr _
ZF +n VfR =0.

Because of the relation (17.50) between the specific intensity I(x,n, v, )
and the photon distribution function fr(x,n,v,t), we may as well write
the collisionless Boltzmann equation in terms of the specific intensity:

101
5 VI =0, (17.52)

This is the equation satisfied by the specific intensity in free space.
When matter is present, we have to add appropriate terms to this
equation representing the interaction between radiation and matter.
We saw in §2.1 that collisions between material particles are taken
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care of by adding two terms in the Boltzmann equation corresponding
to particles entering and leaving a volume element of phase space. In
the same fashion, we have to add two terms on the R.H.S. of (17.52)
corresponding to radiation being added or removed by matter. The
effect of emission of radiation by matter is incorporated by adding a
term #(x,n, v, t) on the R.H.S. of (17.52). This term n(x,n, v, t) is referred
to as the emission coefficient of matter. The absorption of radiation by
matter is proportional to the amount of radiation present. Hence the
effect of absorption is included though a term —y(x,n,v,t)I(x,n,v,1),
where y(x,n,v,t) is known as the absorption coefficient. On including
these terms, (17.52) becomes

IZ +n-VI=n5—yl. (17.53)
In many astrophysical problems, one has to study a time-independent
radiation field in the presence of matter. For such situations, one
has to use the standard radiative transfer equation, which follows on
setting 0I /0t = 0 in (17.53) (see, for example, Mihalas 1978, Chapter 2;
Rybicki and Lightman 1979, Chapter 1).

It may be noted that equation (17.53) is usually written in this form
only when we are in the rest frame of the fluid. If the fluid is moving
with respect to our frame of reference, then we have to carry out
appropriate Lorentz transformations (see, for example, Mihalas 1978,
§15-3; Mihalas and Mihalas 1984, Chapter 7). In this elementary treat-
ment, however, we neglect those extra complications and work with
(17.53). On integrating (17.53) over all solid angles and all frequencies,
we get

OR%Y aRO’
ax0

/dv/dQ[n(x n,v,t)— x(x,n,v, ) (x,n,v,t)].
(17.54)
If we first multiply (17.53) by ' and then carry on the integration, we
arrive at
OR® 8R’1
9x0

/d /dQ[n(x nv,t) — x(x,n,v, )l (x,n,v,0)]n'.
(17.55)
We now combine (17.54) and (17.55) in the compact form

6Raﬁ /dv /dQ mx,m,v,t) — x(x,n,v, ) (x,n,v,8)]n*. (17.56)

From (17.49) and (17.56), we conclude that the four-force due to the
radiation on the fluid is

G*=— % /dv /dQ x,m,v,t) — x(x,m, v, ) (x,m,v,0)}n*. (17.57)
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Thus the dynamics of a fluid in the presence of a radiation field
is governed by the basic equation (17.48) with G* connected to the
emission and absorption properties of the fluid through (17.57).

As in the previous section, we stop here after arriving at the basic
equation, Readers wishing to acquire a deeper insight into the subject
are urged to look at Mihalas and Mihalas (1984, Chapter 8) to
learn how the basic equations are applied to practical problems of
astrophysical interest.

17.4 A guided tour through the world of
astrophysical fluids and plasmas

Our aim in this book has been to develop the basic physics of fluids
and plasmas with applications to astrophysical systems as illustrations
of our theory. For students wishing to specialize in this subject, this
book should ideally be followed by a second book which discusses
one by one those astrophysical systems in which fluid and plasma
processes play important roles. In lieu of such a second volume, we
offer only a small section of general comments. It will be found that
the discussions of any particular astrophysical system are scattered in
different portions of this book, wherever that particular system seemed
convenient to illustrate some point made in that portion of the book.
After learning the material of this book, a reader can form an over-
all idea of the different fluid and plasma processes in a particular
astrophysical system by looking up those sections of the book in
which that system is discussed. Along with a few general comments,
we give below a list of various sections which one should look up
together to form an idea about a given astrophysical system. To learn
more about a system, the reader should consult the references given
at the end of the Suggestions for further reading.

17.4.1 Stellar convection, rotation and oscillations

In elementary textbooks on stellar astronomy, a star is usually mod-
elled as a non-rotating, non-magnetic object of spherical symmetry
within which static equilibrium prevails, unless some regions are un-
stable to convection. To study such an idealized model of a star, one
does not require much sophisticated hydrodynamics. For the regions
in static equilibrium, the hydrostatic equilibrium equation is the only
hydrodynamic input required. Read §4.4 and work out Exercise 4.3 to
learn about hydrostatic equilibrium in a spherically symmetric system.
The condition for stability against convection is discussed in §7.2. If a
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region of the star is convectively unstable, then one has to use some
model of convective turbulence as pointed out in §8.6. The layers just
underneath the solar surface are unstable to convection, as confirmed
by the observations of granulation discussed in §7.3.

If a star is rotating, then it becomes an immensely complicated
hydrodynamic system. The theory of rotating stars is still one of the
ill-understood areas of astrophysics. The theory of incompressible ro-
tating fluids, of which some elementary results are presented in §9.3, is
complicated enough. If the fluid is compressible and inhomogeneous,
then the analysis becomes formidable. Some of the difficulties are
pointed out in §9.4. Some comments are made on the subject of stellar
oscillations in §7.6. With the study of solar oscillations with increas-
ingly sophisticated instruments, this subject has suddenly blossomed
into one of the very active areas in modern astrophysics. Solar oscilla-
tions have provided a wealth of information about the interior of the
Sun. Perhaps the most dramatic result in this area is the production of
a map of angular velocity distribution presented in Figure 7.8. So there
is at least one star within which the angular velocity distribution has
been mapped observationally. But our theoretical understanding of
rotating stars is still not good enough to provide a proper explanation
of this map.

17.4.2 Magnetohydrodynamics of the Sun and the solar system

Some of the most intriguing theoretical predictions of MHD are for
systems with large magnetic Reynolds numbers. Since such large mag-
netic Reynolds numbers cannot be reached in laboratory experiments,
the Sun is the best laboratory for studying some of these magne-
tohydrodynamic phenomena. There is growing evidence that similar
phenomena take place in the distant stars as well. In fact, some stars
seem to be much more strongly magnetic than the Sun. But it is not
possible to study these phenomena in distant stars in detail, as we can
in the case of the Sun.

The origin of the solar magnetic fields by the dynamo process
is discussed in Chapter 16. The observational data on the statistics
of sunspots are summarized in §16.1, whereas §16.6 shows how a
simple dynamo solution can explain much of these data. After the
question of origin, the second question is to understand why the
solar magnetic fields appear concentrated in sunspots. The theory of
magnetoconvection discussed in §14.6 throws light on this question.
After being produced in the interior of the Sun, the solar magnetic
fields rise to the surface due to magnetic buoyancy, as pointed out in
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Figure 17.1 A sketch
of a planetary
magnetosphere.

§14.7. The solar corona is full of magnetic fields. The solar flares taking
place above the surface are presumably caused by the conversion of
magnetic energy to other forms due to fast reconnection processes
outlined in §15.2. In §15.5 we discuss how the magnetic fields in the
corona may be responsible for the high temperature of the corona. It
is pointed out in §4.4 that this high temperature makes it impossible
for the corona to be in static equilibrium and drives the solar wind.
An idealized model of the solar wind is presented in §6.8. We point out
in §14.9.2 that the presence of magnetic fields makes the theoretical
investigation of the wind more complicated.

Most of the planets have dipole-type magnetic fields associated
with them. We point out in §10.4 that charged particles may be
trapped by a planetary magnetic field, giving rise to a magnetosphere
around the planet. The solar wind flowing through the solar system
impinges on the planetary magnetospheres. Due to the presence of the
strong magnetic field, the solar wind cannot easily penetrate into the
magnetosphere, but flows around it after producing a shock in front of
the magnetosphere. The interaction between the magnetosphere and
the solar wind makes the magnetosphere highly asymmetric in the
forward and backward directions, as sketched in Figure 17.1.

Magnetic tq;

Belt of trapped
particles

Solar wind




17.4 A guided tour of astrophysical fluids and plasmas 383

17.4.3 Neutron stars and pulsars

For a long time, astrophysicists regarded neutron stars as hypothet-
ical objects. After the discovery of pulsars, however, it was realized
very quickly that pulsars have to be rotating neutron stars. The main
arguments for identifying pulsars as rotating neutron stars are sum-
marized in §9.4. Pulsars are also known to have strong magnetic fields
for reasons pointed out in §14.2. We discuss in §13.7 that the strong
magnetic field of the pulsar should create a magnetosphere of plasma
around the pulsar. Presumably, complicated plasma processes in this
magnetosphere are responsible for the emission of radiation from a
pulsar. Since the low-frequency radio emission from a pulsar is af-
fected by the interstellar medium during its passage, one can obtain
information about the interstellar medium by analyzing pulsar signals,
as discussed in §12.6.

Within a decade of the discovery of pulsars, a second evidence came
for the existence of neutron stars. With the advent of X-ray astronomy,
it was found that some close binary stars are strong emitters of X-
radiation. The most plausible explanation for this phenomenon is that
one member of the binary is a neutron star accreting matter from the
other giant star. The theory of accretion disks is developed in §5.7,
whereas we present a discussion of spherical accretion in §6.8.

17.4.4 interstellar medium

The space between stars is filled with the interstellar medium threaded
by magnetic fields. We point out in §12.6 that pulsar signals can
be analyzed to provide valuable information about the interstellar
medium including the interstellar magnetic field. This magnetic field is
presumably produced by the dynamo process discussed in Chapter 16.
Some observations of galactic magnetic fields are described in §16.1.
The magnetic field causes the interstellar medium to break into clumps
due to the Parker instability, as pointed out in §14.8.

New stars are born out of the interstellar medium and the massive
old stars give back some of their material to the interstellar medium
during supernova explosions. The star formation process is triggered
by the Jeans instability discussed in §7.5. In order for the gravitational
collapse to proceed, considerable amounts of angular momentum and
magnetic flux have to be removed from the collapsing gas mass. The
removal of angular momentum and the removal of magnetic flux are
respectively discussed in §14.9.1 and §14.10. A supernova explosion
sends out a blast wave in the interstellar medium. The dynamics of
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such a blast wave is studied in §6.6. We point out in §7.4.2 how
Rayleigh-Taylor instabilities may develop in supernova remnants.

The interstellar medium is also full of cosmic ray particles, which are
probably produced in the shock fronts of supernova explosions. The
important subject of particle acceleration in shock fronts is discussed
in §10.5.

17.4.5 Active galactic nuclei

There are many galaxies which are not merely simple collections of
stars, but seem to possess central powerhouses emitting huge amounts
of energy. Quasars are the most extreme examples of such active
galaxies. Often the energy is emitted from a very compact nucleus in
the central region of the galaxy. The most obvious explanation for
such galactic activity is that an active galaxy has a massive black hole
in its nucleus and the power is released by the accretion of matter
onto this black hole. We present the theory of accretion disks in §5.7
and the theory of spherical accretion in §6.8.

One intriguing aspect of galactic activity is that often these active
nuclei produce plasma jets of gigantic size going out of the parent
galaxies. A hydrodynamic model of jet production is discussed in §6.7.
It appears that magnetic fields probably have an important role in
the production of jets. We discuss a hydromagnetic model in §14.9.3,
pointing out how the magnetic field may be responsible for driving
the jet from the accretion disk around the galactic nucleus.

An active galactic nucleus is a system which usually necessitates
the application of relativistic corrections to the usual hydrodynamic
and hydromagnetic equations. We present the rudiments of relativistic
hydrodynamics in §17.2. Many extragalactic jets seem to be moving
with speeds close to ¢. One has to apply special relativity to study the
dynamics of such jets. On the other hand, the gravitational field is
very strong in the inner regions of the accretion disk around the black
hole in the galactic nucleus. Hence general relativity becomes essential
in the study of such galactic accretion disks.

17.4.6 Stellar dynamics

The stars in a galaxy or a cluster can be thought to make up a
stellar fluid just like the particles in an ordinary gas or a plasma. We
present a comparison of these systems in §3.7 and point out that a
fluid of stars is, in some ways, profoundly different from an ordinary
gas or a plasma. The stars interact through long-range gravitational
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forces which cannot be screened (unlike electromagnetic forces). This
long-range nature of interactions makes a thermodynamic equilibrium
impossible for the stellar system. Hence many concepts developed in
this book which tacitly assume thermodynamic equilibrium cannot
be applied to stellar systems. Although it is not possible to get a
systematic introduction to stellar dynamics from this book, a few
sections here and there would give the reader some elementary idea
of the subject. Read §3.2 and work out Exercise 3.3 to learn how the
moment equations can be useful in stellar dynamics, even though they
cannot be closed due to the lack of thermodynamic equilibrium.

Depending on whether collisions have played an important role or
not, stellar dynamics is broadly divided into two parts: collisionless
and collisional stellar dynamics. The virial theorem discussed in §17.1.1
is applicable to both types of stellar dynamical systems. The collisional
relaxation time for a stellar system is also estimated in §17.1.1 by using
some results obtained in §13.3 for collisions between particles having
an inverse-square law of force. Some techniques for treating collisions
in plasmas can be applied to collisional stellar dynamics as well. Read
discussions of the BBGKY hierarchy in §11.4 and the Fokker—Planck
equation in §11.6 to learn about some ideas which are fruitful in
stellar dynamics. The very important concept of dynamical friction is
discussed in §11.6.

17.5 Final goodbye to the reader

The previous section should make it clear that fluid mechanics and
plasma physics are used in studying diverse types of astrophysical
systems. The extensive use of fluid -mechanics and plasma physics
in astrophysical problems, however, began only after World War 1L
Until the time of World War II, nearly all of our knowledge about the
astronomical Universe was gathered through observations at optical
(i.e. visible) wavelengths. It may be noted that black bodies with
temperatures in the range 4000 K to 10000 K have the peaks of their
spectra within the optical wavelengths, and this temperature range
roughly happens to coincide with the range of surface temperatures
of the main-sequence stars. Hence astronomers mainly saw ordinary
stars and collections of such stars (such as normal galaxies) through
their telescopes as long as all astronomical observations were limited
to the optical window of the electromagnetic spectrum. Although the
evidence for the existence of interstellar matter was mounting, optical
observations proved inadequate to reveal its detailed nature. As we
have pointed out in §17.4.1, the study of a spherically symmetric main-
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sequence star does not involve any sophisticated hydrodynamics. One
needs to use only the equation of hydrostatic equilibrium and some
phenomenological model of convection. Hence an astronomer in the
first half of the twentieth century did not require much knowledge of
fluid mechanics and plasma physics to make sense of the astronomical
Universe known at that time.

The situation changed drastically after World War II. New windows
of electromagnetic spectrum started being opened for astronomical ob-
servation. The radar technology developed during World War II gave
a tremendous boost to the nascent subject of radio astronomy. The
detailed structure and distribution of the interstellar medium could be
mapped with radio telescopes. Radio astronomy also unravelled mys-
terious objects nobody suspected before. The study of active galactic
nuclei became a major area of research with the discovery of radio
galaxies, quasars and extragalactic radio jets. The dramatic discovery
of pulsars confirmed the existence of neutron stars. Optical astronomy
also got revolutionized by the invention of many instruments which
could be used in conjunction with the telescope. Although the Sun
has been studied with optical telescopes ever since the time of Galileo,
many of the intriguing fluid and plasma processes on and around the
Sun could be studied in detail only within the last few decades. The
evidence of the galactic magnetic field also first came through optical
observations shortly after World War 11 and established the fact that
magnetic fields are ubiquitous in the Universe. Another boon to as-
tronomy was the heralding of the Space Age in the 1950s. It became
possible to send instruments outside the Earth’s atmosphere. In-situ
measurements from spacecrafts led to the discovery of the Van Allen
belt and the solar wind predicted theoretically a few years earlier.
X-ray astronomy started taking its first halting steps with rocket-
borne instruments shortly after World War 1I. But X-ray astronomy
really came of age when sophisticated X-ray telescopes were carried
in spacecrafts. The discovery of X-ray emitting binary stars rapidly
led to the development of the theory of accretion disks, which is also
applied to the study of active galactic nuclei. One of the last windows
of astronomical observation—the infrared window—is providing us
unusual glimpses of fluid flow patterns in the star-forming regions.

Even around 1970, one could think of becoming a professional
astronomer without much knowledge of fluid mechanics and plasma
physics. But those days are gone forever. The new astronomies have
opened up a radically new vision of the Universe in which fluid and
plasma processes reign supreme. One has to carry on detailed hydro-
dynamic and hydromagnetic modelling to understand the behaviours
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of many astronomical systems unravelled by the new astronomies.
The previously undreamt-of computational powers made available
by successive generations of computers have led to extremely rapid
developments in the field of astrophysical hydrodynamics and mag-
netohydrodynamics. It may be noted that the theoretical foundations
of plasma physics were being firmly established around the same time
when the importance of astrophysical plasma processes was realized.
The various fusion research programmes which started around 1950
have not yet achieved their final goal, but have given a tremendous
boost to plasma physics and have provided a much deeper insight into
the complex behaviours of plasmas.

When we look up at the dark, clear night sky at a place far away
from the city lights, it gives us a feeling of peace, tranquility and
timelessness. People of ancient civilizations used to regard the celestial
sphere as an abode of calm and tranquility. We see changes around
us on the surface of the Earth. We see things grow and decay. But
the heavens were thought to be eternal and changeless. That is why
the sudden appearance of a comet used to cause such consternation.
This view of a tranquil and eternal stellar Universe survived the
scientific revolution of the Renaissance, down to the early decades
of the twentieth century. Only in the early decades of the twentieth
century did it become clear that stars are born and die just like
biological organisms. The Universe itself was born in a fiery explosion
and will eventually die either through unlimited expansion or through
another crunch. But the time scales of these evolutions seemed too vast
by human standards. The Universe still appeared to be an ordered and
peaceful place, where changes take place gracefully and imperceptibly
in majestically long time scales. Only with the development of the
new astronomies of the late twentieth century, the ancient image of
a tranquil and ordered Universe is finally shattered. We have learnt
that the Universe is quite ‘messy’ and full of many violent processes
not suspected before. Incredible amounts of energy can be released
within very compact and small regions. Rapid variabilities are often
not uncommon. Fluid mechanics and plasma physics are providing
the keys in our understanding of this previously unknown messy and
violent Universe.

This book is not meant to bring you to such a level that you
start understanding any odd research paper on astrophysical fluids
and plasmas. Rather, the book presents the minimum which, in my
opinion, every student of modern astrophysics should know. For some
of you embarking on a professional career of astrophysics, this book
may provide all you need to know about fluid mechanics and plasma
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physics. But I fondly hope that there will be some readers for whom
this book will be only a starting point and who may wish to devote
their lives studying astrophysical fluids and plasmas. With my best
wishes to such readers as well as the others, let me say my final
goodbye!



APPENDIX A

Useful vector
relations

We assume that the readers of this book are familiar with the dot and
cross products of vectors as well as the gradient, divergence and curl
operators. Here we collect together some important relations involving
the products and the operators, which are used throughout the book.

A.l General identities

For products of three vectors A, B and C, we have the following
identities:

A-BxC)=B-(CxA)=C-(AxB), (A.1)
Ax(BxC)=(A-C)B—(A-B)C. (A2)

Let ¢, v be two scalar fields and A, B two vector fields. The different
operators acting on products satisfy the following relations:

V(dy) = ¢ Vy +9p Vo, (A3)
V. (pA)=A -Vp+ypV-A, (A4)
VX (pA) =ypV x A — A x Vy, (A.5)

VA -B)=AXx(VxB)+BXx(VxA)+(A-V)B+(B-V)A, (A6
V-AxB)=B-(VxA)—A-(VxB), (A7)

Vx(AxB)=A(V-B)—B(V-A)+(B-V)A—(A-V)B. (A%
Two operators operating in succession satisfy the relations:

V x Vi =0, (A9)
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V- (VxA)=0, (A.10)
V- Vyp = Vi, (A.11)
V x(VxA)=V(V-A)—V3A (A.12)

A.2 Integral relations

If V be a volume bounded by a closed surface S, with dS taken
positive in the outward direction,

A-dS= [ (V-A)dV, (A.13)
fas- |

]g pdS = /V (Vy)dv, (A.14)

where (A.13) is Gauss’s theorem.
If an open surface S is bounded by a contour C, of which dl is the
line element, then Stokes’s theorem states that

A-dl= [(VxA)-dS. (A.15)
faa-

A.3 Tensorial notation

We sometimes use the tensorial notation in our analysis. When tensors
are considered in Cartesian geometry, it is not necessary to distinguish
between contravariant and covariant tensors. We, therefore, always
indicate the components of tensors by subscripts. The components
of a vector A are indicated by 4; = (44, A4,,A;). The only exception
is the position vector x of which the components are indicated by
x; = (x,),z), i.e. not by (x4, xy, x;).

The letters i, j, k, I, ... are used as subscripts to denote the com-
ponents of vectors and tensors. We use the standard summation con-
vention: an index repeated twice in a term implies summation over X,
y and z, unless otherwise specified. To give some examples,

A;B; = AB. +A,B, + A.B, = A "B, (A.16)

04;  0A, 94, 04,

— = + ==+

0x; 0x oy 0z

We have used the summation convention only for summing over x, y
and z. Any other kind of summation is indicated explicitly.

The components (T, Ty, Ti;) of a tensor T;; can be thought to be

a vector. The divergence of this vector is given by 0T;;/0x;. We can

=V-A (A.17)
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apply Gauss’s theorem (A.13) to transform a volume integral of this
divergence to a surface integral, i.e.
0Ty 4y
L 5—;}— av = ?g T;; dS;, (A.18)
since Tj;dS; is the dot product between the vector (Ti, Ty, Ti;) and
the surface element dS.
We often use the Kronecker delta J;; defined as

5xx = 5yy = 5zz =1,

Oxy = Oyx = 0y; = 0 = 0,5 = 05, = 0. (A.19)

It is obvious that
0ijAj = A, (A.20)
0i = 3. (A.21)

We also assume the reader to be familiar with the Levi-Civita symbol
€ijx defined as

€xyz = €yzx = €zxy = 1,
€xzy = €yxz = €zyx = -1, (A.22)

all other € = 0.

The cross product C = A x B of a vector can be written as

Ci = (A x B); = €;x4;Bx, (A.23)
whereas the curl of a vector can be written as
0A;
(V X A)l = €ijk 73—); (A24)

One important relation to note is

€ijkEpgk = 0ipdjq — 0iq0jp- (A.25)
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Integrals in kinetic
theory

In kinetic theory, one often encounters integrals of the type
0
I, = / e~ x"dx, (B.1)
0

where n is a non-negative integer. We note that

oI,
Inyr =— ¥ (B.2)
Using this relation, all integrals of the type (B.1) can be evaluated
from the first two integrals

, (B.3)

5L (B4)

= é;'
Evaluating Iy is straightforward. Methods of evaluating Io are dis-
cussed in many standard textbooks (see, for example, Reif 1965, pp.
606-9). We list below some more of the integrals obtained by applying

{B.2) on (B.3) and (B.4):
1 /=
L=u/2 (B.5)

1

I3=Ea_2.

(B.6)
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APPENDIX C

Formulae and
equations in
cylindrical and
spherical coordinates

C.l Vector formulae in cylindrical coordinates
If  is a scalar field and A = A4,&, + Ay€y + A,&, is a vector field, then
p, 1 6tp & oy,

Vp = =8 + =08 + -8, (C.1)

V-A= la(rA)+la(;99 654 (C.2)
V><A=<%%%—%> r+(a£ 6;) e+1[ (rde) — 6;;]@,
(C.3)

Vi = raar < %) +r12((3327u;+ %2715 (€4

C.2 The Navier-Stokes equation in cylindrical
coordinates

The components of the Navier—Stokes equation (5.10) in cylindrical
coordinates are

ov, ov, g Ov, v, v} 10p

TR e R Fi i
v, 10%, 0&*, 10v, 2 0vg
+”<ﬁ+ﬁw+m+:ﬁ—ﬁ‘a§“)”ﬁ (€3)
O0vg Jvg  vg Ovg dvg  vvg 1 0p
T T T Ty T e
5209 1 62179 6209 1509 2 av, Vg
+V(m+r—zw+m+:ﬁ 230~ r)”e’(“)
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602 dv, vy Ov, ov,
+ r + — A + z

ot or ' r 06 oz
_ 1dp o, 1%, o, 10,
=g’ (arz tewe v tra )T (D

C.3 Vector formulae in spherical coordinates
If y is a scalar field and A = A4,&, + Agég + A€, is a vector field, then

dp, 1oy, 1 51pA

Vv = o ty r oo 0t sing rsin@ 0¢ €4 (C8)
14, ! 1 04,
VA= 5504 eae(“ nbdo)+ oo ae (¢
_ 1 0A4g 1 0A,
VXA=TGne [ (sin 0g) — 77 ] [rsin@ 3¢
1 6 A aA A
_ ;E(rAqﬁ] &+ [ (rdg) — ] & (C.10)

190 oy 1 0 oy 1 %y
2 = 2¥ ¥ -~ v ¥
Vv =g (’ ar>+r2sm9 a9 ( 000) snto ag2 (C1D

C.4 The Navier-Stokes equation in spherical
coordinates

The components of the Navier-Stokes equation (5.10) in spherical
coordinates are

v, dv, vy Ov, g aﬁ _ v + Ui

or to r@r +75§ rsinf d¢ r
__18_p+ 162(rv)+1620’+ 1 @_i_cotﬂ%
 por r20 7 T 120602 7 p2sin?@ 092 2 00
2 dvg 2 Ovy 2v, 2cotl
70 Asnfop 2 g2 |t (C.12)
%_‘_ dve +v_9% vy vy Urye_vicotg
ot " or 60 rsin0 o r r
_1ap 1 8%vg 1 0%y cot dug
= Tpra6 " az("")+ 7230 T sin?g 092 T 2 a6
2cos@ dvgy | 2 Ov, vy

_ZCosb vy SO0 Y| R, C.13
Fen?006 1200  rsnte] T (C13)
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G, 0 , 0 to
ﬂ.{.vr_vf_kﬁ_v_‘k V¢ __U_@_l_vr_vdl Dgvy CO

ot or r 00  rsinf d¢

_ 1 @-I-v la_2(w)+la%¢ 1 %y
~ prsinf ¢ rorrs VT 27502 T p2gin? g 02
cotd 60_4, 2 oy, 2cos8 vy v

720 T Psn006 T r2sn0 06 Penle) %
(C.14)



APPENDIX D

Values of various
quantities

D.1 Physical constants

Speed of light
Gravitation constant
Planck constant
Boltzmann constant
Charge of electron
Mass of electron

Mass of hydrogen atom
Stefan—Boltzmann constant
Constant in Wien’s law
Standard atmospheric
pressure

1 electron volt

1 angstrom

1 calorie

¢=3.00x 10 cm s™!

G = 6.67 x 108 dyne cm? g2

h=6.63x10"% ergs
kg = 1.38 x 10716 erg deg™!
e=480x 1071 es.u.
me=911x102g
my =167 x 10724 g

0 =567 x1073 ergcm=2 s~ deg™
AmT = 0.290 cm deg™!

= 1.01 x 10° dyn cm™2
eV = 1.60 x 10712 erg
A=10"%cm

=4.19 x 107 erg

D.2 Astronomical constants

1 astronomical unit
1 parsec

Mass of Sun
Radius of Sun
Luminosity of Sun
Mass of Earth
Radius of Earth
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AU = 1.50 x 10"* ¢cm

pc = 3.09 x 108 cm

My =199x10% g

Ro = 6.96 x 10'° cm
Lo = 3.90 x 10 erg s~!

Mg =598 x 104 g

Rg = 6.37 x 10 cm

4
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D.3 Characteristics of some common fluids at 15 °C
and | atm

p = density in g cm3, ¢, = specific heat in joule g~! deg~!,
u = viscosity in g em™! s7!, v = kinematic viscosity in cm? s,
K = thermal conductivity in joule cm~! s~! deg™!, ¥ = thermometric
conductivity in cm? s71.

Ethyl

Air Water alcohol  Glycerine  Mercury
p  0.00123 0.999 0.79 1.26 13.6
¢, 101 4.19 2.34 2.34 0.140
u 0000178 0.0114 0.0134 233 0.0158
v 0.145 0.0114 0.0170 18.5 0.00116
K  0.000253  0.0059 0.00183  0.0029 0.080
kK 0.202 0.00140  0.00099  0.00098 0.042

Electrical conductivity of mercury at 15 °C, ¢ = 9.4 x 101 e.s.u.
Magnetic diffusivity of mercury at 15 °C, 1=7.6 x 10°> cm? s~!



APPENDIX E

Basic parameters
pertaining to plasmas

B = magnetic field in G, n = number density in cm—3, T = temperature
in K.

Electron gyrofrequency w.=  Be/mc =176 x 10'B s~
Electron plasma

frequency wp= (4nne? /me)/? = 5.64 x 10*n!/2 571
Debye length ip = (kg T /8nne?)/? = 49(T /n)'/? cm
Plasma parameter g= 1/nA3, = 8.6 x 1073p1/2T7-3/2

Approximate values of various transport coefficients for a fully ion-
ized, unmagnetized hydrogen plasma (source for thermal conductivity
and viscosity: Chapman 1954):

Electrical conductivity ¢ ~ 107 T%/? es.u.
Thermal conductivity K =~ 1075 T2 erg cm~! 5! deg™!
Viscosity p ~1077 7152 g em1 57!
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